
Convex Functions: Constructions, Characterizations
and Counterexamples

Like differentiability, convexity is a natural and powerful property of functions that
plays a significant role in many areas of mathematics, both pure and applied. It ties
together notions from topology, algebra, geometry and analysis, and is an important
tool in optimization, mathematical programming and game theory. This book,
which is the product of a collaboration of over 15 years, is unique in that it focuses
on convex functions themselves, rather than on convex analysis. The authors
explore the various classes and their characteristics, treating convex functions in
both Euclidean and Banach spaces.

They begin by demonstrating, largely by way of examples, the ubiquity of
convexity. Chapter 2 then provides an extensive foundation for the study of convex
functions in Euclidean (finite-dimensional) space, and Chapter 3 reprises important
special structures such as polyhedrality, selection theorems, eigenvalue optimization
and semidefinite programming. Chapters 4 and 5 play the same role in
(infinite-dimensional) Banach space. Chapter 6 discusses a number of other basic
topics, such as selection theorems, set convergence, integral and trace class
functionals, and convex functions on Banach lattices.

Chapters 7 and 8 examine Legendre functions and their relation to the geometry
of Banach spaces. The final chapter investigates the application of convex functions
to (maximal) monotone operators through the use of a recently discovered class of
convex representative functions of which the Fitzpatrick function is the progenitor.

The book can either be read sequentially as a graduate text, or dipped into by
researchers and practitioners. Each chapter contains a variety of concrete examples
and over 600 exercises are included, ranging in difficulty from early graduate to
research level.



Encyclopedia of Mathematics and Its Applications

All the titles listed below can be obtained from good booksellers or from
Cambridge University Press. For a complete series listing visit
http://www.cambridge.org/uk/series/sSeries.asp?code=EOM

73 M. Stern Semimodular Lattices
74 I. Lasiecka and R. Triggiani Control Theory for Partial Differential Equations I
75 I. Lasiecka and R. Triggiani Control Theory for Partial Differential Equations II
76 A. A. Ivanov Geometry of Sporadic Groups I
77 A. Schinzel Polynomials with Special Regard to Reducibility
78 T. Beth, D. Jungnickel and H. Lenz Design Theory II, 2nd edn
79 T. W. Palmer Banach Algebras and the General Theory of *-Algebras II
80 O. Stormark Lie’s Structural Approach to PDE Systems
81 C. F. Dunkl and Y. Xu Orthogonal Polynomials of Several Variables
82 J. P. Mayberry The Foundations of Mathematics in the Theory of Sets
83 C. Foias, O. Manley, R. Rosa and R. Temam Navier–Stokes Equations and Turbulence
84 B. Polster and G. Steinke Geometries on Surfaces
85 R. B. Paris and D. Kaminski Asymptotics and Mellin–Barnes Integrals
86 R. McEliece The Theory of Information and Coding, 2nd edn
87 B. A. Magurn An Algebraic Introduction to K-Theory
88 T. Mora Solving Polynomial Equation Systems I
89 K. Bichteler Stochastic Integration with Jumps
90 M. Lothaire Algebraic Combinatorics on Words
91 A. A. Ivanov and S. V. Shpectorov Geometry of Sporadic Groups II
92 P. McMullen and E. Schulte Abstract Regular Polytopes
93 G. Gierz et al. Continuous Lattices and Domains
94 S. R. Finch Mathematical Constants
95 Y. Jabri The Mountain Pass Theorem
96 G. Gasper and M. Rahman Basic Hypergeometric Series, 2nd edn
97 M. C. Pedicchio and W. Tholen (eds.) Categorical Foundations
98 M. E. H. Ismail Classical and Quantum Orthogonal Polynomials in One Variable
99 T. Mora Solving Polynomial Equation Systems II

100 E. Olivieri and M. Eulália Vares Large Deviations and Metastability
101 A. Kushner, V. Lychagin and V. Rubtsov Contact Geometry and Nonlinear Differential Equations
102 L. W. Beineke and R. J. Wilson (eds.) with P. J. Cameron Topics in Algebraic Graph Theory
103 O. Staffans Well-Posed Linear Systems
104 J. M. Lewis, S. Lakshmivarahan and S. K. Dhall Dynamic Data Assimilation
105 M. Lothaire Applied Combinatorics on Words
106 A. Markoe Analytic Tomography
107 P. A. Martin Multiple Scattering
108 R. A. Brualdi Combinatorial Matrix Classes
109 J. M. Borwein and J. D. Vanderwerff Convex Functions
110 M.-J. Lai and L. L. Schumaker Spline Functions on Triangulations
111 R. T. Curtis Symmetric Generation of Groups
112 H. Salzmann, T. Grundhöfer, H. Hähl and R. Löwen The Classical Fields
113 S. Peszat and J. Zabczyk Stochastic Partial Differential Equations with Lévy Noise
114 J. Beck Combinatorial Games
115 L. Barreira and Y. Pesin Nonuniform Hyperbolicity
116 D. Z. Arov and H. Dym J-Contractive Matrix Valued Functions and Related Topics
117 R. Glowinski, J.-L. Lions and J. He Exact and Approximate Controllability for Distributed Parameter Systems
118 A. A. Borovkov and K. A. Borovkov Asymptotic Analysis of Random Walks
119 M. Deza and M. Dutour Sikirić Geometry of Chemical Graphs
120 T. Nishiura Absolute Measurable Spaces
121 M. Prest Purity, Spectra and Localisation
122 S. Khrushchev Orthogonal Polynomials and Continued Fractions: From Euler’s Point of View
123 H. Nagamochi and T. Ibaraki Algorithmic Aspects of Graph Connectivity
124 F. W. King Hilbert Transforms I
125 F. W. King Hilbert Transforms II
126 O. Calin and D.-C. Chang Sub-Riemannian Geometry
127 M. Grabisch, J.-L. Marichal, R. Mesiar and E. Pap Aggregation Functions
128 L. W. Beineke and R. J. Wilson (eds) with J. L. Gross and T. W. Tucker Topics in Topological Graph Theory
129 J. Berstel, D. Perrin and C. Reutenauer Codes and Automata
130 T. G. Faticoni Modules over Endomorphism Rings



Convex Functions: Constructions,
Characterizations and Counterexamples

Jonathan M. Borwein
University of Newcastle,

New South Wales

Jon D. Vanderwerff
La Sierra University,

California



CAMBRIDGE UNIVERSITY PRESS

Cambridge, New York, Melbourne, Madrid, Cape Town, Singapore,
São Paulo, Delhi, Dubai, Tokyo

Cambridge University Press
The Edinburgh Building, Cambridge CB2 8RU, UK

Published in the United States of America by Cambridge University Press, New York

www.cambridge.org
Information on this title: www.cambridge.org/9780521850056

© J. M. Borwein and J. D. Vanderwerff 2010

This publication is in copyright. Subject to statutory exception
and to the provisions of relevant collective licensing agreements,

no reproduction of any part may take place without
the written permission of Cambridge University Press.

First published 2010

Printed in the United Kingdom at the University Press, Cambridge

A catalogue record for this publication is available from the British Library

ISBN 978-0-521-85005-6 Hardback

Additional resources for this publication at http://projects.cs.dal.ca/ddrive/ConvexFunctions/

Cambridge University Press has no responsibility for the persistence or
accuracy of URLs for external or third-party internet websites referred to

in this publication, and does not guarantee that any content on such
websites is, or will remain, accurate or appropriate.



To our wives
Judith and Judith





Contents

Preface page ix
1 Why convex? 1

1.1 Why ‘convex’? 1
1.2 Basic principles 2
1.3 Some mathematical illustrations 8
1.4 Some more applied examples 10

2 Convex functions on Euclidean spaces 18
2.1 Continuity and subdifferentials 18
2.2 Differentiability 34
2.3 Conjugate functions and Fenchel duality 44
2.4 Further applications of conjugacy 64
2.5 Differentiability in measure and category 77
2.6 Second-order differentiability 83
2.7 Support and extremal structure 91

3 Finer structure of Euclidean spaces 94
3.1 Polyhedral convex sets and functions 94
3.2 Functions of eigenvalues 99
3.3 Linear and semidefinite programming duality 107
3.4 Selections and fixed points 111
3.5 Into the infinite 117

4 Convex functions on Banach spaces 126
4.1 Continuity and subdifferentials 126
4.2 Differentiability of convex functions 149
4.3 Variational principles 161
4.4 Conjugate functions and Fenchel duality 171
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Preface

This book on convex functions emerges out of 15 years of collaboration between the
authors. It is far from being the first on the subject nor will it be the last. It is neither
a book on convex analysis such as Rockafellar’s foundational 1970 book [369] nor
a book on convex programming such as Boyd and Vandenberghe’s excellent recent
text [128]. There are a number of fine books – both recent and less so – on both
those subjects or on convexity and relatedly on variational analysis. Books such as
[371, 255, 378, 256, 121, 96, 323, 332] complement or overlap in various ways with
our own focus which is to explore the interplay between the structure of a normed
space and the properties of convex functions which can exist thereon. In some ways,
among the most similar books to ours are those of Phelps [349] and of Giles [229] in
that both also straddle the fields of geometric functional analysis and convex analysis
– but without the convex function itself being the central character.

We have structured this book so as to accommodate a variety of readers. This leads
to some intentional repetition. Chapter 1 makes the case for the ubiquity of convexity,
largely by way of examples, many but not all of which are followed up in later chapters.
Chapter 2 then provides a foundation for the study of convex functions in Euclidean
(finite-dimensional) space, and Chapter 3 reprises important special structures such
as polyhedrality, eigenvalue optimization and semidefinite programming.

Chapters 4 and 5 play the same role in (infinite-dimensional) Banach space.
Chapter 6 comprises a number of other basic topics such as Banach space selec-
tion theorems, set convergence, integral functionals, trace-class spectral functions
and functions on normed lattices.

The remaining three chapters can be read independently of each other. Chapter 7
examines the structure of Legendre functions which comprises those barrier functions
which are essentially smooth and essentially strictly convex and considers how the
existence of such barrier functions is related to the geometry of the underlying Banach
space; as always the nicer the space (e.g. is it reflexive, Hilbert or Euclidean?) the
more that can be achieved. This coupling between the space and the convex functions
which may survive on it is attacked more methodically in Chapter 8.

Chapter 9 investigates (maximal) monotone operators through the use of a special-
ized class of convex representative functions of which the Fitzpatrick function is the
progenitor. We have written this chapter so as to make it more usable as a stand-alone
source on convexity and its applications to monotone operators.



x Preface

In each chapter we have included a variety of concrete examples and exercises –
often guided, some with further notes given in Chapter 10. We both believe strongly
that general understanding and intuition rely on having fully digested a good cross-
section of particular cases. Exercises that build required theory are often marked
with �, those that include broader applications are marked with † and those that take
excursions into topics related – but not central to – this book are marked with ��.

We think this book can be used as a text, either primary or secondary, for a variety of
introductory graduate courses. One possible half-course would comprise Chapters 1,
2, 3 and the finite-dimensional parts of Chapters 4 through 10. These parts are listed
at the end of Chapter 3. Another course could encompass Chapters 1 through 6 along
with Chapter 8, and so on. We hope also that this book will prove valuable to a larger
group of practitioners in mathematical science; and in that spirit we have tried to keep
notation so that the infinite-dimensional and finite-dimensional discussion are well
comported and so that the book can be dipped into as well as read sequentially. This
also requires occasional intentional redundancy. In addition, we finish with a ‘bonus
chapter’ revisiting the boundary between Euclidean and Banach space and making
comments on the earlier chapters.

We should like to thank various of our colleagues and students who have provided
valuable input and advice and particularly Miroslav Bacak who has assisted us greatly.
We should also like to thank Cambridge University Press and especially David Tranah
who has played an active and much appreciated role in helping shape this work.
Finally, we have a companion web-site at http://projects.cs.dal.ca/
ddrive/ConvexFunctions/ on which various related links and addenda
(including any subsequent errata) may be found.



1

Why convex?

The first modern formalization of the concept of convex function appears in J. L. W. V.
Jensen, “Om konvexe funktioner og uligheder mellem midelvaerdier.” Nyt Tidsskr. Math. B
16 (1905), pp. 49–69. Since then, at first referring to “Jensen’s convex functions,” then more
openly, without needing any explicit reference, the definition of convex function becomes a
standard element in calculus handbooks. (A. Guerraggio and E. Molho)1

Convexity theory . . . reaches out in all directions with useful vigor. Why is this so? Surely any
answer must take account of the tremendous impetus the subject has received from outside
of mathematics, from such diverse fields as economics, agriculture, military planning, and
flows in networks. With the invention of high-speed computers, large-scale problems from
these fields became at least potentially solvable. Whole new areas of mathematics (game
theory, linear and nonlinear programming, control theory) aimed at solving these problems
appeared almost overnight. And in each of them, convexity theory turned out to be at the
core. The result has been a tremendous spurt in interest in convexity theory and a host of
new results. (A. Wayne Roberts and Dale E. Varberg)2

1.1 Why ‘convex’?

This introductory polemic makes the case for a study focusing on convex functions and
their structural properties. We highlight the centrality of convexity and give a selection
of salient examples and applications; many will be revisited in more detail later in
the text – and many other examples are salted among later chapters. Two excellent
companion pieces are respectively by Asplund [15] and by Fenchel [212]. A more
recent survey article by Berger has considerable discussion of convex geometry [53].

It has been said that most of number theory devolves to the Cauchy–Schwarz
inequality and the only problem is deciding ‘what to Cauchy with’. In like fashion,
much mathematics is tamed once one has found the right convex ‘Green’s function’.
Why convex? Well, because . . .

• For convex sets topological, algebraic, and geometric notions often coincide; one
sees this in the study of the simplex method and of continuity of convex functions.
This allows one to draw upon and exploit many different sources of insight.

1 A. Guerraggio and E. Molho, “The origins of quasi-concavity: a development between mathematics and
economics,” Historia Mathematica, 31, 62–75, (2004).

2 Quoted by Victor Klee in his review of [366], SIAM Review, 18, 133–134, (1976).
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• In a computational setting, since the interior-point revolution [331] in linear opti-
mization it is now more or less agreed that ‘convex’ = ‘easy’ and ‘nonconvex’ =
‘hard’ – both theoretically and computationally. A striking illustration in combi-
natorial optimization is discussed in Exercise 3.3.9. In part this easiness is for the
prosaic reason that local and global minima coincide.

• ‘Differentiability’ is understood and has been exploited throughout the sciences for
centuries; ‘convexity’ less so, as the opening quotations attest. It is not emphasized
in many instances in undergraduate courses – convex principles appear in topics
such as the second derivative test for a local extremum, in linear programming
(extreme points, duality, and so on) or via Jensen’s inequality, etc. but often they
are not presented as part of any general corpus.

• Three-dimensional convex pictures are surprisingly often realistic, while two-
dimensional ones are frequently not as their geometry is too special. (Actually
in a convex setting even two-dimensional pictures are much more helpful com-
pared to those for nonconvex functions, still three-dimensional pictures are better.
A good illustration is Figure 2.16. For example, working two-dimensionally, one
may check convexity along lines, while seeing equal right-hand and left-hand
derivatives in all directions implies differentiability.)

1.2 Basic principles

First we define some of the fundamental concepts. This is done more methodically
in Chapter 2. Throughout this book, we will typically use E to denote the finite-
dimensional real vector space Rn for some n ∈ N endowed with its usual norm, and
typically X will denote a real infinite-dimensional Banach space – and sometimes
merely a normed space. In this introduction we will tend to state results and introduce
terminology in the setting of the Euclidean space E because this more familiar and
concrete setting already illustrates their power and utility.

Aset C ⊂ E is said to be convex if it contains all line segments between its members:
λx + (1− λ)y ∈ C whenever x, y ∈ C and 0 ≤ λ ≤ 1. Even in two dimensions this
deserves thought: every set S with {(x, y) : x2+y2 < 1} ⊂ S ⊂ {(x, y) : x2+y2 ≤ 1}
is convex.

The lower level sets of a function f : E → [−∞,+∞] are the sets {x ∈ E : f (x) ≤
α} where α ∈ R. The epigraph of a function f : E → [−∞,+∞] is defined by

epi f := {(x, t) ∈ E × R : f (x) ≤ t}.

We will see a function as convex if its epigraph is a convex set; and we will use ∞
and +∞ interchangeably, but we prefer to use +∞ when −∞ is nearby.

Consider a function f : E → [−∞,+∞]; we will say f is closed if its epigraph
is closed; whereas f is lower-semicontinuous (lsc) if lim inf x→x0 f (x) ≥ f (x0) for
all x0 ∈ E. These two concepts are intimately related for convex functions. Our
primary focus will be on proper functions, those functions f : E → [−∞,+∞] that
do not take the value −∞ and whose domain of f , denoted by dom f , is defined
by dom f := {x ∈ E : f (x) < ∞}. The indicator function of a nonempty set D
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is the function δD defined by δD(x) := 0 if x ∈ D and δD(x) := +∞ otherwise.
These notions allow one to study convex functions and convex sets interchangeably,
however, our primary focus will center on convex functions.

A sketch of a real-valued differentiable convex function very strongly suggests
that the derivative of such a function is monotone increasing, in fact this is true more
generally – but in a nonobvious way. If we denote the derivative (or gradient) of a
real function g by∇g, then using the inner product the monotone increasing property
of ∇g can be written as

〈∇g(y)− ∇g(x), y − x〉 ≥ 0 for all x and y.

The preceding inequality leads to the definition of the monotonicity of the gradient
mapping on general spaces. Before stating our first basic result, let us recall that a set
K ⊂ E is a cone if tK ⊂ K for every t ≥ 0; and an affine mapping is a translate of a
linear mapping.

We begin with a recapitulation of the useful preservation and characterization
properties convex functions possess:

Lemma 1.2.1 (Basic properties). The convex functions form a convex cone closed
under pointwise suprema: if fγ is convex for each γ ∈ � then so is x 
→ supγ∈� fγ (x).

(a) A function g is convex if and only if epi g is convex if and only if δepi g is convex.
(b) A differentiable function g is convex on an open convex set D if and only if ∇g

is a monotone operator on D, while a twice differentiable function g is convex if
and only if the Hessian ∇2g is a positive semidefinite matrix for each value in D.

(c) g ◦ α and m ◦ g are convex when g is convex, α is affine and m is monotone
increasing and convex.

(d) For t > 0, the function (x, t) 
→ tg(x/t) is convex if and only if the function g is
convex.

Proof. See Lemma 2.1.8 for (a), (c) and (d). Part (b) is developed in Theorem 2.2.6
andTheorem 2.2.8, where we are more precise about the form of differentiability used.
In (d) one may be precise also about the lsc hulls, see [95] and Exercise 2.3.9.

Before introducing the next result which summarizes many of the important con-
tinuity and differentiability properties of convex functions, we first introduce some
crucial definitions. For a proper function f : E → (−∞,+∞], the subdifferential of
f at x̄ ∈ E where f (x̄) is finite is defined by

∂f (x̄) := {φ ∈ E : 〈φ, y − x̄〉 ≤ f (y)− f (x̄), for all y ∈ E}.

If f (x̄) = +∞, then ∂f (x̄) is defined to be empty. Moreover, if φ ∈ ∂f (x̄), then φ

is said to be a subgradient of f at x̄. Note that, trivially but importantly, 0 ∈ ∂f (x) –
and we call x a critical point – if and only if x is a minimizer of f .

While it is possible for the subdifferential to be empty, we will see below that very
often it is not. An important consideration for this is whether x̄ is in the boundary of
the domain of f or in its interior, and in fact, in finite dimensions, the relative interior
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AN ESSENTIALLY STRICTLY CONVEX FUNCTION WITH
NONCONVEX SUBGRADIENT DOMAIN

AND WHICH IS NOT STRICTLY CONVEX

max{(x – 2) ^ 2 + y ^ 2 – 1, – (x*y) ^ (1/4)}

Figure 1.1 A subtle two-dimensional function from Chapter 6.

(i.e. the interior relative to the affine hull of the set) plays an important role. The
function f is Fréchet differentiable at x̄ ∈ dom f with Fréchet derivative f ′(x̄) if

lim
t→0

f (x̄ + th)− f (x̄)

t
= 〈f ′(x̄), h〉

exists uniformly for all h in the unit sphere. If the limit exists only pointwise, f is
Gâteaux differentiable at x̄. With these terms in mind we are now ready for the next
theorem.

Theorem 1.2.2. In Banach space, the following are central properties of
convexity:

(a) Global minima and local minima coincide for convex functions.
(b) Weak and strong closures coincide for convex functions and convex sets.
(c) A convex function is locally Lipschitz if and only if it is continuous if and only if

it is locally bounded above. A finite lsc convex function is continuous; in finite
dimensions lower-semicontinuity is not automatic.

(d) In finite dimensions, say n=dim E, the following hold.

(i) The relative interior of a convex set always exists and is nonempty.
(ii) A convex function is differentiable if and only if it has a unique subgradient.
(iii) Fréchet and Gâteaux differentiability coincide.
(iv) ‘Finite’ if and only if ‘n + 1’ or ‘n’ (e.g. the theorems of Radon, Helly,

Carathéodory, and Shapley–Folkman stated below in Theorems 1.2.3, 1.2.4,
1.2.5, and 1.2.6). These all say that a property holds for all finite sets as
soon as it holds for all sets of cardinality of order the dimension of the
space.
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Proof. For (a) see Proposition 2.1.14; for (c) see Theorem 2.1.10 and Proposi-
tion 4.1.4. For the purely finite-dimensional results in (d), see Theorem 2.4.6 for (i);
Theorem 2.2.1 for (ii) and (iii); and Exercises 2.4.13, 2.4.12, 2.4.11, and 2.4.15, for
Helly’s, Radon’s, Carathéodory’s and Shapley–Folkman theorems respectively.

Theorem 1.2.3 (Radon’s theorem). Let {x1, x2, . . . , xn+2} ⊂ Rn. Then there is a
partition I1∪I2 = {1, 2, . . . , n+2} such that C1∩C2 �= ∅where C1 = conv{xi : i ∈ I1}
and C2 = conv{xi : i ∈ I2}.

Theorem 1.2.4 (Helly’s theorem). Suppose {Ci}i∈I is a collection of nonempty closed
bounded convex sets in Rn, where I is an arbitrary index set. If every subcollection
consisting of n+1 or fewer sets has a nonempty intersection, then the entire collection
has a nonempty intersection.

In the next two results we observe that when positive as opposed to convex
combinations are involved, ‘n+ 1’ is replaced by ‘n’.

Theorem 1.2.5 (Carathéodory’s theorem). Suppose {ai : i ∈ I} is a finite set of points
in E. For any subset J of I , define the cone

CJ =
{∑

i∈J

µiai : µi ∈ [0,+∞), i ∈ J

}
.

(a) The cone CI is the union of those cones CJ for which the set {aj : j ∈ J } is
linearly independent. Furthermore, any such cone CJ is closed. Consequently,
any finitely generated cone is closed.

(b) If the point x lies in conv{ai : i ∈ I} then there is a subset J ⊂ I of size at most
1 + dim E such that x ∈ conv{ai : i ∈ J }. It follows that if a subset of E is
compact, then so is its convex hull.

Theorem 1.2.6 (Shapley–Folkman theorem). Suppose {Si}i∈I is a finite collection of
nonempty sets in Rn, and let S := ∑

i∈I Si. Then every element x ∈ conv S can be
written as x = ∑

i∈I xi where xi ∈ conv Si for each i ∈ I and moreover xi ∈ Si for
all except at most n indices.

Given a nonempty set F ⊂ E, the core of F is defined by x ∈ core F if for each
h ∈ E with ‖h‖ = 1, there exists δ > 0 so that x + th ∈ F for all 0 ≤ t ≤ δ.
It is clear from the definition that the interior of a set F is contained in its core,
that is, int F ⊂ core F . Let f : E → (−∞,+∞]. We denote the set of points of
continuity of f by cont f . The directional derivative of f at x̄ ∈ dom f in the direction
h is defined by

f ′(x̄; h) := lim
t→0+

f (x̄ + th)− f (x̄)

t
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if the limit exists – and it always does for a convex function. In consequence one has
the following simple but crucial result.

Theorem 1.2.7 (First-order conditions). Suppose f : E → (−∞,+∞] is convex.
Then for any x ∈ dom f and d ∈ E,

f ′(x; d) ≤ f (x + d)− f (x). (1.2.1)

In consequence, f is minimized (locally or globally) at x0 if and only if f ′(x0; d) ≥ 0
for all d ∈ E if and only if 0 ∈ ∂f (x0).

The following fundamental result is also a natural starting point for the so-called
Fenchel duality/Hahn–Banach theorem circle. Let us note, also, that it directly relates
differentiability to the uniqueness of subgradients.

Theorem 1.2.8 (Max formula). Suppose f : E → (−∞,+∞] is convex (and lsc in
the infinite-dimensional setting) and that x̄ ∈ core(dom f ). Then for any d ∈ E,

f ′(x̄; d) = max{〈φ, d〉 : φ ∈ ∂f (x̄)}. (1.2.2)

In particular, the subdifferential ∂f (x̄) is nonempty at all core points of dom f .

Proof. See Theorem 2.1.19 for the finite-dimensional version and Theorem 4.1.10
for infinite-dimensional version.

Building upon the Max formula, one can derive a quite satisfactory calculus for
convex functions and linear operators. Let us note also, that for f : E → [−∞,+∞],
the Fenchel conjugate of f is denoted by f ∗ and defined by f ∗(x∗) := sup{〈x∗, x〉 −
f (x) : x ∈ E}. The conjugate is always convex (as a supremum of affine functions)
while f = f ∗∗ exactly if f is convex, proper and lsc. Avery important case leads to the
formula δ∗C(x∗) = supx∈C〈x∗, x〉, the support function of C which is clearly continu-
ous when C is bounded, and usually denoted by σC . This simple conjugate formula
will play a crucial role in many places, including Section 6.6 where some duality rela-
tionships between Asplund spaces and those with the Radon–Nikodým property are
developed.

Theorem 1.2.9 (Fenchel duality and convex calculus). Let E and Y be Euclidean
spaces, and let f : E → (−∞,+∞] and g : Y → (−∞,+∞] and a linear map
A : E → Y , and let p, d ∈ [−∞,+∞] be the primal and dual values defined
respectively by the Fenchel problems

p := inf
x∈E
{ f (x)+ g(Ax)} (1.2.3)

d := sup
φ∈Y
{−f ∗(A∗φ)− g∗(−φ)}. (1.2.4)
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Then these values satisfy the weak duality inequality p ≥ d. If, moreover, f and g are
convex and satisfy the condition

0 ∈ core(dom g − A dom f ) (1.2.5)

or the stronger condition

A dom f ∩ cont g �= ∅ (1.2.6)

then p = d and the supremum in the dual problem (1.2.4) is attained if finite.
At any point x ∈ E, the subdifferential sum rule,

∂( f + g ◦ A)(x) ⊃ ∂f (x)+ A∗∂g(Ax) (1.2.7)

holds, with equality if f and g are convex and either condition (1.2.5) or (1.2.6)
holds.

Proof. The proof for Euclidean spaces is given in Theorem 2.3.4; a version in Banach
spaces is given in Theorem 4.4.18.

A nice application of Fenchel duality is the ability to obtain primal solutions from
dual ones; this is described in Exercise 2.4.19.

Corollary 1.2.10 (Sandwich theorem). Let f : E → (−∞,+∞] and g : Y →
(−∞,+∞] be convex, and let A : E → Y be linear. Suppose f ≥ −g ◦ A and
0 ∈ core(dom g − A dom f ) (or A dom f ∩ cont g �= ∅). Then there is an affine
function α : E → R satisfying f ≥ α ≥ −g ◦ A.

It is sometimes more desirable to symmetrize this result by using a concave function
g, that is a function for which−g is convex, and its hypograph, hyp g, as in Figure 1.2.

Using the sandwich theorem, one can easily deduce Hahn–Banach exten-
sion theorem (2.1.18) and the max formula to complete the so-called Fenchel
duality/Hahn–Banach circle.

epi f

hyp g

Figure 1.2 A sketch of the sandwich theorem.
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A final key result is the capability to reconstruct a convex set from a well defined
set of boundary points, just as one can reconstruct a convex polytope from its corners
(extreme points). The basic result in this area is:

Theorem 1.2.11 (Minkowski). Let E be a Euclidean space. Any compact convex
set C ⊂ E is the convex hull of its extreme points. In Banach space it is typically
necessary to take the closure of the convex hull of the extreme points.

Proof. This theorem is proved in Euclidean spaces in Theorem 2.7.2.

With these building blocks in place, we use the following sections to illustrate some
diverse examples where convex functions and convexity play a crucial role.

1.3 Some mathematical illustrations

Perhaps the most forcible illustration of the power of convexity is the degree to which
the theory of best approximation, i.e. existence of nearest points and the study of
nonexpansive mappings, can be subsumed as a convex optimization problem. For a
closed set S in a Hilbert space X we write dS(x) := inf x∈S ‖x − s‖ and call dS the
(metric) distance function associated with the set S. A set C in X such that each x ∈ X
has a unique nearest point in C is called a Čebyšev set.

Theorem 1.3.1. Let X be a Euclidean (resp. Hilbert) space and suppose C is a
nonempty (weakly) closed subset of X . Then the following are equivalent.

(a) C is convex.
(b) C is a Čebyšev set.
(c) d2

C is Fréchet differentiable.
(d) d2

C is Gâteaux differentiable.

Proof. See Theorem 4.5.9 for the proof.

We shall use the necessary condition for inf C f to deduce that the projection
on a convex set is nonexpansive; this and some other properties are described in
Exercise 2.3.17.

Example 1.3.2 (Algebra). Birkhoff’s theorem [57] says the doubly stochastic matri-
ces (those with nonnegative entries whose row and column sum equal one) are convex
combinations of permutation matrices (their extreme points).

A proof using convexity is requested in Exercise 2.7.5 and sketched in detail in
[95, Exercise 22, p. 74].

Example 1.3.3 (Real analysis). The following very general construction links convex
functions to nowhere differentiable continuous functions.

Theorem 1.3.4 (Nowhere differentiable functions [145]). Let an > 0 be such that∑∞
n=1 an < ∞. Let bn < bn+1 be integers such that bn|bn+1 for each n, and the
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sequence anbn does not converge to 0. For each index j ≥ 1, let fj be a continuous
function mapping the real line onto the interval [0, 1] such that fj = 0 at each even
integer and fj = 1 at each odd integer. For each integer k and each index j, let fj be
convex on the interval (2k , 2k + 2).

Then the continuous function
∑∞

j=1 ajfj(bjx) has neither a finite left-derivative nor
a finite right-derivative at any point.

In particular, for a convex nondecreasing function f mapping [0, 1] to [0, 1],
define f (x) = f (2 − x) for 1 < x < 2 and extend f periodically. Then Ff (x) :=∑∞

j=1 2−j f (2jx) defines a continuous nowhere differentiable function.

Example 1.3.5 (Operator theory). The Riesz–Thorin convexity theorem informally
says that if T induces a bounded linear operator between Lebesgue spaces Lp1 and
Lp2 and also between Lq1 and Lq2 for 1 < p1, p2 < ∞ and 1 < q1, q2 < ∞ then it
also maps Lr1 to Lr2 whenever (1/r1, 1/r2) is a convex combination of (1/p1, 1/p2)

and (1/q1, 1/q2) (all three pairs lying in the unit square).

A precise formulation is given by Zygmund in [451, p. 95].

Example 1.3.6 (Real analysis). The Bohr–Mollerup theorem characterizes the
gamma-function x 
→ ∫∞

0 tx−1 exp(−t) dt as the unique function f mapping the
positive half line to itself such that (a) f (1) = 1, (b) xf (x) = f (x + 1) and (c) log f
is convex function

A proof of this is outlined in Exercise 2.1.24; Exercise 2.1.25 follows this by
outlining how this allows for computer implementable proofs of results such as
β(x, y) = �(x)�(y)/�(x, y)where β is the classical beta-function. A more extensive
discussion of this topic can be found in [73, Section 4.5].

Example 1.3.7 (Complex analysis). Gauss’s theorem shows that the roots of the
derivative of a polynomial lie inside the convex hull of the zeros.

More precisely one has the Gauss–Lucas theorem: For an arbitrary not identically
constant polynomial, the zeros of the derivative lie in the smallest convex polygon
containing the zeros of the original polynomial. While Gauss originally observed:
Gauss’s theorem: The zeros of the derivative of a polynomial P that are not multiple
zeros of P are the positions of equilibrium in the field of force due to unit particles
situated at the zeros of P, where each particle repels with a force equal to the inverse
distance. Jensen’s sharpening states that if P is a real polynomial not identically
constant, then all nonreal zeros of P

′
lie inside the Jensen disks determined by all

pairs of conjugate nonreal zeros of P. See Pólya–Szegő [273].

Example 1.3.8 (Levy–Steinitz theorem (combinatorics)). The rearrangements of a
series with values in Euclidean space always is an affine subspace (also called a flat).

Riemann’s rearrangement theorem is the one-dimensional version of this lovely
result. See [382], and also Pólya-Szegő [272] for the complex (planar) case.



10 Why convex?

We finish this section with an interesting example of a convex function whose
convexity, established in [74, §1.9], seems hard to prove directly (a proof is outlined
in Exercise 4.4.10):

Example 1.3.9 (Concave reciprocals). Let g(x) > 0 for x > 0. Suppose 1/g is
concave (which implies log g and hence g are convex) then

(x, y) 
→ 1

g(x)
+ 1

g(y)
− 1

g(x + y)
,

(x, y, z) 
→ 1

g(x)
+ 1

g(y)
+ 1

g(z)
− 1

g(x + y)
− 1

g(y + z)
− 1

g(x + z)
+ 1

g(x + y + z)

and all similar n-fold alternating combinations are reciprocally concave on the strictly
positive orthant. The foundational case is g(x) := x. Even computing the Hessian in
a computer algebra system in say six dimensions is a Herculean task.

1.4 Some more applied examples

Another lovely advertisement for the power of convexity is the following reduction
of the classical Brachistochrone problem to a tractable convex equivalent problem.
As Balder [29] recalls

‘Johann Bernoulli’s famous 1696 brachistochrone problem asks for the optimal shape of
a metal wire that connects two fixed points A and B in space. A bead of unit mass falls
along this wire, without friction, under the sole influence of gravity. The shape of the wire
is defined to be optimal if the bead falls from A to B in as short a time as possible.’

Example 1.4.1 (Calculus of variations). Hidden convexity in the Brachistochrone
problem. The standard formulation, requires one to minimize

T ( f ) :=
∫ x1

0

√
1+ f ′2(x)√

g f (x)
dx (1.4.1)

over all positive smooth arcs f on (0, x1)which extend continuously to have f (0) = 0
and f (x1) = y1, and where we let A = (0, 0) and B := (x1, y1), with x1 > 0, y1 ≥ 0.
Here g is the gravitational constant.

A priori, it is not clear that the minimum even exists – and many books slough
over all of the hard details. Yet, it is an easy exercise to check that the substitution
φ := √

f makes the integrand jointly convex. We obtain

S(φ) := √
2gT (φ2) =

∫ x1

0

√
1/φ2(x)+ 4φ ′2(x) dx. (1.4.2)

One may check elementarily that the solutionψ on (0, x1) of the differential equation(
ψ ′(x)

)2
ψ2(x) = C/ψ(x)2 − 1, ψ(0) = 0,

where C is chosen to force ψ(x1) = √
y1, exists and satisfies S(φ) > S(ψ) for

all other feasible φ. Finally, one unwinds the transformations to determine that the
original problem is solved by a cardioid.
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It is not well understood when one can make such convex transformations in vari-
ational problems; but, when one can, it always simplifies things since we have
immediate access to Theorem 1.2.7, and need only verify that the first-order nec-
essary condition holds. Especially for hidden convexity in quadratic programming
there is substantial recent work, see e.g. [50, 440].

Example 1.4.2 (Spectral analysis). There is a beautiful Davis–Lewis theorem char-
acterizing convex functions of eigenvalues of symmetric matrices. We let λ(S) denote
the (real) eigenvalues of an n by n symmetric matrix S in nonincreasing order. The
theorem shows that if f : E → (−∞,+∞] is a symmetric function, then the ‘spectral
function’ f ◦λ is (closed) and convex if and only if f is (closed) and convex. Likewise,
differentiability is inherited.

Indeed, what Lewis (see Section 3.2 and [95, §5.2]) established is that the convex
conjugate which we shall study in great detail satisfies

(f ◦ λ)∗ = f ∗ ◦ λ,

from which much more actually follows. Three highly illustrative applications follow.

I. (Log determinant) Let lb(x) := − log(x1x2 · · · xn) which is clearly symmetric
and convex. The corresponding spectral function is S 
→ − log det(S).

II. (Sum of eigenvalues) Ranging over permutations π , let

fk(x) := max
π
{xπ(1) + xπ(2) + · · · + xπ(k)} for k ≤ n.

This is clearly symmetric, continuous and convex. The corresponding spectral
function is σk(S) := λ1(S) + λ2(S) + · · · + λk(S). In particular the largest
eigenvalue, σ1, is a continuous convex function of S and is differentiable if and
only if the eigenvalue is simple.

III. (k-th largest eigenvalue) The k-th largest eigenvalue may be written as

µk(S) = σk(S)− σk−1(S).

In particular, this representsµk as the difference of two convex continuous, hence
locally Lipschitz, functions of S and so we discover the very difficult result that
for each k , µk(S) is a locally Lipschitz function of S. Such difference convex
functions appear at various points in this book (e.g. Exercises 3.2.11 and 4.1.46).
Sometimes, as here, they inherit useful properties from their convex parts.

Harder analogs of the Davis–Lewis theorem exists for singular values, hyperbolic
polynomials, Lie algebras, and the like.

Lest one think most results on the real line are easy, we challenge the reader to
prove the empirical observation that

p 
→ √
p
∫ ∞

0

∣∣∣∣ sin x

x

∣∣∣∣p dx

is difference convex on (1,∞).
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Another lovely application of modern convex analysis is to the theory of two-person
zero-sum games.

Example 1.4.3 (Game theory). The seminal result due to von Neumann shows that

µ := min
C

max
D
〈Ax, y〉 = max

D
min

C
〈Ax, y〉, (1.4.3)

where C ⊂ E and D ⊂ F are compact convex sets (originally sets of finite probabil-
ities) and A : E 
→ F is an arbitrary payoff matrix. The common value µ is called the
value of the game.

Originally, Equation (1.4.3) was proved using fixed point theory (see [95, p. 201])
but it is now a lovely illustration of the power of Fenchel duality since we may write
µ := inf E

{
δ∗D(Ax)+ δC(x)

}
; see Exercise 2.4.21.

One of the most attractive extensions is due to Sion. It asserts that

min
C

max
D

f (x, y) = max
D

min
C

f (x, y)

when C, D are compact and convex in Banach space while f (·, y),−f (x, ·) are required
only to be lsc and quasi-convex (i.e. have convex lower level sets). In the convex-
concave proof one may use compactness and the max formula to achieve a very neat
proof. We shall see substantial applications of reciprocal concavity and log convexity
to the construction of barrier functions in Section 7.4.

Next we turn to entropy:

‘Despite the narrative force that the concept of entropy appears to evoke in everyday writing,
in scientific writing entropy remains a thermodynamic quantity and a mathematical formula
that numerically quantifies disorder. When the American scientist Claude Shannon found
that the mathematical formula of Boltzmann defined a useful quantity in information theory,
he hesitated to name this newly discovered quantity entropy because of its philosophical
baggage. The mathematician John von Neumann encouraged Shannon to go ahead with
the name entropy, however, since “no one knows what entropy is, so in a debate you will
always have the advantage.’3

Example 1.4.4 (Statistics and information theory). The function of finite
probabilities

−→p 
→
n∑

i=1

pi log(pi)

defines the (negative of) Boltzmann–Shannon entropy, where
∑n

i=1 pi = 1 and pi ≥
0, and where we set 0 log 0 = 0. (One maximizes entropy and minimizes convex
functions.)

I. (Extended entropy.) We may extend this function (minus 1) to the nonnegative
orthant by

−→x 
→
n∑

i=1

(xi log(xi)− xi) . (1.4.4)

3 The American Heritage Book of English Usage, p. 158.
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(See Exercise 2.3.25 for some further properties of this function.) It is easy to
check that this function has Fenchel conjugate

−→y 
→
∑

exp(yi),

whose conjugate is given by (1.4.4) which must therefore be convex – of course
in this case it is also easy to check that x log x− x has second derivative 1/x > 0
for x > 0.

II. (Divergence estimates.) The function of two finite probabilities

(−→p ,−→q ) 
→
n∑

i=1

{
pi log

(
pi

qi

)
− (pi − qi)

}
,

is called the Kullback–Leibler divergence and measures how far−→q deviates from−→p (care being taken with 0÷ 0). Somewhat surprisingly, this function is jointly
convex as may be easily seen from Lemma 1.2.1 (d), or more painfully by taking
the second derivative. One of the many attractive features of the divergence is
the beautiful inequality

n∑
i=1

pi log

(
pi

qi

)
≥ 1

2

(
n∑

i=1

|pi − qi|
)2

, (1.4.5)

valid for any two finite probability measures. Note that we have provided a
lower bound in the 1-norm for the divergence (see Exercise 2.3.26 for a proof
and Exercise 7.6.3 for generalizations). Inequalities bounding the divergence (or
generalizations as in Exercise 7.6.3) below in terms of the 1-norm are referred
to as Pinsker-type inequalities [228, 227].

III. (Surprise maximization.) There are many variations on the current theme. We
conclude this example by describing a recent one. We begin by recalling the
Paradox of the Surprise Exam:

‘A teacher announces in class that an examination will be held on some day during the
following week, and moreover that the examination will be a surprise. The students
argue that a surprise exam cannot occur. For suppose the exam were on the last day
of the week. Then on the previous night, the students would be able to predict that the
exam would occur on the following day, and the exam would not be a surprise. So it
is impossible for a surprise exam to occur on the last day. But then a surprise exam
cannot occur on the penultimate day, either, for in that case the students, knowing
that the last day is an impossible day for a surprise exam, would be able to predict on
the night before the exam that the exam would occur on the following day. Similarly,
the students argue that a surprise exam cannot occur on any other day of the week
either. Confident in this conclusion, they are of course totally surprised when the exam
occurs (on Wednesday, say). The announcement is vindicated after all. Where did the
students’ reasoning go wrong?’ ([151])

This paradox has a grimmer version involving a hanging, and has a large literature
[151]. As suggested in [151], one can leave the paradox to philosophers and ask,
more pragmatically, the information-theoretic question what distribution of events
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Figure 1.3 Optimal distributions: m = 7 (L) and m = 50 (R).

will maximize group surprise? This question has a most satisfactory resolution. It
leads naturally (see [95, Exercise 28, p. 87]) to the following optimization problem
involving Sm, the surprise function, given by

Sm(
−→p ) :=

m∑
j=1

pj log

(
pj

1
m

∑
i≥j pi

)
,

with the explicit constraint that
∑m

j=1 pj = 1 and the implicit constraint that
each pi ≥ 0.

From the results quoted above the reader should find it easy to show Sm is convex.
Remarkably, the optimality conditions for maximizing surprise can be solved beau-
tifully recursively as outlined in [95, Exercise 28, p. 87]. Figure 1.3 shows examples
of optimal probability distributions, for m = 7 and m = 50.

1.4.1 Further examples of hidden convexity

We finish this section with two wonderful ‘hidden convexity’ results.

I. (Aumann integral)The integral of a multifunction
 : T 
→ E over a finite measure
space T , denoted

∫
T 
, is defined as the set of all points of the form

∫
T φ(t)dµ,

where µ is a finite positive measure and φ(·) is an integrable measurable selection
φ(t) ∈ 
(t) a.e. We denote by conv
 the multifunction whose value at t is the
convex hull of 
(t). Recall that 
 is measurable if {t : 
(t) ∩ W �= ∅} is
measurable for all open sets W and is integrably bounded if supσ∈
 ‖σ(t)‖ is
integrable; here σ ranges over all integrable selections.

Theorem 1.4.5 (Aumann convexity theorem). Suppose (a) E is finite-dimensional
and µ is a nonatomic probability measure. Suppose additionally that (b) 
 is
measurable, has closed nonempty images and is integrably bounded. Then∫

T

 =

∫
T

conv
,

and is compact.

In the fine survey by ZviArtstein [9] compactness follows from the Dunford–Pettis
criterion (see §6.3); and the exchange of convexity and integral from an extreme point
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argument plus some measurability issues based on Filippov’s lemma. We refer the
reader to [9, 155, 156, 157] for details and variants.4

In particular, since the right-hand side of Theorem 1.4.5 is clearly convex we have
the following weaker form which is easier to prove – directly from the Shapley–
Folkman theorem (1.2.6) – as outlined in Exercise 2.4.16 and [415]. Indeed, we need
not assume (b).

Theorem 1.4.6 (Aumann convexity theorem (weak form)). If E is finite-dimensional
and µ is a nonatomic probability measure then∫

T

 = conv

∫
T

.

The simplicity of statement and the potency of this result (which predatesAumann)
means that it has attracted a large number of alternative proofs and extensions, [155].
An attractive special case – originating with Lyapunov – takes


(t) := {−f (t), f (t)}

where f is any continuous function. This is the genesis of so-called ‘bang-bang’
control since it shows that in many settings control mechanisms which only take
extreme values will recapture all behavior. More generally we have:

Corollary 1.4.7 (Lyapunov convexity theorem). Suppose E is finite-dimensional and
µ is a nonatomic finite vector measure µ := (µ1,µ2, . . . ,µn) defined on a sigma-
algebra, �, of subsets of T , and taking range in E. Then R(µ) := {µ(A) : A ∈ �}
is convex and compact.

We sketch the proof of convexity (the most significant part). Let ν :=∑ |µk |. By
the Radon–Nikodým theorem, as outlined in Exercise 6.3.6, each µi is absolutely
continuous with respect to ν and so has a Radon–Nikodým derivative fk . Let f :=
( f1, f2, . . . , fn). It follows, with 
(t) := {0, f (t)} that we may write

R(µ) =
∫

T

 dν.

Then Theorem 1.4.5 shows the convexity of the range of the vector measure. (See
[260] for another proof.)

II. (Numerical range)As a last taste of the ubiquity of convexity we offer the beautiful
hidden convexity result called the Toeplitz–Hausdorff theorem which establishes
the convexity of the numerical range, W (A), of a complex square matrix A (or
indeed of a bounded linear operator on complex Hilbert space). Precisely,

W (A) := {〈Ax, x〉 : 〈x, x〉 = 1},

4 [156] discusses the general statement.
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so that it is not at all obvious that W (A) should be convex, though it is clear that
it must contain the spectrum of A.

Indeed much more is true. For example, for a normal matrix the numerical range
is the convex hull of the eigenvalues. Again, although it is not obvious there is a
tight relationship between the Toeplitz–Hausdorff theorem and Birkhoff’s result
(of Example 1.3.2) on doubly stochastic matrices.

Conclusion Another suite of applications of convexity has not been especially high-
lighted in this chapter but will be at many places later in the book. Wherever possible,
we have illustrated a convexity approach to a piece of pure mathematics. Here is one
of our favorite examples.

Example 1.4.8 (Principle of uniform boundedness). The principle asserts that point-
wise bounded families of bounded linear operators between Banach spaces are
uniformly bounded. That is, we are given bounded linear operators Tα : X → Y
for α ∈ A and we know that supα∈A ‖Tα(x)‖ <∞ for each x in X . We wish to show
that supα∈A ‖Tα‖ <∞. Here is the convex analyst’s proof:

Proof. Define a function fA by

fA(x) := sup
α∈A

‖Tα(x)‖

for each x in X . Then, as observed in Lemma 1.2.1, fA is convex. It is also closed since
each mapping x 
→ ‖Tα(x)‖ is (see also Exercise 4.1.5). Hence fA is a finite, closed
convex (actually sublinear) function. Now Theorem 1.2.2 (c) (Proposition 4.1.5)
ensures fA is continuous at the origin. Select ε > 0 with sup{fA(x) : ‖x‖ ≤ ε} ≤ 1.
It follows that

sup
α∈A

‖Tα‖ = sup
α∈A

sup
‖x‖≤1

‖Tα(x)‖ = sup
‖x‖≤1

sup
α∈A

‖Tα(x)‖ ≤ 1/ε.

We give a few other examples:

• The Lebesgue–Radon–Nikodým decomposition theorem viewed as a convex
optimization problem (Exercise 6.3.6).

• The Krein–Šmulian or Banach–Dieudonné theorem derived from the von Neumann
minimax theorem (Exercise 4.4.26).

• The existence of Banach limits for bounded sequences illustrating the Hahn–
Banach extension theorem (Exercise 5.4.12).

• Illustration that the full axiom of choice is embedded in various highly desirable
convexity results (Exercise 6.7.11).

• A variational proof of Pitt’s theorem on compactness of operators in �p spaces
(Exercise 6.6.3).
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• The whole of Chapter 9 in which convex Fitzpatrick functions are used to attack
the theory of maximal monotone operators – not to mention Chapter 7.

Finally we would be remiss not mentioned the many lovely applications of con-
vexity in the study of partial differential equations (especially elliptic) see [195] and
in the study of control systems [157]. In this spirit, Exercises 3.5.17, 3.5.18 and
Exercise 3.5.19 make a brief excursion into differential inclusions and convex
Lyapunov functions.



2

Convex functions on Euclidean spaces

The early study of Euclid made me a hater of geometry. (J.J. Sylvester)1

2.1 Continuity and subdifferentials

In this chapter we will let E denote the Euclidean vector space Rn endowed with its
usual norm, unless we specify otherwise. One of the reasons for doing so is that the
coordinate free vector notation makes the transition to infinite-dimensional Banach
spaces more transparent, another is that it lends itself to studying other vector spaces
– such as the symmetric m×m matrices – that isomorphically identify with some Rn.

2.1.1 Basic properties of convex functions

Aset C ⊂ E is said to be convex ifλx+(1−λ)y ∈ C whenever x, y ∈ C and 0 ≤ λ ≤ 1.
A subset of S of a vector space is said to be balanced if αS ⊂ S whenever |α| ≤ 1.
The set S is symmetric if −x ∈ S whenever x ∈ S. Consequently a convex subset C
of E is balanced provided −x ∈ C whenever x ∈ C. Therefore, in E – or any real
vector space – we will typically use the term symmetric in the context of convex sets.

Suppose C ⊂ E is convex. A function f : C → R is said to be convex if

f (λx + (1− λ)y) ≤ λf (x)+ (1− λ)f (y) (2.1.1)

for all 0 ≤ λ ≤ 1 and all x, y ∈ C.
Given an extended real-valued function f : E → (−∞,+∞], we shall say the

domain of f is {x ∈ E : f (x) < ∞}, and we denote this by dom f . Moreover, we
say such a function f is convex if (2.1.1) is satisfied for all x, y ∈ dom f . If dom f
is not empty and the inequality in (2.1.1) is strict for all distinct x, y ∈ dom f and
all 0 < λ < 1, then f is said to be strictly convex. For example, the single variable
functions f (t) := t2 and g(t) := |t| are both convex, while f is additionally strictly
convex but g is not.

The following basic geometric lemma is useful in studying properties of convex
functions both on the real line, and on higher-dimensional spaces.

1 James Joseph Sylvester, 1814–1897, Second President of the London Mathematical Society, quoted in
D. MacHale, Comic Sections, Dublin, 1993.
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Figure 2.1 Three-slope inequality (2.1.1) for x log(x)− x.

Fact 2.1.1 (Three-slope inequality). Suppose f : R → (−∞,+∞] is convex and
x < y < z. Then

f (y)− f (x)

y − x
≤ f (z)− f (x)

z − x
≤ f (z)− f (y)

z − y
,

whenever x, y, z ∈ dom f .

Proof. Observe that y = z − y

z − x
x + y − x

z − x
z. Then the convexity of f implies

f (y) ≤ z − y

z − x
f (x)+ y − x

z − x
f (z).

Both inequalities can now be deduced easily.

We will say a function f : E → R is Lipschitz on a subset D of E if there is a
constant M ≥ 0 so that |f (x)− f (y)| ≤ M‖x−y‖ for all x, y ∈ D and M is a Lipschitz
constant for f on D. If for each x0 ∈ D, there is an open set U ⊂ D with x0 ∈ U
and a constant M so that |f (x)− f (y)| ≤ M‖x− y‖ for all x, y ∈ U , we will say f is
locally Lipschitz on D. If D is the entire space, we simply say f is Lipschitz or locally
Lipschitz respectively.

The following properties of convex functions on the real line foreshadow many of
the important properties that convex functions possess in much more general settings;
as is standard, f ′+ and f ′− represent the right-hand and left-hand derivatives of the real
function f .
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Theorem 2.1.2 (Properties of convex functions on R). Let I ⊂ R be an open interval
and suppose f : I → R is convex. Then

(a) f ′+(x) and f ′−(x) exist and are finite at each x ∈ I ;
(b) f ′+ and f ′− are nondecreasing functions on I;
(c) f ′+(x) ≤ f ′−(y) ≤ f ′+(y) for x < y, x, y ∈ I ;
(d) f is differentiable except at possibly countably many points of I ;
(e) if [a, b] ⊂ I and M = max{|f ′+(a)|, |f ′−(b)|}, then

|f (x)− f (y)| ≤ M |x − y| for all x, y ∈ [a, b];

(f) f is locally Lipschitz on I .

Proof. First (a), (b) and (c) follow from straightforward applications of the three-
slope inequality (2.1.1). To prove (d), suppose x0 ∈ I is a point of continuity of the
monotone function f ′+. Then we have by (c) and the continuity of f ′+

f ′+(x0) = lim
x→x−0

f ′+(x) ≤ f ′−(x0) ≤ f ′+(x0).

The result now follows because as a monotone function f ′+ has at most countably
many discontinuities on I . Now (e), is again, an application of the three-slope
inequality (2.1.1), and (f) is a direct consequence of (e). The full details are left
as Exercise 2.1.1.

The function f defined by f (x, y) := |x| fails to be differentiable at a continuum
of points in R2, thus Theorem 2.1.2(d) fails for convex functions on R2. Still, as we
will see later, the points where a continuous convex function on E fails to be differ-
entiable is both measure zero (Theorem 2.5.1) and first category (Corollary 2.5.2).
The following observation is a one-dimensional version of the Max formula.

Corollary 2.1.3 (Max formula on the real line). Let I ⊂ R be an open interval,
f : I → R be convex and x0 ∈ I . If f ′−(x0) ≤ λ ≤ f ′+(x0), then

f (x) ≥ f (x0)+ λ(x − x0) for all x ∈ I .

Moreover, f ′+(x0) = max{λ : λ(x − x0) ≤ f (x)− f (x0), for all x ∈ I}.
Proof. See Exercise 2.1.2.

We now turn our attention to properties of convex functions on Euclidean spaces.
The lower level sets of a function f : E → [−∞,+∞] are the sets {x ∈ E : f (x) ≤ α}
where α ∈ R. The epigraph of a function f : E → [−∞,+∞] is defined by

epi f := {(x, t) ∈ E × R : f (x) ≤ t}.

We will say a function f : E → [−∞,+∞] is closed if its epigraph is closed in X×R.
The function f is said to be lower-semicontinuous (lsc) at x0 if lim inf x→x0 f (x) ≥
f (x0), and f is said to be lsc if f is lsc at all x ∈ E. It is easy to check that a
function f is closed if and only if it is lsc. Moreover, for f : E → [−∞,+∞] it
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Figure 2.2 The Max formula (2.1.3) for max{x2,−x}.

is easy to check that the closure of epi f is also the epigraph of a function. We thus
define closure of f as the function cl f whose epigraph is the closure of f ; that is
epi(cl f ) = cl(epi f ). Similarly, we may then say a function is convex if its epigraph
is convex. This geometric approach has the advantage that convexity is then defined
naturally for functions f : E → [−∞,+∞]. Furthermore, for a set S ⊂ E, the
convex hull of S, denoted by conv S is the intersection of all convex sets that contain
S. Analogously, but with a little more care, for a (nonconvex) function f on E, the
convex hull of the function f , denoted by conv f , is defined by

conv f (x) := inf {µ : (x,µ) ∈ conv epi f }

and it is not hard to check that conv f is the largest convex function minorizing f ; see
Exercise 2.1.15 for further related information.

Our primary focus will be on proper functions, i.e. those functions f : E →
(−∞,+∞] such that dom f �= ∅. However, one can see that for f := −|t|, conv f ≡
−∞ is not proper (i.e. improper). Moreover, some of the natural operations we
will study later, such as conjugation or infimal convolutions when applied to proper
convex functions may result in improper functions.

A set K is a cone if tK ⊂ K for every t ≥ 0. In other words, R+K ⊂ K where
R+ := [0,∞); we will also use the notation R++ = (0,∞). The indicator function
of a nonempty set D is the function δD which is defined by δD(x) := 0 if x ∈ D and
δD(x) := ∞ otherwise. Let E and F be Euclidean spaces; a mapping α : E → F is
said to be affine if α(λx+ (1−λ)y) = λα(x)+ (1−λ)α(y) for all λ ∈ R, x, y ∈ E. If
the range space F = R, we will use the terminology affine function instead of affine
mapping. The next fact shows that affine mappings differ from linear mappings by
constants.
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Lemma 2.1.4. Let E and F be Euclidean spaces. Then a mapping α : E → F is
affine if and only if α = y0 + T where y0 ∈ F and T : E → F is linear.

Proof. See Exercise 2.1.3.

Suppose f : E → (−∞,+∞]. If f (λx) = λf (x) for all x ∈ E and λ ≥ 0, then f
is said to be positively homogeneous. A subadditive function f satisfies the property
that f (x + y) ≤ f (x)+ f (y) for all x, y ∈ E. The function is said to be sublinear if

f (αx + βy) ≤ αf (x)+ βf (y) for all x, y ∈ E, and α,β ≥ 0.

For this, and unless stated otherwise elsewhere, we use the convention 0 · (+∞) = 0.

Fact 2.1.5. A function f : E → (−∞,+∞] is sublinear if and only if it is positively
homogeneous and subadditive.

Proof. See Exercise 2.1.4.

Some of the most important examples of sublinear functions on vector spaces are
norms, where we recall a nonnegative function ‖ · ‖ on a vector space X is called a
norm if

(a) ‖x‖ ≥ 0 for each x ∈ X ,
(b) ‖x‖ = 0 if and only if x = 0,
(c) ‖λx‖ = |λ|‖x‖ for every x ∈ X and scalar λ,
(d) ‖x + y‖ ≤ ‖x‖ + ‖y‖ for every x, y ∈ X .

The condition in (d) is often referred to as the triangle inequality. A vector space
X endowed with a norm is said to be a normed linear space. A Banach space is a
complete normed linear space. Consequently, Euclidean spaces are finite-dimensional
Banach spaces. Unless we specify otherwise, ‖ · ‖ will denote the Euclidean norm
on E and 〈·, ·〉 denotes the inner product. With this notation, the Cauchy–Schwarz
inequality can be written |〈x, y〉| ≤ ‖x‖‖y‖ for all x, y ∈ E.

Bounded sets and neighborhoods play important role in convex functions, and two
of the most important such sets are the closed unit ball BE := {x ∈ E : ‖x‖ ≤ 1}
and the unit sphere SE := {x ∈ E : ‖x‖ = 1}. Figure 2.3 shows three spheres
for the p-norm in the plane and the balls {(x, y, z) : |x| + |y| + |z| ≤ 1} and
{(x, y, z) : max |x|, |y|, |z| ≤ 1} in three-dimensional space.

For a convex set C ⊂ E, we define the gauge function of C, denoted by γC , by
γC(x) := inf {λ ≥ 0 : x ∈ λC}. When C = BE , one can easily see that γC is just
the norm on E. Some fundamental properties of this function, which is also known
as the Minkowski functional of C, are given in Exercise 2.1.13.

Given a nonempty set S ⊂ E, the support function of S is denoted by σS and defined
by σS(x) := sup{〈s, x〉 : s ∈ S}; notice that the support function is convex, proper and
0 ∈ dom σS . There is also a naturally associated (metric) distance function, that is

dS(x) := inf {‖x − y‖ : y ∈ S}.
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Distance functions play a central role in convex analysis, both in theory and algo-
rithmically. The following important fact concerns the convexity of metric distance
functions.

Fact 2.1.6. Suppose C ⊂ E is a nonempty closed convex set. Then dC(·) is a convex
function with Lipschitz constant 1.

Proof. Let x, y ∈ E, and 0 < λ < 1. Let ε > 0, and choose x0, y0 ∈ C so that
‖x − x0‖ < dC(x)+ ε and ‖y − y0‖ < dC(y)+ ε. Then

dC(λx + (1− λ)y) ≤ ‖λx + (1− λ)y − (λx0 + (1− λ)y0)‖
≤ λ‖x − x0‖ + (1− λ)‖y − y0‖
< λdC(x)+ (1− λ)d(y)+ ε.

Because ε > 0 was arbitrary, this establishes the convexity. We leave the Lipschitz
assertion as an exercise.

Fact 2.1.7. Suppose f : E → (−∞,+∞] is a convex function, then f has convex
lower level sets (i.e. is quasi-convex) and the domain of f is convex.

Proof. See Exercise 2.1.5.

Some useful facts concerning convex functions are listed as follows.

Lemma 2.1.8 (Basic properties). The convex functions on E form a convex cone
closed under taking pointwise suprema: if fγ is convex for each γ ∈ � then so is
x 
→ supγ∈� fγ (x).

(a) Suppose g : E → [−∞,+∞], then g is convex if and only if epi g is a convex
set if and only if δepi g is convex.

(b) Suppose α : E → F is affine, and g : F → (−∞,+∞], then g ◦ α is convex
when g is convex.

(c) Suppose g : E → (−∞,+∞] is convex, and m : (−∞,+∞] → (−∞,+∞] is
monotone increasing and convex, then m◦g is convex (see also Exercise 2.4.31).

(d) For t ≥ 0, the function (x, t) 
→ tg(x/t) is convex if and only if g is a convex
function.
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Proof. The proof of (a) is straightforward. For (b), observe that

(g ◦ α)(λx + (1− λ)y) = g(λα(x)+ (1− λ)α(y)) ≤ λg(α(x))+ (1− λ)g(α(y)).

(d) Consider the function h : E × R → (−∞,+∞] defined by h(x, t) := tg(x/t).
Then for λ > 0, h(λ(x, t)) = λtg(λx/(λt)) = λtg(x/t). Also, the convexity of g
implies

t

s+ t
g(x/t)+ s

s+ t
g(y/s) ≥ g

(
t

s+ t
· x

t
+ s

s+ t
· y

s

)
= g

(
x + y

s+ t

)
.

Therefore, h(x + y, t + s) = (s + t)g((x + y)/(t + s)) ≤ tg(x/t) + sg(y/s) =
h(x, t)+ h(y, s). This shows h is positively homogeneous and subadditive.

The remainder of the proof is left as Exercise 2.1.6.

Proposition 2.1.9. Suppose f : C → (−∞,+∞] is a proper convex function. Then
f has bounded lower level sets if and only if

lim inf‖x‖→∞
f (x)

‖x‖ > 0. (2.1.2)

Proof. ⇒: By shifting f and C appropriately, we may assume for simplicity that
0 ∈ C and f (0) = 0. Suppose f has bounded lower level sets, but that (2.1.2) fails.
Then there is a sequence (xn) ⊂ C such that ‖xn‖ ≥ n and f (xn)/‖xn‖ ≤ 1/n. Then

f

(
nxn

‖xn‖
)
= f

(‖xn‖ − n

‖xn‖ 0+ n

‖xn‖xn

)
≤ n

‖xn‖ f (xn) ≤ 1.

Hence we have the contradiction that {x : f (x) ≤ 1} is unbounded. The converse is
left for Exercise 2.1.19.

A function f : E → (−∞,+∞] is said to be coercive if lim‖x‖→∞ f (x) = ∞.
For proper convex functions, coercivity is equivalent to (2.1.2), but different for
nonconvex functions as seen in functions such as f := ‖ · ‖1/2.

2.1.2 Continuity and subdifferentials

We now show that local boundedness properties of convex functions imply local
Lipschitz conditions.

Theorem 2.1.10. Suppose f : E → (−∞,+∞] is a convex function. Then f is
locally Lipschitz around a point x in its domain if and only if it is bounded above on
a neighborhood of x.
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Proof. Sufficiency is clear. For necessity, by scaling and translating, we can without
loss of generality take x = 0, f (0) = 0 and suppose f ≤ 1 on 2BE , and then we will
show f is Lipschitz on BE .

First, for any u ∈ 2BE , 0 = f (0) ≤ 1
2 f (−u)+ 1

2 f (u) and so f (u) ≥ −1. Now for any
two distinct points u and v in BE , we let λ = ‖u−v‖ and consider w = v+λ−1(v−u).
Then w ∈ 2BE , and the convexity of f implies

f (v)− f (u) ≤ 1

1+ λ
f (u)+ λ

1+ λ
f (w)− f (u) ≤ 2λ

1+ λ
≤ 2‖v − u‖.

The result follows by interchanging u and v.

Lemma 2.1.11. Let�be the simplex {x ∈ Rn+ :
∑

xi ≤ 1}. If the function f : �→ R
is convex, then it is continuous on int�.

Proof. According to Theorem 2.1.10 , it suffices to show that f is bounded above on
�. For this, let x ∈ �. Then

f (x) = f

(
n∑

i=1

xiei +
(
1−

∑
xi

)
0

)
≤

n∑
i=1

xif (ei)+
(
1−

∑
xi

)
f (0)

≤ max{ f (e1), f (e2), . . . , f (en), f (0)},

where {e1, e2, . . . , en} represents the standard basis of Rn.

Theorem 2.1.12. Let f : E → (−∞,+∞]be a convex function. Then f is continuous
(in fact locally Lipschitz) on the interior of its domain.

Proof. For any point x ∈ int dom f we can choose a neighborhood of x ∈ dom f
that is a scaled and translated copy of the simplex. The result now follows from
Theorem 2.1.10 and the proof of Lemma 2.1.11.

Given a nonempty set M ⊂ E, the core of M is defined by x ∈ core M if for each
h ∈ SE , there exists δ > 0 so that x + th ∈ M for all 0 ≤ t ≤ δ. It is clear from the
definition that, int M ⊂ core M .

Proposition 2.1.13. Suppose C ⊂ E is convex. Then x0 ∈ core C if and only if
x0 ∈ int C. However, this need not be true if C is not convex (see the nonconvex apple
in Figure 2.4).

Proof. See Exercise 2.1.7.

The utility of the core arises in the convex context because it is often easier to check
than interior, and it is naturally suited for studying directionally defined concepts, such
as the directional derivative which now introduce. The directional derivative of f at
x̄ ∈ dom f in the direction h is defined by

f ′(x̄; h) := lim
t→0+

f (x̄ + th)− f (x̄)

t
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Figure 2.4 A nonconvex set with a boundary core point.

if the limit exists. We use the term directional derivative with the understanding that
it is actually a one-sided directional derivative. Moreover, when f is a function on
the real line, the directional derivatives are related to the usual one-sided derivatives
by f ′−(x) = −f (x;−1) and f ′+(x) = f ′(x; 1).

The subdifferential of f at x̄ ∈ dom f is defined by

∂f (x̄) := {φ ∈ E : 〈φ, y − x̄〉 ≤ f (y)− f (x̄), for all y ∈ E}. (2.1.3)

When x̄ �∈ dom f , we define ∂f (x̄) = ∅. Even when x̄ ∈ dom f , it is possible that
∂f (x̄) may be empty. However, if φ ∈ ∂f (x̄), then φ is said to be a subgradient of f
at x̄. An important example of a subdifferential is the normal cone to a convex set
C ⊂ E at a point x ∈ C which is defined by NC(x) := ∂δC(x).

Proposition 2.1.14 (Critical points). Let f : E → (−∞,+∞] be a convex function.
Then the following are equivalent.

(a) f has a local minimum at x̄.
(b) f has a global minimum at x̄.
(c) 0 ∈ ∂f (x̄).

Proof. (a) ⇒ (b): Let y ∈ X , if y �∈ dom f , there is nothing to do. Otherwise, let
g(t) := f (x̄ + t(y − x̄)) and observe that g′+(0) ≥ 0 and then apply the three-slope
inequality (2.1.1) to conclude g(1) ≥ g(0); or in other words, f (y) ≥ f (x̄).

(b)⇒ (c) and (c)⇒ (a) are straightforward exercises.

The following provides a method for recognizing convex functions via the
subdifferential.

Proposition 2.1.15. Let U ⊂ E be an open convex set, and let f : U → R. If
∂f (x̄) �= ∅ for each x̄ ∈ U, then f is a convex function.
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Proof. Let x, y ∈ U , 0 ≤ λ ≤ 1 and let φ ∈ ∂f (λx + (1 − λ)y). Now let a :=
f (λx + (1 − λ)y) − φ(λx + (1 − λ)y). Then the subdifferential inequality implies
a+ φ(u) ≤ f (u) for all u ∈ U , and so

f (λx + (1− λ)y) = φ(λx + (1− λ)y)+ a

= λ(φ(x)+ a)+ (1− λ)(φ(y)+ a)

≤ λf (x)+ (1− λ)f (y)

as desired.

An elementary relationship between subgradients and directional derivatives is
recorded as follows.

Fact 2.1.16. Suppose φ ∈ ∂f (x̄). Then 〈φ, d〉 ≤ f ′(x̄; d) whenever the right-hand
side is defined.

Proof. This follows by taking the limit as t → 0+ in the following inequality.

φ(d) = φ(td)

t
≤ f (tx̄ + d)− f (x̄)

t
.

Proposition 2.1.17. Suppose the function f : E → (−∞,+∞] is convex. Then for
any point x̄ ∈ core dom f , the directional derivative f ′(x̄; ·) is everywhere finite and
sublinear.

Proof. Let d ∈ E and t ∈ R \ {0}, define

g(d; t) := f (x̄ + td)− f (x̄)

t
.

The three-slope inequality (2.1.1) implies

g(d;−s) ≤ g(d;−t) ≤ g(d; t) ≤ g(d; s) for 0 < t < s.

Since x̄ lies in core dom f , for small s > 0 both g(d;−s) and g(d; s) are finite,
consequently as t ↓ 0 we have

+∞ > g(d; s) ≥ g(d; t) ↓ f ′(x̄; d) ≥ g(d;−s) > −∞. (2.1.4)

The convexity of f implies that for any directions d, e ∈ E and for any t > 0, one has

g(d + e; t) ≤ g(d; 2t)+ g(e; 2t).

Letting t ↓ 0 establishes the subadditivity of f ′(x̄; ·). It is left for the reader to check
the positive homogeneity.
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One of the several natural ways to prove that subdifferentials are nonempty for
convex functions at points of continuity uses the Hahn–Banach extension theorem
which we now present.

Proposition 2.1.18 (Hahn–Banach extension). Suppose p : E → R is a sublinear
function and f : S → R is linear where S is a subspace of E. If f (x) ≤ p(x) for all
x ∈ S, then there is a linear function φ : E → R such that φ(x) = f (x) for all x ∈ S
and φ(v) ≤ p(v) for all v ∈ E.

Proof. If S �= E choose x1 ∈ E \ S and let S1 be the linear span of {x1} ∪ S. Observe
that for all x, y ∈ S

f (x)+ f (y) = f (x + y) ≤ p(x + y) ≤ p(x − x1)+ p(x1 + y)

and consequently

f (x)− p(x − x1) ≤ p(y + x1)− f (y) for all x, y ∈ S. (2.1.5)

Let α be the supremum for x ∈ S of the left-hand side of (2.1.5). Then

f (x)− α ≤ p(x − x1) for all x ∈ S, (2.1.6)

and

f (y)+ α ≤ p(y + x1) for all y ∈ S. (2.1.7)

Define f1 on S1 by

f1(x + tx1) := f (x)+ tα for all x ∈ S, t ∈ R. (2.1.8)

Then f1 = f on S and f1 is linear on S1. Now let t > 0, and replace x with t−1x
in (2.1.6), and replace y with t−1y in (2.1.7). Combining this with (2.1.8) will show
that f1 ≤ p on S1. Since E is finite-dimensional, repeating the above process finitely
many times yields φ as desired.

We are now ready to relate subgradients more precisely to directional derivatives.

Theorem 2.1.19 (Max formula). Suppose f : E → (−∞,+∞] is convex and x̄ ∈
core dom f . Then for any d ∈ E,

f ′(x̄; d) = max{〈φ, d〉 : φ ∈ ∂f (x̄)}. (2.1.9)

In particular, the subdifferential ∂f (x̄) is nonempty.

Proof. Fix d ∈ SE and let α = f ′(x̄; d), then α is finite because x̄ ∈ core dom f
(Proposition 2.1.17). Let S = {td : t ∈ R} and define the linear function � : S → R
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by �(td) := tα for t ∈ R. Then �(·) ≤ f ′(x̄; ·) on S; according to the Hahn–Banach
extension theorem (2.1.18) there exists φ ∈ E such that

φ = � on S, φ(·) ≤ f ′(x̄; ·) on E.

Then φ ∈ ∂f (x̄) and φ(sd) = f ′(x̄; sd) for all s ≥ 0.

Corollary 2.1.20. Suppose f : E → (−∞,+∞] is a proper convex function that is
continuous at x̄. Then ∂f (x̄) is a nonempty, closed, bounded and convex subset of E.

Proof. See Exercise 2.1.8.

Corollary 2.1.21 (Basic separation). Suppose C ⊂ E is a closed nonempty convex
set, and suppose x0 �∈ C. Then there exists φ ∈ E such that

sup
C

φ < 〈φ, x0〉.

Proof. Let f : E → R be defined by f (·) = dC(·). Then f is Lipschitz and convex
(Fact 2.1.6) and so by the max formula (2.1.19) there exists φ ∈ ∂f (x0). Then 〈φ, x−
x0〉 ≤ f (x)− f (x0) for all x ∈ E. In particular, if x ∈ C, f (x) = 0, and so the previous
inequality implies φ(x)+ dC(x0) ≤ φ(x0) for all x ∈ C.

Exercises and further results

2.1.1.� Fill in the necessary details for the proof of Theorem 2.1.2.
2.1.2.� Prove Corollary 2.1.3.
2.1.3.� Prove Lemma 2.1.4.
2.1.4.� Prove Fact 2.1.5.
2.1.5.� Prove Fact 2.1.7.
2.1.6.� Prove the remaining parts of Lemma 2.1.8.
2.1.7.� Prove Proposition 2.1.13.

Hint. Suppose x0 ∈ core C; then there exists δ > 0 so that x0 + tei ∈ C for all
|t| ≤ δ and i = 1, 2, . . . , n where {ei}ni=1 is the usual basis of Rn. Use the convexity
of C to conclude int C �= ∅. A conventional example of a nonconvex set F with
0 ∈ core F \ int F is F = {(x, y) ∈ R2 : |y| ≥ x2 or y = 0}; see also Figure 2.4.

2.1.8.� Prove Corollary 2.1.20.
2.1.9.� Prove Theorem 1.2.7.
2.1.10 (Jensen’s Inequality). Let φ : I → R be a convex function where I ⊂ R is an
open interval. Suppose f ∈ L1(
,µ) where µ is a probability measure and f (x) ∈ I
for all x ∈ 
. Show that ∫

φ(f (t))dµ ≥ φ

[∫
fdµ

]
. (2.1.10)

Hint. Verify that φ ◦ f is measurable. Let a := ∫
fdµ and note a ∈ I . Apply

Corollary 2.1.3 to obtain λ ∈ R such that φ(t) ≥ φ(a) + λ(t − a) for all t ∈ I .
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Then integrate both sides of φ(f (t)) ≥ λ(f (t) − a) + φ(a). See [384, p. 62] for
further details.

2.1.11. (a) [Converse to Jensen] Suppose g is a real function on R such that

g

(∫ 1

0
f (x)dx

)
≤
∫ 1

0
g(f )dx

for every bounded measurable function f on [0, 1]. Show that g is convex.
(b) Use Jensen’s inequality to show the arithmetic-geometric mean inequality:

(x1x2 · · · xn)
1/n ≤ 1

n
(x1 + x2 + . . .+ xn) where xi > 0, i = 1, 2, . . . , n.

Hint. (a) For arbitrary a, b ∈ R and 0 < λ < 1, let f be defined by f (x) := a for
0 ≤ x ≤ λ and f (x) := b for λ < x ≤ 1. For (b), apply Jensen’s inequality when
φ := exp(·) and f (pi) := yi where µ(pi) = 1/n, i = 1, 2, . . . , n and yi is chosen so
that xi = exp(yi). See [384, p. 63] for more details. There are several other proofs,
and the reader should note equality occurs if and only if x1 = x2 = . . . = xn.

2.1.12. Suppose f is a convex function on E (or any normed linear space) that is
globally bounded above. Show that f is constant.

Hint. If f is not identically−∞, fix x0 where f is finite-valued and use the definition
of convexity to show f (x) = f (x0) for all x.

2.1.13.� Let C be a convex subset of E and let γC denote its gauge function.

(a) Show that γC is sublinear.
(b) Show that if x ∈ core C then dom γC−x = E. Deduce that γC is continuous.
(c) Suppose 0 ∈ core C. Prove that cl C ⊂ {x ∈ E : γC(x) ≤ 1}.
2.1.14. Suppose f : R → (−∞,+∞] is convex, and strictly convex on the interior
of its domain. Show that f is strictly convex. Provide an example showing this can
fail if R is replaced with R2.
2.1.15 (Convex hull of a family). Show that for a family of proper convex functions
(fi)i∈I , the largest convex minorant f := convi∈I fi is given by

f (x) := inf

{∑
i∈I

λif (xi) :
∑
i∈I

λixi = x,
∑
i∈I

λi = 1, λi ≥ 0 finitely nonzero

}
.

(See [369, Theorem 5.6].) Find an example where epi conv f is not conv epi f .

Hint. For the example, let f : R → R be defined by f (t) = t2 if t �= 0 and
f (0) = 1.

2.1.16 (Open mapping theorem). A mapping T : X → Y between normed linear
spaces is open if it maps open sets onto open sets. Show that linear mapping between
Euclidean spaces X and Y is onto if and only if it is open.

Hint. Suppose T : X → Y is onto. For any open convex set U ⊂ X , and x ∈ T (U ),
show x ∈ core T (U ).
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2.1.17 (Midpoint convexity). For 0 < α < 1, an extended real-valued function f on
a Euclidean space E is α-convex if f (αx + (1− α)y) ≤ αf (x)+ (1− α)f (y) for all
x, y ∈ E. When α = 1/2 the function is said to be midpoint convex.

(a) Show that any finite-valued measurable α-convex function is convex. In partic-
ular, a nonconvex midpoint convex function cannot be bounded above on any
nonempty open set.

(b) In consequence, every finite lsc midpoint convex function is convex; this remains
true in any normed space.

(c) Use the existence for a Hamel basis for R over Q to construct a nonmeasurable
function such both f and −f are nonconvex and midpoint convex.

Hint. Note also that finite is required in the ‘measurable’ assertion. For the example,
let f (t) := 0 if t is rational and f (t) := ∞ otherwise.

2.1.18 (Lower-semicontinuity and closure). Suppose f : E → [−∞,+∞] is convex.
Show it is lsc at points x where it is finite if and only if f (x) = (cl f )(x). In this case
f is proper.
2.1.19.�

(a) Show that any function f : E → [−∞,+∞]which satisfies (2.1.2) has bounded
lower level sets.

(b) Consider f : R → R defined by f (t) := √|t|. Show that f is not convex and f
has convex bounded lower level sets, but f does not satisfy the growth condition
(2.1.2).

2.1.20. Suppose f : R → (−∞,+∞] is convex and proper. Show that

lim
t→+∞ f (t)/t exists in (−∞,+∞].

Hint. Use the three-slope inequality (2.1.1).

2.1.21 (Almost sublinear functions). Areal-valued function q on a Euclidean space E
is almost sublinear (also called almost homogeneous) if there is a sublinear function
p : E → R with supx∈E |p(x) − q(x)| < ∞. Show that q is almost sublinear if and
only if it has an affine minorant representation

q(x) = sup
n∈N

〈an, x〉 + bn

for a bounded set {(an, bn) ∈ E × R : n ∈ N}.
2.1.22 (Uniform convergence).� Let S be a closed subset of E, and let f , f1, f2, f3 . . .
be continuous real functions on S. For (a) and (c), suppose fn → f pointwise.

(a) Use the Baire category theorem to show that there is a relatively open set U ⊂ S
such that (fn)∞n=1 is uniformly bounded on the set U .
For the next two parts, suppose additionally f , f1, f2, f3, . . . are convex.
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(b) Suppose C ⊂ R is a bounded convex set, and |f |, |f1|, |f2|, |f3|, . . . are uni-
formly bounded on C + rBE for some r > 0. Show there exists K > 0 so
that f , f1, f2, f3, . . . have Lipschitz constant K on C.

(c) Suppose further S is a convex set with nonempty interior. Show that for each
x ∈ int S, there is an open set U so that x ∈ U , and (fn)∞n=1 is uniformly bounded
on U . Deduce further that the convergence is uniform on compact subsets in int S.

2.1.23 (Boundedness properties of subdifferentials).� Let U be an open convex subset
of E, and suppose f : U → R is convex.

(a) Show that ∂f (U ) ⊂ KBE if and only if f has Lipschitz constant K on U . In
particular, for each x ∈ U , there is a neighborhood V of x such that ∂f (V ) is a
bounded subset of E; in other words ∂f is locally bounded on U .

(b) Suppose dom f = E. Show that ∂f (S) is a bounded subset of E if S is a bounded
subset of E.

For the next two exercises, recall that the Gamma function (or�-function) is usually
defined for Re(x) > 0 as

�(x) :=
∫ ∞

0
e−t tx−1 dt. (2.1.11)

The following exercise provides a fine convexity characterization of the �-function.
2.1.24 (Bohr–Mollerup theorem).† Show the gamma-function is the unique function
f mapping the positive half-line to itself such that (a) f (1) = 1, (b) xf (x) = f (x+ 1)
and (c) log f is a convex function.

Hint. First use Hölder’s inequality (see Exercise 2.3.3) to show � is as desired.
Conversely, let g := log f . Then g(n+ 1) = log(n!) and convexity of g implies that
x log(n) ≤ (n+ 1+ x)− g(n+ 1) ≤ x log(n+ 1). Thus,

0 ≤ g(x)− log
n! nx

x(x + 1) · · · (x + n)
≤ log

(
1+ 1

n

)
.

Take limits to show

f (x) = lim
n→∞

n! nx

x(x + 1) · · · (x + n)
= �(x).

Note we have discovered an important product representation to boot.

2.1.25 (Blaschke–Santalo theorem).† Application of the Bohr–Mollerup theorem is
often automatable in a computer algebra system, as we now illustrate. The β-function
is defined by

β(x, y) :=
∫ 1

0
tx−1(1− t)y−1 dt (2.1.12)

for Re(x), Re(y) > 0. As is often established using polar coordinates and double
integrals

β(x, y) = �(x) �(y)

�(x + y)
. (2.1.13)
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(a) Use the Bohr–Mollerup theorem (Exercise 2.1.24) with

f := x → β(x, y) �(x + y)/�(y)

to prove (2.1.13) for real x, y. Now (a) and (b) from Exercise 2.1.24 are easy
verify. For (c) show f is log-convex via Hölder’s inequality (Exercise 2.3.3).
Thus f = � as required.

(b) Show that the volume of the ball in the ‖ · ‖p-norm, Vn(p) is

Vn(p) = 2n
�(1+ 1

p )
n

�(1+ n
p )

. (2.1.14)

as was first determined by Dirichlet. When p = 2, this gives

Vn = 2n �( 3
2 )

n

�(1+ n
2 )
= �( 1

2 )
n

�(1+ n
2 )

,

which is more concise than that usually recorded in texts. Maple code derives
this formula as an iterated integral for arbitrary p and fixed n.

(c) Let C be convex body in Rn, that is, C is a closed bounded convex set with
nonempty interior. Denoting n-dimensional Euclidean volume of S ⊆ Rn by
Vn(S), the Blaschke–Santalo inequality says

Vn(C)Vn(C
◦) ≤ Vn(E)Vn(E

◦) = V 2
n (Bn(2)) (2.1.15)

where maximality holds (only) for any ellipsoid E and Bn(2) is the Euclidean unit
ball. It is conjectured the minimum is attained by the 1-ball and the∞-ball. Here
as always the polar set is defined by C◦ := {y ∈ Rn : 〈y, x〉 ≤ 1 for all x ∈ C}.

(d) Deduce the p-ball case of (2.1.15) by proving the following convexity result:

Theorem 2.1.22 (Harmonic-arithmetic log-concavity). The function Vα(p) :=
2α�(1+ 1

p )
α/�(1+ α

p ) satisfies

Vα(p)
λ Vα(q)

1−λ < Vα

(
1

λ
p + 1−λ

q

)
, (2.1.16)

for all α > 1, if p, q > 1, p �= q, and λ ∈ (0, 1).

Hint. Set α := n, 1
p + 1

q = 1 with λ = 1− λ = 1/2 to recover the p-norm case of the
Blaschke–Santalo inequality.

(e) Deduce the corresponding lower bound.

This technique extends to various substitution norms (see Exercise 6.7.6). Further
details may be found in [73, §5.5].
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2.2 Differentiability

A function f : E → [−∞,+∞] is said to be Fréchet differentiable at x0 ∈ dom f if
there exists φ ∈ E such that for each ε > 0 there exists δ > 0 so that

|f (x0 + h)− f (x0)− φ(h)| ≤ ε‖h‖ whenever ‖h‖ < δ.

In this case, we write f ′(x0) = φ or ∇f (x0) = φ and we say that φ is the Fréchet
derivative of f at x0. Notice that f is Fréchet differentiable at x0 if and only if for
some f ′(x0) ∈ E the following limit exists uniformly for h ∈ BE

lim
t→0

f (x0 + th)− f (x0)

t
= 〈f ′(x0), h〉.

If the above limit exists for each h ∈ SE , but not necessarily uniformly, then f is
said to be Gâteaux differentiable at x0. In other words, f is Gâteaux differentiable at
x0 ∈ E if for each ε > 0 and each h ∈ SE , there exists δ > 0 so that

|f (x0 + th)− f (x0)− φ(th)| ≤ εt if 0 ≤ t < δ.

In either of the above cases, we may write φ = f ′(x0), or φ = ∇f (x0).
We should note that Gâteaux differentiability is precisely the form of differen-

tiability that ensures the validity of using the dot product of a unit vector with the
gradient for computing the standard (two-sided) directional derivative of a function
f of several variables from elementary calculus. That is, for a unit vector u ∈ SE , the
definition of Gâteaux differentiability ensures that

〈∇f (x̄), u〉 = Duf (x̄) where Duf (x̄) = lim
t→0

f (x̄ + tu)− f (x̄)

t
.

One should also note that Gâteaux differentiability at x̄ is stronger than demanding
the existence of Duf (x̄) for every u ∈ SE , because Gâteaux differentiability requires
that f ′(x̄) : E → R be a linear mapping; see Exercise 2.2.10.

As a consequence of the max formula (2.1.19), we can express differentiability of
convex functions in several different but equivalent ways.

Theorem 2.2.1 (Characterizations of differentiability). Suppose f : Rn →
(−∞,+∞] is convex and x0 ∈ dom f . Then the following are equivalent.

(a) f is Fréchet differentiable at x0.
(b) f is Gâteaux differentiable at x0.

(c)
∂f

∂xi
(x0) exist for i = 1, 2, . . . , n.

(d) ∂f (x0) is a singleton.

Moreover, when any of the above conditions is true, x0 ∈ core dom f and

∇f (x0) =
(
∂f

∂x1
(x0), . . . ,

∂f

∂xn
(x0)

)
and ∂f (x0) = {∇f (x0)}.
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Proof. We first suppose that x0 ∈ core dom f ; later we will outline how each of (a)–
(d) implies x0 ∈ core dom f . Clearly (a) ⇒ (b) ⇒ (c). To see that (c) ⇒ (d), we
know from the Max formula (2.1.19) that ∂f (x0) �= ∅. Suppose there are distinct
φ1,φ2 ∈ ∂f (x0), then there is a basis element ei with, say, φ1(ei) > φ2(ei). Then
the Max formula (2.1.19) implies f ′(x0; ei) ≥ φ1(ei) and f ′(x0;−ei) ≥ φ2(−ei) >

−f ′(x0; ei). This implies that
∂f

∂xi
(x0) does not exist.

(d)⇒ (b): Suppose ∂f (x0) = {φ}, then the max formula (2.1.19) shows

φ(d) = lim
t→0+

f (x0 + td)− f (x0)

t

and

φ(−d) = lim
t→0+

f (x0 − td)− f (x0)

t
= − lim

t→0−
f (x0 + td)− f (x0)

t
.

Consequently, φ(d) = lim
t→0

f (x0 + td)− f (x0)

t
for all d ∈ E as desired.

(b) ⇒ (a): Follows because on Rn a locally Lipschitz function is Fréchet
differentiable whenever it is Gâteaux differentiable (Exercise 2.2.9).

For the moreover part, notice that the proof of (d)⇒ (b) shows ∂f (x0) = { f ′(x0)};
and the definition of Gâteaux differentiability ensures 〈f ′(x0), ei〉 = ∂f

∂xi
(x0) where

{ei}ni=1 is the standard basis for Rn.
Finally, we need to verify that each of the above conditions implies x0 ∈ core dom f ;

indeed, this is easy to verify for (a), (b) and (c). So we now do so for (d); indeed,
suppose x0 is in the boundary of the domain of f . In the event ∂f (x0) = ∅, there is
nothing further to do. Thus we may assume φ ∈ ∂f (x0). Now let C be the closure of
the domain of f , and define g : Rn → (−∞,+∞], by g(x) := f (x0) + φ(x − x0)

for x ∈ Rn. Define the function h : Rn → R by h(x) := g(x) + dC(x). Then h is
Lipschitz and convex, h ≤ f , and h(x0) = f (x0). Therefore, ∂h(x0) ⊂ ∂f (x0), and
one can check that ∂h(x0) is not a singleton using the max formula (2.1.19) since we
already know φ ∈ ∂h(x0). See Exercise 2.2.23 for a stronger result.

An important property about differentiable convex functions is that they are
automatically continuously differentiable.

Theorem 2.2.2. Suppose f : E → (−∞,+∞] is a proper convex function that is
differentiable on an open set U . Then x 
→ ∇f (x) is continuous on U.

Proof. This and more is outlined in Exercise 2.2.22.

However, in the absence of convexity, Gâteaux differentiability is far from Fréchet
differentiability, and, in fact, does not even ensure continuity of the function.

Example 2.2.3. Let f (x, y) := xy4

x2+y8 if (x, y) �= (0, 0) and let f (0, 0) := 0; let

g(x, y) := xy3

x2+y4 if (x, y) �= (0, 0) and g(0, 0) := 0. Then, both functions are C∞-

smooth on R2 \ {(0, 0)}. Moreover, f is Gâteaux differentiable at (0, 0), but not
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Figure 2.5 Functions xy3

x2+y4 and xy4

x2+y8 with a Gâteaux derivative at the origin that

is not Fréchet.

continuous there, while g is Gâteaux differentiable and continuous at (0, 0), but not
Fréchet differentiable there.

Proof. The reader can check that the Gâteaux derivatives of both functions at (0, 0)
are the zero functional. One can check that f is not continuous at (0, 0) by examining
the limit of f along the path x = y4. To see that the derivative of g is not a Fréchet
derivative, observe limt→0+[g((t2, t) − g(0)]/‖(t2, t)‖ = 1/2. See Figure 2.5 for
graphs of these functions.

In contrast, we note that if a function has a continuous Gâteaux derivative, as
is guaranteed by the existence of continuous partial derivatives, it is necessarily a
Fréchet derivative – as the mean value theorem shows. A more general result is given
in Exercise 2.2.9.

2.2.1 Recognizing convex functions via differentiability

This section examines briefly how differentiable convex functions can be recognized
through properties of first or second derivatives.

Proposition 2.2.4. Let I be an interval in R.

(a) A differentiable function f : I → R is convex (resp. strictly convex) if and only
if f ′ is nondecreasing (resp. strictly increasing) on I .

(b) A twice differentiable function f : I → R is convex if and only if f ′′(t) ≥ 0 for
all t ∈ I .

Proof. We need only prove (a), because (b) is a consequence of (a). In (a) we prove
only the convex case because the strictly convex case is similar. Suppose f is convex
and differentiable, then Theorem 2.1.2(b) implies that f ′ is nondecreasing on I .

Conversely, suppose f fails to be convex on I . Then it is easy to verify there exist
x < y < z in the interval I such that

f (y) >
z − y

z − x
f (x)+ y − x

z − x
f (z).
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But this implies
f (y)− f (x)

y − x
>

f (z)− f (y)

z − y
,

which, together with the mean value theorem, shows that f ′ is not nondecreasing on I .

Example 2.2.5. The functions f (t) := et , g(t) := t log t for t > 0, h(t) := |t|p for
p > 1 are strictly convex. Note that t 
→ t4 is strictly convex on the line but the
second derivative vanishes at zero. Thus strict positivity of the second derivative is
sufficient but not necessary for strict convexity.

Let f : I → R where I is an interval. Then its derivative f ′ is nondecreasing on I
if and only if

( f ′(t)− f ′(s))(t − s) ≥ 0

for all s, t ∈ I . Proposition 2.2.4(a) then has the following natural generalization.

Theorem 2.2.6 (Monotone gradients and convexity). Suppose f : U → R is Gâteaux
differentiable and U ⊂ E is an open convex set. Then f is convex if and only if
〈∇f (x) − ∇f (y), x − y〉 ≥ 0 for all x, y ∈ U. Moreover, f is strictly convex if and
only if the preceding inequality is strict for distinct x and y.

Proof. ⇒: This is a consequence of Exercise 2.2.21 which establishes the monotonic-
ity of the subdifferential map.
⇐: Let x̄ ∈ U , h ∈ SE and define g by g(t) := f (x̄ + th). It suffices to show that

any such g is convex. Let s and t be chosen so that g(s) and g(t) are finite. Then for
u = x̄ + th and v = x̄ + sh we have

(g′(t)− g′(s))(t − s) = (t − s)(〈∇f (x̄ + th), h〉 − 〈∇f (x̄ + sh), h〉)
= 〈∇f (x̄ + th)− ∇f (x̄ + sh), th− sh〉
= 〈∇f (u)− ∇f (v), u− v〉 ≥ 0.

Hence g is convex because g′ is nondecreasing (Proposition 2.2.4). Therefore, f is
convex. The moreover part is left to the reader.

We now define differentiability for mappings between Euclidean spaces, this will
allow us to view second-order derivatives in a natural fashion. Let U be an open
subset of E, let x̄ ∈ U and let f : U → Y where Y is a Euclidean space. We will say
f is Gâteaux differentiable at x̄ if there is a linear mapping A : E → Y so that

lim
t→0

f (x̄ + th)− f (x̄)

t
= Ah

for each h ∈ E. If the limit exists uniformly for ‖h‖ = 1, then f is said to be Fréchet
differentiable at x̄. In either case, A is the derivative of f at x, and we denote it by
f ′(x) or ∇f (x). Consequently, a function f : E → (−∞,+∞] is twice Gâteaux
differentiable at x̄ ∈ E if there is an open set U such that x̄ ∈ U and the mapping
f ′ : U → E is Gâteaux differentiable at x̄. The second-order derivative of f at x̄
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is often denoted by f ′′(x̄) (or by ∇2f (x̄)), and it is a linear mapping from E to E.
Second-order Fréchet differentiability is defined analogously.

A standard result from multivariable calculus states that a function f : E → R is
continuously twice Fréchet differentiable (i.e. x 
→ f ′′(x) is continuous) if it has con-
tinuous second partials. Let us note that many important second-order results, such
as Alexandrov’s theorem (see Theorem 2.6.4 below) provide second-order results
for convex functions even though they need not be everywhere first-order differen-
tiable. Section 2.6 will study this and some more general notions of second-order
differentiability on Euclidean spaces.

When the second partials of a function f : Rn → R are defined at x̄, we define the
Hessian matrix of f at x̄ by

H =


fx1x1(x̄) fx1x2(x̄) . . . fx1xn(x̄)
fx2x1(x̄) fx2x2(x̄) . . . fx2xn(x̄)

...
...

...
...

fxnx1(x̄) fxnx2(x̄) . . . fxnxn(x̄)

 where fxixj (x̄) =
∂2f (x̄)

∂xj∂xi
.

Now suppose f is twice Gâteaux differentiable at x̄. Then f ′′(x̄) identifies naturally
with the Hessian. Indeed, viewing k ∈ Rn and f ′′(x̄)(k) as column vectors, we have

f ′′(x̄)(k) = lim
t→0

∇f (x̄ + tk)− ∇f (x̄)

t
(2.2.1)

=
(

lim
t→0

fx1(x̄ + tk)− fx1(x̄)

t
, . . . , lim

t→0

fxn(x̄ + tk)− fxn(x̄)

t

)T

= (〈∇fx1(x̄), k〉, 〈∇fx2(x̄), k〉, . . . , 〈∇fxn(x̄), k〉)T = Hk .

Consequently, the linear operator f ′′(x̄) = H as expected. Furthermore, when f is
twice Gâteaux differentiable at x̄, we define f ′′(x̄)(·, ·) by f ′′(x̄)(h, k) := 〈h, Hk〉.
This leads naturally to identifying second-order derivatives with bilinear mappings;
see Exercise 2.2.24. Using the continuity of the inner product on Rn we compute the
following useful limit representation for f ′′(·, ·):

f ′′(x̄)(h, k) = 〈Hk , h〉 =
〈
lim
t→0

∇f (x̄ + tk)− ∇f (x̄)

t
, h

〉
= lim

t→0

〈∇f (x̄ + tk), h〉 − 〈∇f (x̄), h〉
t

. (2.2.2)

We now state a classical result on the symmetry of second derivatives; a proof of this
in a more general setting can be found in [185, Section VII.12].

Theorem 2.2.7 (Symmetry of second-order derivatives). Let U ⊂ E be an open set
and x ∈ U. If f : U → R is twice Fréchet differentiable at x, then ∇2f (x) is a
symmetric matrix. In particular, if f has continuous second partial derivatives at x,
then ∇2f (x) is symmetric.
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In fact, Theorem 2.6.1 below shows that a twice Gâteaux differentiable convex
function has a symmetric second derivative. That, together with the next theorem
combine to show that a twice Gâteaux differentiable function is convex if and only if
its Hessian is a symmetric positive semidefinite matrix.

Theorem 2.2.8 (Hessians and convexity). Let U be an open convex subset of E, and
suppose that f : U → R is twice Gâteaux differentiable on U. Then f is convex if
and only if ∇2f (x̄)(h, h) ≥ 0 for all x ∈ U , h ∈ E. Moreover, if ∇2f (x̄)(h, h) > 0 for
all x̄ ∈ U, and h ∈ SE then f is strictly convex.

Proof. For x̄ ∈ U and h ∈ E \ {0}, define g(t) = f (x̄ + th). The Gâteaux
differentiability of f implies

g′(t) = lim
�t→0

f (x̄ + (t +�t)h)− f (x̄ + th)

�t
= 〈∇f (x̄ + th), h〉,

and then with the assistance of (2.2.2) one has

g′′(t) = lim
�t→0

〈∇f (x̄ + (t +�t)h, h〉 − 〈∇f (x̄ + th), h〉
�t

= ∇2f (x̄ + th)(h, h).

The result now follows from Proposition 2.2.4 because f is convex (resp. strictly
convex) if and only if every such g is convex (resp. strictly convex).

The proof of the previous theorem illustrates the usefulness of functions of one
variable in the the study of convex functions on vector spaces. Clearly, it was crucial
that x̄ was freely chosen in U , so that the convexity of f on any segment [x̄, y] where
y = x̄ + h could be checked. For indeed, otherwise one could consider the function
on R2 defined by f (x, y) := xy if x > 0 and y > 0, and f (x, y) := 0 otherwise. Then
f is convex along every line through (0, 0), but clearly f is not convex.

Example 2.2.9. Let f : Rn → (−∞,+∞] be defined by

f (x1, x2, . . . , xn) :=
{
− n
√

x1x2 · · · xn if x1, . . . , xn ≥ 0;

+∞ otherwise.

Then f is convex. Moreover,

n
√
(x1 + y1) · · · (xn + yn) ≥ n

√
x1 · · · xn + n

√
y1 · · · yn

for all x1, . . . xn, y1, . . . , yn ≥ 0.

Proof. This is left as Exercise 2.2.1.
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Exercises and further results

2.2.1.� Verify Example 2.2.9.
2.2.2. Suppose f : R → (0,∞), and consider the following three properties.

(a) 1/f is concave.
(b) f is log-convex, that is, log ◦f is convex.
(c) f is convex.

Show that (a)⇒ (b)⇒ (c), but that none of these implications reverse.

Hint. Use basic properties of convex functions; see [34, Corollary 2.2]; to see the
implications don’t reverse, consider g(t) = et and h(t) = t respectively.

2.2.3. Prove that the Riemann zeta function, ζ(s) := ∑∞
n=1

1

ns
is log-convex on

(1,∞).
2.2.4. Suppose h : I → (0,∞) is a differentiable function. Prove the following
assertions.

(a) 1/h is concave⇔ h(y)+ h′(y)(y − x) ≥ (
h(y)

)2/
h(x), for all x, y in I .

(b) 1/h is affine⇔ h(y)+ h′(y)(y − x) = (
h(y)

)2/
h(x), for all x, y in I .

(c) 1/h is concave⇒ h is log-convex⇒ h is convex.
(d) If h is twice differentiable, then: 1/h is concave⇔ hh′′ ≥ 2(h′)2.

2.2.5. Let U ⊂ E be an open convex set, and let f : U → R be a convex function.
Suppose x, x + h ∈ U , g(t) = f (x + th) for 0 ≤ t ≤ 1 and φt ∈ ∂f (x + th). Show
that g′(t) = 〈φt , h〉 except for possibly countably many t ∈ [0, 1].
Hint. First, g is differentiable except at possibly countably many t ∈ [0, 1], and at
points of differentiability ∇g(t) = {∂g(t)}. For each t ∈ [0, 1], observe that

〈φt , sh〉 ≤ f (x + (s+ t)h)− f (x + th) = g(t + s)− g(t).

Hence 〈φt , h〉 ∈ ∂g(t).

2.2.6 (A compact maximum formula [95]). Let T be a compact Hausdorff space and
let f : E × T → R be closed and convex for in x ∈ E and continuous in t ∈ T .
Consider the convex continuous function

fT (x) := max
t∈T

ft(x) where we write ft(x) := f (x, t),

and let T (x) := {t ∈ T : fT (x) = ft(x)}.
(a) Show

∂fT (x) = conv{∂ft(x) : t ∈ T (x)}.
(b) Show that fT is differentiable at x if and only if T (x) is singleton.

Hint. First show that with no compactness assumption ∂ft(x) ⊂ ∂fT (x) whenever
t ∈ T (x). Then show that f ′T (x; h) ≤ supt∈T (x) f ′t (x; h), for all h ∈ X . Now apply a
separation theorem. Compare Exercise 4.1.44.



2.2 Differentiability 41

2.2.7 (A bad convex function [376]). Consider the function f : R2 → R defined by

f (x, y) := max
(u,v)∈W

{ux + vy − u2/2}

where

W := {(u, v) ∈ R2 : v = sin(1/(2u)), 0 < u ≤ 1} ∪ {(u, v) ∈ R2 : |v| ≤ 1, u = 0}.

Show that f is convex and continuous and that for 0 < |x| < 1,∇f (x, 0) =
(x, sin(1/(2x)) but ∂f (0, 0) = {0} × [−1, 1]. Hence, limx↓0 ∇f (x, 0) does not exist
even though the derivative does for x �= 0.

Hint. Apply the compact maximum formula of Exercise 2.2.6. Note that no such
convex function can exist on R.

2.2.8.� Suppose f : E → [−∞,+∞] is Fréchet differentiable at x0, show that f is
continuous at x0.
2.2.9.� Suppose f : E → [−∞,+∞] is Lipschitz in a neighborhood of x0. If f is
Gâteaux differentiable at x0, then it is Fréchet differentiable at x0.
2.2.10. Provide an example of a continuous function f : R2 → R such that Duf (0, 0)
exists for all u ∈ SR2 , but that f is not Gâteaux differentiable at (0, 0).

Hint. Let f (x, y) = √xy if x > 0, y > 0 and f (x, y) = −√xy if x < 0, y < 0; while
f (x, y) = 0 otherwise.

The next entry illustrates how convexity can resolve seemingly difficult
inequalities.
2.2.11 (Knuth’s problem, MAA #11369 (2008), 567). Prove that for all real t, and
all α ≥ 2,

eαt + e−αt − 2 ≤ (
et + e−t)α − 2α .

Hint. Let f (t) := eαt + e−αt − 2 − (
et + e−t

)α + 2α . Since f (0) = 0 it suffices to
show f ′(t) ≥ 0 for t > 0, or the equivalent pretty inequality:

(1+ e−2t)α−1 ≥ 1− e−2αt

1− e−2t
for α ≥ 2, t > 0. (2.2.3)

Write g := (y, a) 
→ log(1− y)+ (a− 1) log(1+ y)− log(1− ya). Then (2.2.3) is
equivalent to g(y, a) ≥ 0 for 0 < y < 1 and a > 2. Fix y in (0, 1). Now gaa(y, a) =
ya log2(y)
(−1+ya)2

> 0. Thus, a 
→ g(y, a) is convex for a > 0. As g(y, 1) = g(y, 2) = 0,

the minimum a(y) occurs at a point in (1, 2) and for 0 < y < 1, a > 2 we have
g(y, a) > 0 as required.

2.2.12. Show that for a ≥ 1 both

x 
→ log

(
sinh(ax)

sinh(x)

)
and x 
→ log

(
eax − 1

ex − 1

)
are convex on R.
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The following seven exercises are culled from [332].
2.2.13. Show that a real-valued function f defined on an interval I is convex if
and only if, for every compact subinterval J ⊂ I and for every affine function m,
supJ (f + m) is attained at an endpoint of J . [332, p. 9].
2.2.14. Consider x1 > 0, x2 > 0, . . . , xn > 0 with n > 1. For 1 ≤ k ≤ n set

Ak := x1 + x2 + · · · + xk

k
and Gk := (x1 · x2 · · · xk)

1/k .

Show for 2 ≤ k ≤ n that (Ak/Gk)
k ≥ (Ak−1/Gk−1)

k−1 (Popovicu) and that k(Ak −
Gk) ≥ (k − 1)(Ak−1/Gk−1) (Rado).

Hint. Use the convexity of − log and exp respectively.
2.2.15. Let D := {r1, r2, . . . , rn, . . .} be an arbitrary countable set of real numbers.
Show that

f (x) :=
∫ x

0

∑
rk≤t

2−k dt

is continuous and convex and is not differentiable exactly at members of D.
2.2.16. Show that if f is convex on a closed bounded interval [a, b], then

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a
f (t) dt ≤ f (a)+ f (b)

2
.

2.2.17. Let I ⊂ R be an interval and suppose f : I → (0,+∞). Show the following
are equivalent: (a) f is log-convex; (b) x 
→ eαxf (x) is convex on I for all α ∈ R; (c)
x 
→ f α(x) is convex on I for all α > 0.

Hint. log(x) = limα→0+[ f α(x)− 1)]/α.

2.2.18. Show that

f (x, y, z) := 1

xy − z2

is convex on {(x, y, z) : x > 0, y > 0, xy > z2}.
2.2.19. Show that the sum of two log-convex functions is log-convex.

Hint. aαbβ + cαdβ ≤ (a+ c)α(b+ d)β , for positive α,β, a, b, c, d.

2.2.20. Let

f (x, y) :=


x3

y2 , if x2 ≤ y ≤ x and 0 < x ≤ 1;

0 if (x, y) = (0, 0);

∞, otherwise.

Show that f is a closed convex function that fails to be continuous at some points in
its domain (where continuity is for f restricted to its domain).
2.2.21 (Monotonicity of subdifferentials).� Suppose U ⊂ E is a convex set, and
f : U → R is a convex function. Show that ∂f : U → 2E is a monotone mapping,
that is, 〈y∗ − x∗, y − x〉 ≥ 0 whenever x, y ∈ U and x∗ ∈ ∂f (x), y∗ ∈ ∂f (y). In
particular, if U is open and f is Gâteaux differentiable on U , then

〈∇f (y)− ∇f (x), x − y〉 ≥ 0 for all x, y ∈ U .
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Hint. Use the subdifferential inequality to show

〈y∗ − x∗, y − x〉 = y∗(y − x)+ x∗(x − y)

≥ f (y)− f (x)+ f (x)− f (y) = 0.

2.2.22 (Continuity properties of subdifferentials).� Suppose f : E → (−∞,+∞] is
proper a convex function.

(a) Suppose f is continuous at x0, and suppose ε > 0. Then there exists δ > 0 so
that ∂f (u) ⊂ ∂f (x0)+ εBE whenever ‖u− x0‖ < δ.

(b) Suppose f is differentiable at x0, and suppose φn ∈ ∂f (xn)where xn → x0. Show
that φn → f ′(x0). In particular, if a convex function is differentiable on an open
set U in E, then it is automatically continuously differentiable on U .

(c) Suppose f is differentiable and (fn) is a sequence of convex functions that con-
verges uniformly to f on bounded sets. Show that for any bounded set W ⊂ E
and ε > 0 there exists N ∈ N so that ∂fn(w) ⊂ ∇f (w)+ εBE whenever w ∈ W
and n > N .

(d) Show that part (c) can fail when f is merely continuous, but show that for any
bounded set W and any ε > 0 and δ > 0, there exists N > 0 such that ∂fn(w) ⊂⋃
‖x−w‖<δ ∂f (x)+ εBE whenever n > N .

Hint. (a) Suppose not, then there exists xn → x0 and ε > 0 so that φn ∈ ∂f (xn), but
φn �∈ ∂f (x0)+εBE . Use the local Lipschitz property of f (Theorem 2.1.12) to deduce
that (‖φn‖)n is bounded. Then use compactness to find convergent subsequence, say
φnk → φ. Show that φ ∈ ∂f (x0) to arrive at a contradiction.

(b) This follows from (a) and the fact ∂f (x0) = {f ′(x0)} (Theorem 2.2.1).
(c) Suppose not, then there is a subsequence (nk) and ε > 0 such that φnk ∈

∂fnk (wnk ), wnk ∈ W but φnk �∈ ∇f (wnk ) + εBE . Because fn → f uniformly on
bounded sets, it follows that (fn) is eventually uniformly Lipschitz on bounded sets.
Hence by passing to a further subsequence, if necessary, we may assume wnk → w0,
and φnk → φ for some w0 and φ in E. Now show that φ ∈ ∂f (w0), however, by (b),
∇f (wk)→ ∇f (w0) = φ which yields a contradiction.

(d) For example, let fn := max{| · | − 1/n, 0} and f := | · | on R. Then ∂fn(1/n) �⊂
∂f (1/n) + 1

2BR for any n ∈ N. Suppose no such N exists. As in (c), choose φnk ∈
∂fnk (wnk ) but φnk �∈ ∂f (w) + εBE for ‖w − wnk‖ < δ, where as in (c), wnk → w0

and φnk → φ and φ ∈ ∂f (w0). This produces a contradiction.

2.2.23 (Subdifferentials at boundary points).� Suppose f : E → (−∞,+∞] is a
proper convex function.

(a) If x0 ∈ bdry dom f , then ∂f (x0) is either empty or unbounded.
(b) Given examples showing that either case in (a) may occur.

Hint. (a) Suppose ∂f (x0) �= ∅. With notation as in the last part of the proof of
Theorem 2.2.1, let hn(x) := g(x) + ndC(x) and show ∂hn(x0) ⊂ ∂f (x0), find a
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direction d so that h′n(x0; d) → ∞, and use the max formula (2.1.19) to conclude
there are φn ∈ ∂f (x0) so that ‖φn‖ → ∞.

(b) Consider f (x) := −√x and g(x) := δ[0,+∞).

Combining Exercises 2.2.23 with Exercise 2.4.7 given below, one sees that the
subdifferential map is not locally bounded at any x in the boundary of the domain of f .
2.2.24 (Reformulation of second-order derivatives). Show that f is twice Gâteaux
differentiable at x ∈ E if and only if f is Gâteaux differentiable in a neighborhood U
of x and there is a bilinear mapping b : E × E → R (i.e. b(h, k) is linear in h and k
separately) such that

b(h, k) = lim
t→0

〈∇f (x + tk)− ∇f (x)

t
, h

〉
for all h, k ∈ E. (2.2.4)

Moreover, in this case b(h, k) = 〈Hk , h〉 where H is the Hessian of f at x.

Hint. Suppose f is twice Gâteaux differentiable at x with Hessian H . Verify that
(h, k) 
→ 〈h, Hk〉 equals the right-hand side in (2.2.4). Conversely

k 
→ lim
t→0

t−1[∇f (x + tk)− ∇f (x)]

maps E → E; the bilinearity of b implies this map is linear, and hence f is twice
Gâteaux differentiable at x.

2.3 Conjugate functions and Fenchel duality

The Fenchel conjugate (also called the Legendre-Fenchel conjugate or transform) of
a function f : E → [−∞,+∞] is the function f ∗ : E → [−∞,+∞] defined by

f ∗(φ) := sup
x∈E
{〈φ, x〉 − f (x)}.

A useful and instructive example is σD = δ∗D. As one expects, f ∗∗ denotes the conju-
gate of f ∗, and it is called the biconjugate of f . The conjugate function f ∗ is always
convex and if the domain of f is nonempty, then f ∗ never takes the value −∞. A
direct consequence of the definition is that for f , g : E → [−∞,+∞], the inequality
f ≥ g implies f ∗ ≤ g∗. As we shall see throughout this book, the conjugate plays
a role in convex analysis in many ways analogous to the role played by the Fourier
transform in harmonic analysis.

Proposition 2.3.1 (Fenchel–Young). Any points φ ∈ E and x ∈ dom f where f :
E → (−∞,+∞] satisfy the inequality

f (x)+ f ∗(φ) ≥ 〈φ, x〉. (2.3.1)

Equality holds if and only if φ ∈ ∂f (x).
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Proof. The inequality follows directly from the definition of conjugate functions,
while

φ ∈ ∂f (x)⇔ φ(y)− f (y) ≤ φ(x)− f (x) for all y ∈ E

⇔ f ∗(φ) = φ(x)− f (x).

establishes the equality.

Some basic examples and facts concerning one-dimensional conjugate functions
are collected in Tables 2.1 and 2.2. Several further properties of conjugate functions
will be given in Section 4.4.

Table 2.1 Conjugate pairs of convex functions on R.

f (x) = g∗(x) dom f g(y) = f ∗(y) dom g

0 R 0 {0}

0 [0,+∞) 0 (−∞, 0]
0 [−1, 1] |y| R

0 [0,1] y+ R

|x|p/p, p > 1 R |y|q/q
(

1
p + 1

q = 1
)

R

|x|p/p, p > 1 [0,+∞) |y+|q/q
(

1
p + 1

q = 1
)

R

−xp/p, 0<p<1 [0,+∞) −(−y)q/q
(

1
p + 1

q = 1
)

(−∞, 0)√
1+ x2 R −√1− y2 [−1, 1]
− log x (0,+∞) −1− log(−y) (−∞, 0)

cosh x R y sinh−1(y)−√
1+ y2 R

− log(cos x)
(−π

2 , π2
)

y tan−1(y)− 1
2 log(1+ y2) R

log(cosh x) R y tanh−1(y)+ 1
2 log(1− y2) (−1, 1)

ex
R

{y log y − y (y > 0)

0 (y = 0)
[0,+∞)

log(1+ ex) R


y log y + (1− y) log(1− y)

(y ∈ (0, 1))

0 (y = 0, 1)

[0,1]

− log(1− ex) (−∞, 0]


y log y − (1+ y) log(1+ y)

(y > 0)

0 (y = 0)

[0,+∞)
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Table 2.2 Transformed conjugates.

f = g∗ g = f ∗

f (x) g(y)

h(ax) (a �= 0) h∗(y/a)
h(x + b) h∗(y)− by

ah(x) (a > 0) ah∗(y/a)

Aspects of the growth rate of a convex function are often reflected in properties of
its conjugate as seen in the following.

Theorem 2.3.2 (Moreau–Rockafellar). A closed convex proper function on E has
bounded lower level sets if and only if its conjugate is continuous at 0.

Proof. According to Proposition 2.1.9, a convex function f : E → (−∞,+∞] has
bounded lower level sets if and only if it satisfies the growth condition

lim inf‖x‖→∞
f (x)

‖x‖ > 0.

Because f is closed, it is bounded below on compact sets and thus the previous
inequality is equivalent to the existence of a minorant of the form ε‖ ·‖+k ≤ f (·) for
some constants ε > 0 and k . Taking conjugates, this is equivalent to f ∗ being bounded
above on a neighborhood of 0, which in turn is equivalent to f ∗ being continuous at 0
(Theorem 2.1.10).

In order to prepare for the important Fenchel duality theorem, we present the
following lemma.

Lemma 2.3.3. Suppose f : E → [−∞,+∞] is convex and that some point x0 ∈
core dom f satisfies f (x0) > −∞. Then f never takes the value −∞.

Proof. Suppose f (x0−h) = −∞ for some h ∈ X . The convexity of the epigraph of f
then implies f (x0+ th) = ∞ for all t > 0. This contradicts that x0 ∈ core dom f .

Let E and Y be Euclidean spaces and A : E → Y a linear mapping. The adjoint of
A, denoted by A∗, is the linear mapping from Y to E defined by 〈A∗y, x〉 = 〈y, Ax〉
for all x ∈ E.

Theorem 2.3.4 (Fenchel duality theorem). Let E and Y be Euclidean spaces, and let
f : E → (−∞,+∞] and g : Y → (−∞,+∞] and a linear map A : E → Y , and let
p, d ∈ [−∞,+∞] be the primal and dual values defined respectively by the Fenchel
problems

p := inf
x∈E
{ f (x)+ g(Ax)} (2.3.2)

d := sup
φ∈Y
{−f ∗(A∗φ)− g∗(−φ)}. (2.3.3)
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2

0–0.5 1 1.50.5

1

–1

Figure 2.6 Fenchel duality (Theorem 2.3.4) illustrated for x2/2+ 1 and −(x − 1)2/2− 1/2.
The minimum gap occurs at 1/2 with value 7/4.

Then these values satisfy the weak duality inequality p ≥ d. If, moreover, f and g are
convex and satisfy the condition

0 ∈ core(dom g − A dom f ) (2.3.4)

or the stronger condition

A dom f ∩ cont g �= ∅ (2.3.5)

then p = d and the supremum in the dual problem (2.3.3) is attained whenever it is
finite.

Proof. The weak duality inequality p ≤ d follows immediately from the Fenchel–
Young inequality (2.3.1).

To prove equality, we first define an optimal value function h : Y → [−∞,+∞] by

h(u) = inf
x∈E
{ f (x)+ g(Ax + u)}.

It is easy to check that h is convex and dom h = dom g−A dom f . If p = −∞, there
is nothing to prove. If condition (2.3.4) holds and p is finite, then Lemma 2.3.3 and
the max formula (2.1.19) show there is a subgradient−φ ∈ ∂h(0). Consequently, for



48 Convex functions on Euclidean spaces

all u ∈ Y and all x ∈ E, one has

h(0) ≤ h(u)+ 〈φ, u〉
≤ f (x)+ g(Ax + u)+ 〈φ, u〉
= { f (x)− 〈A∗φ, x〉} + {g(Ax + u)− 〈−φ, Ax + u〉}.

Taking the infimum over all points u, and then over all points x yield the inequalities

h(0) ≤ −f ∗(A∗φ)− g∗(−φ) ≤ d ≤ p = h(0).

Thus φ attains the supremum in problem (2.3.3), and p = d. We leave it as exercises
to show that condition (2.3.5) implies condition (2.3.4).

The following is an important subdifferential sum rule, which is sometimes called
the convex calculus theorem.

Theorem 2.3.5 (Subdifferential sum rule). Let E and Y be Euclidean spaces, and let
f : E → (−∞,+∞] and g : Y → (−∞,+∞] and a linear map A : E → Y . At any
point x ∈ E, the calculus rule

∂( f + g ◦ A)(x) ⊃ ∂f (x)+ A∗∂g(Ax) (2.3.6)

holds, with equality if f and g are convex and either condition (2.3.4) or (2.3.5) holds.

Proof. This is a consequence of the Fenchel duality theorem (2.3.4). See
Exercise 2.3.12 and also Exercise 2.4.1.

When g is simply the indicator function of a point, one has the following useful
corollary to the Fenchel duality theorem (2.3.4).

Corollary 2.3.6 (Fenchel duality for linear constraints). Given any function f : E →
(−∞,+∞], any linear map A : E → Y , and any element b of Y , the weak duality
inequality

inf
x∈E
{ f (x) : Ax = b} ≥ sup

φ∈Y
{〈b,φ〉 − f ∗(A∗φ)} (2.3.7)

holds. If f is convex and b belongs to core(A dom f ) then equality holds, and the
supremum is attained when finite.

In general an ordinary convex program is the problem of minimizing a convex
objective function f subject to a finite number of convex inequalities, gj(x) ≤ bj , j ∈
J , and linear equalities, 〈ak , x〉 = bk , k ∈ K , called constraints. Additionally a set
constraint x ∈ C may be given. We write

inf
x∈C
{ f (x) : gj(x) ≤ cj , j ∈ J , 〈ak , x〉 = bk , k ∈ K}.

Since a set constraint x ∈ C can be incorporated by adding an indicator function
δC to the objective function, a great many problems can be subsumed in (2.3.7)
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and extensions to be met later on. Indeed the fact that f often takes infinite values
blurs the distinction between objective and constraint. Thus, the feasible set is C ∩
dom f

⋂
j∈J {x : gj(x) ≤ cj}⋂k∈K {x : 〈ak , x〉 = bk}. We analyze the Lagrangian

dual of an ordinary convex program in Exercise 2.3.10.

Exercises and further results

2.3.1. Table 2.1 shows some elegant examples of conjugates on R, and Table 2.2
describes some simple transformations of these examples. Check the calculation of
f ∗ and check f = f ∗∗ for functions in Table 2.1. Verify the formulas in Table 2.2.
2.3.2 (Young inequality). Use calculus to derive the special case of the Fenchel–
Young inequality (2.3.1). For p, q ≥ 1 with 1/p+1/q = 1, show that |x|p/p+|y|q/q ≥
xy for all real x and y.
2.3.3 (Hölder inequality). Let f and g be measurable on a measure space (X ,µ).
Show for p, q ≥ 1 with 1/p+ 1/q = 1 that∫

X
fg dµ ≤ ‖f ‖p‖g‖q.

When p = q = 2 this is the Cauchy–Schwarz inequality.

Hint.Assume ‖f ‖p = ‖g‖q = 1 and apply theYoung inequality of Exercise 2.3.2.

2.3.4 (Convexity of p-norm). Show, for 1 ≤ p ≤ ∞, that the p-norm, ‖x̄‖p :=(∑N
k=1 |xk |p

)1/p
, on RN is indeed a norm.

Hint. (a) First show that the unit ball Bp = {x̄ :
∑N

k=1 |xk |p ≤ 1} in N -space is convex
and then use the gauge construction of Exercise 2.1.13.

(b) Alternatively, one may apply Hölder’s inequality of Exercise 2.3.3 to the
sequences (

|xk | |(xk + yk)|p−1
)N

k=1
,

(
|yk | |(xk + yk)|p−1

)N

k=1

to estimate ‖x̄+ ȳ‖p
p ≤ (‖x̄‖p+‖ȳ‖p)‖x̄+ ȳ‖p/q

p . Here as always 1/p+ 1/q = 1 and
q ≥ 1.

2.3.5 (Favard inequality). Let f be concave and nonnegative on [0, 1]. Show that for
p ≥ 1 ∫ 1

0
f (t) dt ≥ (p+ 1)1/p

2
‖f ‖p.

2.3.6 (Grüss–Barnes inequality). Let f and g be concave and nonnegative on [0, 1].
Show for p, q ≥ 1 that∫ 1

0
f (t)g(t) dt ≥ (p+ 1)1/p (q+ 1)1/q

6
‖f ‖p‖g‖q.

When 1/p + 1/q = 1 this provides a pretty if restricted converse to Hölder’s
inequality.
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Hint. First prove this for p = q = 1 (due to Grüss) and then apply Favard’s inequality
of Exercise 2.3.5.

2.3.7. Let f be convex on a product space X × Y . Let h(y) := inf x∈X f (x, y).
Show that h∗(y∗) = f ∗(0, y∗). Hence h(0) = inf x∈X f (x, 0), while h∗∗(0) =
− inf y∗∈Y ∗ f ∗(0, y∗).
2.3.8 (Recession functions). For a closed convex function f , the recession function
is defined by

0+f (x) := lim
t→+∞

f (z + tx)− f (z)

t

for z ∈ dom f . Show that 0+f is well defined (independent of z) and is sublinear and
closed. Show that for any α > inf f , one has 0+f (d) ≤ 0 if and only if f (y) ≤ α

implies f (y+ td) ≤ α for all t > 0. In other words, d is in the recession cone of each
such lower level set: {d : C + R+d ⊂ C} [95, p. 83]. In particular, 0+f (d) ≤ 0 for
some d �= 0 if and only if f has unbounded lower level sets.
2.3.9 (Homogenization). Recall from the proof of Lemma 2.1.8 that a function f
is convex if and only if the function defined by g(x, t) := tf (x/t) is sublinear for
t > 0. Hence deduce that y2/x is convex on R × R++. Determine the closure
of (x, y) 
→ y2/x. Show more generally when f is closed and convex on R, that
g∗∗(x, t) = tf (x/t) for t > 0, that in the language of Exercise 2.3.8 g∗∗(x, 0) =
0+f (x), and that g∗∗(x, t) = ∞ otherwise [95, p. 84].
2.3.10 (Lagrangian duality). Consider the ordinary convex program

h(c) := inf { f (x) : gj(x) ≤ cj , j = 1, . . . , n} where c := (c1, c2, . . . , cn) ∈ Rn

with Lagrangian L(x, λ) := f (x) + 〈λ, g(x)〉. Use Exercise 2.3.7 to show that h is
convex when f and each gj is. Then

(a) Confirm that
h∗∗(0) = sup

λ∈Rn+
inf
x∈E

f (x)+ 〈λ, g(x)〉.

Hence,

inf { f (x) : gj(x) ≤ cj , j = 1, . . . , n} = sup
λ∈Rn+

inf
x∈E

f (x)+ 〈λ, g(x)〉.

if and only if h is lsc at zero.
(b) In particular, h is continuous at zero when Slater’s condition holds: there is

x̂ ∈ dom f with gj (̂x) < 0 for j = 1, . . . , n.
(c) Moreover, the set of optimal Lagrangian dual solutions is precisely −∂h(0).
(d) Extend the analysis to the case where there are also affine constraints.

Hint. First apply the previous analysis to f + δP where P is the affine part of the
feasible set. Then use the ideas of the mixed Fenchel duality corollary (3.1.9).

2.3.11 (Duffin’s duality gap). Consider the following problem (for real b):

v(b) := inf

{
ex2 :

√
x2

1 + x2
2 − x1 ≤ b, x ∈ R2

}
. (2.3.8)
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(a) Draw the feasible region for b > 0 and b = 0. Then plot the value function v and
compute v∗∗. Compare the results to those promised by Exercise 2.3.10.

(b) Repeat the above steps with the objective function ex2 replaced by x2.

2.3.12.� Fill in the details for the proof of the Fenchel duality (2.3.4) and
subdifferential sum (2.3.5) theorems as follows.

(a) Fenchel duality theorem (2.3.4):

(i) Use the Fenchel–Young inequality (2.3.1) to prove the weak duality
inequality.

(ii) Prove the inclusion in (2.3.6).
For the remaining parts, assume f and g are convex.

(iii) Prove the function h defined in the proof is convex with dom h = dom g −
A dom f .

(iv) Prove the condition (2.3.5) implies condition (2.3.4).

(b) Subdifferential sum theorem (2.3.5): assume additionally that (2.3.4) holds.

(i) Suppose φ ∈ ∂( f + g ◦ A)(x̄). Use the Fenchel duality theorem (2.3.4) and
the fact x̄ is an optimal solution to the problem

inf
x∈E
{ f (x)− 〈φ, x〉)+ g(Ax)}

to deduce equality in (2.3.6).
(ii) Prove points x̄ ∈ E and φ̄ ∈ Y are optimal for problems (2.3.2) and (2.3.3),

respectively, if and only if they satisfy the conditions A∗φ̄ ∈ ∂f (x̄) and
−φ̄ ∈ ∂g(Ax̄).

2.3.13.� Suppose f : E → (−∞,+∞] is a proper convex function. Show that f
is Lipschitz with constant k if and only if dom f ∗ ⊂ kBE . Give an example of a
continuous nonconvex function on the real line that is not Lipschitz whose conjugate
has bounded domain.

Hint. See Proposition 4.4.6 and [369, Corollary 13.3.3] and try an example like
f := √| · |.
2.3.14 (Infimal convolutions).� Let f and g be proper extended real-valued func-
tions E. The infimal convolution of f and g is defined by

( f g)(x) := inf
y∈E

f (y)+ g(x − y)

See Figure 2.7 for an illustration of infimal convolutions.

(a) Show that, geometrically, the infimal convolution of f and g is the largest
extended real-valued function whose epigraph contains the sum of epigraphs
of f and g.

(b) Provide an example showing that the sum of two epigraphs of continuous convex
functions may not be closed.
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Figure 2.7 Infimal convolution of −
√

1− x2 and 25
2 |x|2.

(c) Provide an example showing that the infimal convolution of two continuous
convex functions on R need not be proper.

(d) Provide an example showing that even if the infimal convolution of two lsc
convex functions is proper, it need not be lsc.

(e) Show that the infimal convolution of two convex functions is convex.
(f) Suppose f , g are convex functions on E that are bounded below. If f : E → R is

continuous (resp. bounded on bounded, Lipschitz), then f g is a convex function
that is continuous (resp. bounded on bounded sets, Lipschitz).

(g) Suppose C is a closed convex set. Show that dC = ‖ · ‖ δC . Conclude that dC is
a Lipschitz convex function (hence this provides an alternate proof to Fact 2.1.6).

Hint. For (b) consider f (x) := ex and g(x) := 0; for (c) let f (x) := x and g(x) := 0;
for (d) use the indicator functions of the epigraphs of f (x) := ex and g(x) := 0.
The infimal convolution is the indicator function of the sum of the epigraphs, i.e. the
indicator function of open half plane {(x, y) : y > 0} which is not lsc; for (e) use (a);
for the first two parts of (f) notice that for

inf f + inf g ≤ ( f g)(x) ≤ f (x − x0)+ g(x0) for each x ∈ E

where x0 ∈ dom g is fixed. Continuity then follows from Theorem 2.1.12, and bound-
edness onbounded sets follows fromboundson f . Given that f g is everywhere finite,
an easy estimate shows the Lipschitz constant for f is valid for the convolution.

2.3.15 (Infimal convolutions and conjugation).�

(a) Let f and g be proper functions on E, then ( f g)∗ = f ∗ + g∗.
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Figure 2.8 Infimal convolution of 3|x| and−
√

1− x2. Note the curves diverge when the slope
reaches ±3.

(b) Suppose f : E → R is a convex function bounded on bounded sets. If fn ≤ f for
each n, and f ∗n → f ∗ uniformly on bounded subsets of the domain of f ∗, then
fn → f uniformly on bounded subsets of E.

(c) Let f : X → R be convex and bounded on bounded sets. Then both f n‖ · ‖2

and f n‖ · ‖ converge uniformly to f on bounded sets.
(d) If f and g are convex and dom f ∩ cont g �= ∅, show that ( f + g)∗ = f ∗ g∗. Is

convexity needed?

Hint. For (a) see the proof of Lemma 4.4.15; for (b) see the proof of Lemma 4.4.16;
and for (c), use (a) and (b), cf. Corollary 4.4.17.

2.3.16 (Lipschitz extension).� Suppose the real function f has Lipschitz constant k
on the set C ⊂ E. By considering the infimal convolution of the functions f + δC and
k‖ · ‖, prove there is a function f̃ : E → R with Lipschitz constant k that agrees with
f on C. Prove furthermore that if f and C are convex then f̃ can be assumed convex.
See Figure 2.8 for an example illustrating this.
2.3.17 (Nearest points). (a) Suppose that f : X → (−∞,+∞] is strictly convex.

Show that it has at most one global minimizer.
(b) Prove that the function f (x) := ‖x − y‖2/2 is strictly convex on E for any point

y ∈ E.
(c) Suppose C is a nonempty closed convex subset of E.

(i) Let y ∈ E; show that there is a unique nearest point PC(y) in C to y,
characterized by

〈y − PC(y), x − PC(y)〉 ≤ 0 for all x ∈ C.
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The mapping x → PC(x) is called the nearest point mapping.
(ii) For any point x̄ ∈ C, deduce that d ∈ NC(x̄) holds if and only if x̄ =

PC(x̄ + d).
(iii) Deduce, furthermore, that any points y and z in E satisfy

‖PC(y)− PC(z)‖ ≤ ‖y − z‖;

that is, the projection PC : E → C is a Lipschitz mapping.

(d) Give an example of a nonconvex set S ⊂ R where PS is discontinuous.
2.3.18 (Nearest point to an ellipse). Consider the ellipse

E :=
{
(x, y) :

x2

a2
+ y2

b2
= 1

}

in standard form. Show that the best approximation PE(u, v) =
(

a2u
a2−t

, b2v
b2−t

)
where

t solves a2u2

(a2−t)
2 + b2v2

(b2−t)
2 = 1. Generalize this to a hyperbola and to an arbitrary

ellipsoid.
2.3.19 (Nearest point to the p-sphere). For 0 < p <∞, consider the p-sphere in two
dimensions

Sp := {
(x, y) : |x|p + |y|p = 1

}
.

Let z∗ := (1 − zp)1/p. Show that, for uv �= 0, the best approximation PSp(u, v) =
(sign(u)z, sign(v)z∗) where either z = 0, 1 or 0 < z < 1 solves

z∗p−1(z − |u|)− zp−1(z∗ − |v|) = 0.

(Then compute the two or three distances and select the point yielding the least value.
It is instructive to make a plot, say for p = 1/2.) Extend this to the case where uv = 0.
Note that this also yields the nearest point formula for the p-ball.

Hint. One approach is to apply the method of multipliers [96, Theorem 7.7.9] and
then eliminate the multiplier.

2.3.20 (Distance functions). Suppose C, S ⊂ E are nonempty and C is convex.

(a) Prove that d2
S is a difference of convex functions by showing

d2
S (x) =

‖x‖2

2
−
(‖ · ‖2

2
+ δS

)∗
(x).

(b) Recall that δC is convex and show that d∗C = δBE + δ∗C , that is d∗C = δBE + σC .
(c) For x ∈ C, show that ∂dC(x) = BE ∩ NC(x).
(d) If C is closed and x �∈ C, show that

∇dC(x) = 1

dC(x)
(x − PC(x)),

where PC(x) is the nearest point to x in C.
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(e) If C is closed, show that

1

2
∇d2

C(x) = x − PC(x) for all x ∈ E.

2.3.21 (First-order conditions for linear constraints). Let C be a convex subset of E,
f : C → R be a function and A : E → Y be a linear map where Y is a Euclidean
space. For b ∈ Y , consider the optimization problem

inf { f (x) : x ∈ C, Ax = b}. (2.3.9)

Suppose x̄ ∈ int C satisfies Ax̄ = b.

(a) Suppose that x̄ is a local minimizer for (2.3.9) and f is differentiable at x̄. Show
that ∇f (x̄) ∈ A∗Y .

(b) Conversely, suppose that ∇f (x̄) ∈ A∗Y and f is convex. Show that x̄ is a global
minimizer for (2.3.9).

Hint. Show that the normal cone to the set {x ∈ E : Ax = b} at any point in it is A∗Y ,
and deduce the result from this.

2.3.22 (Hidden convexity, I).† We have used many special cases of the simple fact that
x 
→ inf Y f (x, y) is convex whenever f is jointly convex on a vector space X×Y . It is,
however, possible for the infimum to be convex without f being so. A useful example
is given by the Fan minimax theorem. Recall that for arbitrary sets, f : X × Y → R
is said to be convex-concave like on X × Y if, for 0 < t < 1, (a) for x1, x2 in X there
exists x3 in X with f (x3, y) ≤ tf (x1, y) + (1 − t)f (x2, y) for all y in Y ; and (b) for
y1, y2 in Y there exists y3 in Y with f (x, y3) ≥ tf (x, y1)+ (1− t)f (x, y2) for all x in X .
The general form of Fan’s minimax theorem is:

Theorem 2.3.7 (Fan minimax theorem). Suppose that X , Y are nonempty sets with
f convex-concave like on X × Y . Suppose that X is compact and f (·, y) is lsc on X
for each y in Y . Then

p := min
X

sup
Y

f (x, y) = sup
Y

min
X

f (x, y).

If Y is actually compact and f (x, ·) is usc on Y for each x in X , then ‘sup’ may be
replaced by ‘max’ above.

Hint. We follow [123]. Consider, for any finite set y1, y2 · · · , yn in Y

h(z) := inf
X
{r : f (x, yi) ≤ r, i = 1, 2, . . . , n}

and observe that, while f is not convex, h is since f (·, yi) is convex-like. Also h is
continuous at zero and so possesses a subgradient which justifies the existence of a
Lagrange multiplier [123]. Hence, one has λ1, . . . , λn ≥ 0 with

r +
n∑

i=1

λi (f (x, yi)− r) ≥ h(0),
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for all real r and all x in X . Deduce that
∑n

i=1 λi = 1 and hence, by concave-likeness,
there is an element y of Y with

min
X

sup
Y

f (x, y) ≥ min
X

f (x, y) ≥ h(0) ≥ max
1≤i≤n

min
X

f (x, y).

Now appeal to compactness to show that

min
X

sup
Y

f (x, y) ≥ sup
Y

min
X

f (x, y).

Weak duality provides the other inequality.

2.3.23 (Hidden convexity, II).† Use Lyapunov’s theorem (1.4.7) to show that h
given by

(HC) h(b) := inf
∫

T
φ0(x(t), t) µ(dt) subject to∫

T
φ0(x(t), t) µ(dt) = b1, · · · ,

∫
T
φn(x(t), t) µ(dt) = bn

for 1 ≤ k ≤ n is convex whenever each φk is a normal (convex or nonconvex)
integrand, in the language of the discussion before Theorem 6.3.6, and µ is a purely
nonatomic, complete finite measure. In particular, this holds when the constraints are
linear functionals and the objective function is of the form

∫
T φ(x(t)) µ(dt) for an

arbitrary lsc φ.

Hint. Let φ := (φ0,φ1, . . . ,φn). Fix two vectors b and c and feasible functions x and
y with

∫
T φi(x(t), t) dµ = bi,

∫
T φi(y(t), t) dµ = ci, and h(b) <

∫
T φ0(x(t), t) dµ+

ε, h(c) <
∫

T φ0(y(t), t) dµ + ε. By translation we may assume c = 0, y = 0, and
φ(y) = 0. Use the vector measure given by m(E) := ∫

E φ(x(t) dµ for E ⊂ T to
show h(sb+ (1− s)c) ≤ sh(b)+ (1− s)h(c)+ ε for 0 < s < 1.

2.3.24 (Direct and indirect utility).† In mathematical economics the relationship
between production and consumption is often modeled by the following dual pair.
Begin with a real-valued, nondecreasing concave or quasi-concave function on the
nonnegative orthant in Euclidean space, E, that is supposed to represent a consumer’s
preference for consumption of some amount y ∈ E of consumables. Fix a nonnegative
vector p of prices and consider the primal or utility maximization problem

u(p) := sup
0≤y∈E

{v(y) : 〈p, y〉 ≤ r} (2.3.10)

of working out how one maximizes ones individual utility given a fixed budget r > 0.
The function u is called the indirect utility function and expresses the consumer utility
as a function of prices. Under conditions discussed in [163, 186] the direct utility
function can be reconstructed from

v(y) = inf
0≤p∈E

{u(p/r) : 〈p, y〉 ≤ r}. (2.3.11)
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(a) Show u is nonincreasing on the positive orthant.
(b) It can be shown u is quasi-convex and continuous on the positive orthant when v is

quasi-concave and continuous on the nonnegative orthant. Moreover, u satisfies
(2.3.11).

(c) Show that the Cobb–Douglas functions defined for y ≥ 0 by

v(y) :=
n∏

i=1

yαi
i ,

with αi > 0, are quasi-concave and continuous on the nonnegative orthant and
that they have log-convex indirect utility functions

u(p) =
n∏

i=1

(
αi

αxi

)αi

,

infinite on the boundary of the orthant, where α := ∑n
i=1 αi. (Compare [95,

Example 13].)
Hint. eg is quasi-concave when g is.

2.3.25 (Maximum entropy [100]).† Define a convex function p : R → (−∞,+∞]
by

p(t) :=


t log t − t, if t > 0;

0 if t = 0;

+∞, otherwise;

and a convex function f : Rn → (−∞,+∞] by

f (x) :=
n∑

i=1

p(xi).

Suppose x̂ is in the interior of Rn+.

(a) Prove f is strictly convex on Rn+ with compact lower level sets.
(b) Prove f ′(x; x̂ − x) = −∞ for any x on the boundary of Rn+.
(c) Suppose the map G : Rn → Rm is linear with Gx̂ = b. Prove for any vector

c ∈ Rn that the problem

inf { f (x)+ 〈c, x〉 : Gx = b, x ∈ Rn}

has a unique optimal solution x̄ lying in the interior of Rn+.
(d) Use Exercise 2.3.21 to prove that some vector λ ∈ Rm satisfies∇f (x̄) = G∗λ−c

and deduce x̄i = exp(G∗λ− c)i.
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Maximum entropy leads natural to the notion of divergence estimates or relative
entropy.
2.3.26 (Divergence estimates [304]).†

(a) Prove the real function

t 
→ 2(2+ t)(exp∗ t + 1)− 3(t − 1)2

is convex and minimized when t = 1.
(b) For v ∈ int R+ and u ∈ R+, deduce the inequality

3(u− v)2 ≤ 2(u+ 2v)
(
u log

(u

v

)
− u+ v

)
.

Now suppose the vector p ∈ int Rn+ satisfies
∑

pi = 1.
(c) If the vector q ∈ int Rn+ satisfies

∑n
i=1 qi, use the Cauchy–Schwarz inequality to

prove the inequality (
n∑

i=1

|pi − qi|
)2

≤ 3
n∑

i=1

(pi − qi)
2

pi + 2qi
,

and deduce the inequality

n∑
i=1

pi log

(
pi

qi

)
≥ 1

2

(
n∑

i=1

|pi − qi|
)2

.

2.3.27. Let C be a convex subset of E, and let kC := γC be its associated gauge
function. The polar function is defined by

(kC)
o (x) := inf {ν ≥ 0 : 〈x∗, x〉 ≤ νkC(x)}.

Note that if kC(x) > 0 for x �= 0, then

ko
C(x

∗) = sup
x �=0

〈x∗, x〉
kC(x)

.

(a) Show that ko
C = kCo and that koo

C = cl kC . Deduce that polar functions are support
functions.

(b) Deduce that the polar of a norm is the dual norm.
(c) Observe the polar inequality

〈x∗, x〉 ≤ kC(x) ko
C(x

∗),

for all x and x∗. Hence rederive Hölder’s inequality.
(d) (Experimental design duality).† An elegant illustration of the use of polar func-

tions is to be found in [359, 358]. The setup, from linear model theory in statistics,
is that we let Ek be the Euclidean space of k× k symmetric matrices, Sk the cone
of positive semidefinite matrices and let M ⊂ Ek be a compact, convex subset of
the nonnegative semidefinite matrices containing some positive definite element
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(this is Slater’s condition in this context). Fix 0 ≤ s ≤ k , let K be a full-rank
k × s matrix and define a mapping – not the duality map – by J : Sk → Ss

by J (A) = (K ′A−K)−1 if A ∈ A(K) := {B ∈ Nk : range B ⊂ range K}, and
J (A) = 0 otherwise. Here A− denotes the Moore–Penrose pseudo-inverse matrix.

An information functional is a concave, positively homogeneous function j :
Ss → R which is isotone with respect to the semidefinite or Loewner ordering
(see (2.3.30)). Then the optimal (experimental) design problem in statistics asks
for the solutions to

µ := sup
M∈M

(j ◦ J )(M ),

and the dual design problem is

ν := min
N∈M◦ 1/j◦(K ′NK).

(i) Show that if j is strictly concave then it is strictly increasing – but not
necessarily conversely as j = tr, the trace, shows.

(ii) Characterize subgradients of − log ◦j ◦ J .
(iii) Show that j ◦ J is usc if and only dom j ⊂ int Ss, in which case µ is attained.

Note that this gives a ‘natural’ class of nonclosed convex functions, such as
tr ◦J when 0 < s < k .

(iv) Show that strong duality obtains: µ = ν.

2.3.28 (The location problem [280, 130]).† The classical location problem, also
known as the Fermat–Weber problem or the Steiner problem asks for the point least
distance from m given points a1, a2, . . . , am – the locations – in a Euclidean space E.
That is we seek the point x minimizing the coercive convex function

F(x) :=
m∑

i=1

wi‖x − ai‖,

for given positive weights wi. Needless to say there are many generalizations. For
example, the Euclidean norm could be replaced by a different norm or gauge function
for each index.

(a) Fermat posed the question, answered by Torricelli, for the triangle with equal
weights: the solution is the Fermat point. For triangles with no angle exceeding
120◦ this is achieved by constructing an equilateral triangle on each side of the
given triangle. For each new vertex one draws a line to the opposite triangle’s ver-
tex. See Figure 2.9. The three lines intersect at the Fermat point. In the remaining
case, a vertex is the solution.

(b) Show the minimum exists and is unique (in the Euclidean case).
(c) Use the proposition on critical points (2.1.14) and the subdifferential sum rule

(2.3.5) to show that a nonlocation x is minimal if and only if

m∑
i=1

wi
x − ai

‖x − ai‖ = 0,
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Figure 2.9 The Fermat point of a triangle.

and write down the optimality condition in the general case. Deduce that the
optimum is a fixed point of the mapping defined, for x not a location, by

T (x) :=
∑m

i=1 wiai/‖x − ai‖∑m
i=1 wi/‖x − ai‖

with continuity assured by setting T (ai) = ai for each location.
(d) Analyze Wieszfeld’s proposed 1937 algorithm which is just to iterate T . Convince

yourself that, assuming the locations span the space, it usually converges to a
solution – typically at linear rate [280, 130]

2.3.29 (Joint and separate convexity on R [34]).�� Suppose that I is a nonempty open
interval in R, and that f ∈ C3(I) with f ′′ > 0 on I . Let Df denote the Bregman
distance defined as follows

Df : I × I → [0,∞) : (x, y) 
→ f (x)− f (y)− f ′(x)(x − y).

The convexity of f implies that x 
→ Df (x, y) is convex for every y ∈ I . We will say
Df is jointly convex if (x, y) 
→ Df (x, y) is convex on I × I , and we will say Df is
separately convex if y 
→ Df (x, y) is convex for every x ∈ I .

(a) Let h := f ′′. Show that Df is jointly convex⇔ 1/h is concave⇔

h(y)+ h′(y)(y − x) ≥ (
h(y)

)2/
h(x), for all x, y in I . (j)

In particular, if f ′′′′ exists, then: Df is jointly convex⇔ hh′′ ≥ 2(h′)2.
(b) Let h := f ′′. Show that Df is separately convex⇔

h(y)+ h′(y)(y − x) ≥ 0, for all x, y in I . (s)
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(c) Let f (t) := e−t on I = (0, 1). Use part (a) to show Df is not jointly convex on I ,
and use part (b) to show that Df is separately convex on I . Hence joint convexity
is genuinely stronger than separate convexity.

(d) (Fermi–Dirac entropy) Let f (t) := t log t + (1− t) log(1− t) on I = (0, 1). Use
part (a) to show that Df is jointly convex.

(e) Let I = (−∞,+∞). Show that Df is separately convex if and only if f is a
quadratic function.

(f) Let I = (0,∞). Show that Df is separately convex if and only if f ′′(x)+xf ′′′(x) ≥
0 ≥ f ′′′(x) for every x > 0.

(g) Suppose I = (0,∞) and f ′′′′ exists. Let ψ := log ◦( f ′′). Show that:

(i) Df is jointly convex⇔ ψ ′′(x) ≥ (
ψ ′(x)

)2
, for all x > 0.

(ii) Df is separately convex⇔ 0 ≥ ψ ′(x) ≥ −1/x, for all x > 0.
(iii) f ′′ is log-convex⇔ ψ ′′(x) ≥ 0, for all x > 0.
(iv) f ′′ is convex⇔ ψ ′′(x) ≥ −(ψ ′(x))2, for all x > 0.

(h) (Boltzmann–Shannon entropy) Let f (t) := t log t − t on (0,∞). Show Df is
jointly convex, but Df ∗ is not separately convex.

(i) (Burg entropy) Let f (t) := − log t on (0,∞). Show that Df is not separately
convex, but f ′′ is log convex.

(k) (Energy) Let f (t) := t2/2 on R. Show that Df (x, y) = |x − y|2/2 recovers the
usual distance (squared).

Hint. For (a), use the Hessian characterization of twice differentiable convex func-
tions, along with Exercise 2.2.4. For (b), observe the second derivative of y 
→
Df (x, y) is h(y) + h′(y)(y − x). For (e), use (b) and let x → ±∞ to conclude
f ′′′(x) = 0 for all x ∈ R. For (f), use (b). For (g), use (a) for (i), use (f) for (ii), and use
basic properties of convex and log-convex functions for (iii) and (iv). Use appropriate
parts of (g) to show (h) and (i). For more details on the proof and for further results
see [34].

2.3.30 (Joint and separate convexity on E [34]).�� Let U be a convex nonempty open
subset of E, and let f ∈ C3(U ) with f ′′ positive definite on U . Then f is strictly
convex, and we let H = ∇2f be the Hessian of f . Recall that the real symmetric
matrices can be partially ordered by the Loewner ordering

H1 � H2 if and only if H1 − H2 is positive semidefinite

and form a Euclidean space with the inner product 〈H1, H2〉 := tr(H1H2). For more
information see [261, Section 7.7] and [303, Section 16.E]. Observe that the Bregman
distance associated with the Euclidean norm 1/2‖·‖2

2 is (x, y) 
→ 1/2‖x−y‖2
2. Extend

the definitions of Df , separately convex and jointly convex given Exercise 2.3.29 to
E and show that:

(a) Df is jointly convex if and only if

H (y)+ (∇H (y)
)
(y − x) � H (y)H−1(x)H (y), for all x, y ∈ U . (J)
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(b) Df is separately convex if and only if

H (y)+ (∇H (y)
)
(y − x) � 0, for all x, y ∈ U . (S)

(c) Show that the following are equivalent:

(i) Df is jointly convex.
(ii) ∇H−1(y)(x − y) � H−1(x)− H−1(y), for all x, y ∈ U .
(iii) H−1 is (matrix) concave, i.e.

H−1(λx + µy) � λH−1(x)+ µH−1(y),

for all x, y ∈ U and λ,µ ∈ [0, 1] with λ+ µ = 1.
(iv) x 
→ 〈P, H−1(x)〉 is concave, for every P � 0.

Hint. (a) The Hessian of the function U × U → [0,+∞) : (x, y) 
→ Df (x, y) is the
block matrix

∇2Df (x, y) =
(

H (x) −H (y)
−H (y) H (y)+ (∇H (y)

)
(y − x)

)
.

Using standard criteria for positive semidefiniteness of block matrices (see [261,
Section 7.7]) and remembering that H is positive definite, we obtain that ∇2Df (x, y)
is positive semidefinite for all x, y if and only if (J) holds.

(b) For fixed x ∈ U , similarly discuss positive semidefiniteness of the Hessian of
the map y 
→ Df (x, y).

(c) Consider the mapping U → RN×N : y 
→ H (y)H−1(y). It is constant,
namely the identity matrix. Take the derivative with respect to y. Using an appro-
priate product rule (see, for instance, [185]) yields 0 = H (y)

((∇H−1(y)
)
(z)
) +((∇H (y)

)
(z)
)
H−1(y), for every z ∈ RN . In particular, after setting z = x − y,

multiplying by H−1(y) from the left, and rearranging, we obtain

H−1(y)
((∇H (y)

)
(y − x)

)
H−1(y) = (∇H−1(y)

)
(x − y).

(i)⇔(ii): The equivalence follows readily from the last displayed equation and (a).
(ii)⇔(iii): The proof of [366, Theorem 42.A] works without change in the present

positive semidefinite setting.

Figure 2.10 The NMR entropy and its conjugate.
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(iii)⇔(iv): is clear, since the cone of positive semidefinite matrices is
self-dual.

2.3.31 (NMR entropy).† Let z = (x, y) and let |z| denote the Euclidean norm. Show

that z 
→ cosh(|z|) and z 
→ |z| log
(
|z| +√

1+ |z|2
)
− √

1+ |z|2 are mutually

conjugate convex function on R2 (or C). They are shown in Figure 2.10. The latter
is the building block of the Hoch–Stern information function introduced for entropy-
based magnetic resonancing [102].
2.3.32 (Symbolic convex analysis).† It is possible to perform a significant amount
of convex analysis in a computer algebra system – both in one and several
dimensions. Some of the underlying ideas are discussed in [87]. The computa-
tion of f5 := x 
→ |x| − 2

√
1− x in Chris Hamilton’s Maple package SCAT

(http://flame.cs.dal.ca/∼chamilto/files/scat.mpl) is shown in
Figure 2.11. Figure 2.12 and Figure 2.13 illustrate computing sdf 5 = ∂f5 and
g5 = f ∗5 respectively. Note the need to deal carefully with piecewise smooth func-
tions. Figure 2.13 also confirms the convexity of f5. The plots of f5 and ∂f5 are shown
in Figure 2.14.

Figure 2.11 Symbolic convex analysis of f5.

Figure 2.12 Symbolic convex analysis of ∂f5.
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Figure 2.13 Symbolic convex analysis of g5 = f ∗5 .

Figure 2.14 Plots f5 and ∂f5.

2.4 Further applications of conjugacy

We start with some accessible but important further geometric and functional analytic
corollaries to the foundational results of the previous section.

Corollary 2.4.1 (Sandwich theorem). Let f : E → (−∞,+∞] and g : Y →
(−∞,+∞] be convex, and let A : E → Y be linear. Suppose f ≥ −g ◦ A and
0 ∈ core(dom g − A dom f ) (or A dom f ∩ cont g �= ∅). Then there is an affine
function α : E → R of the form α(x) = 〈A∗φ, x〉 + r satisfying f ≥ α ≥ −g ◦ A.
Moreover, for any x̄ satisfying f (x̄) = −g ◦ A(x̄), we have −φ ∈ ∂g(Ax̄).

Proof. See Exercise 2.4.1 for two suggested proofs.

The sandwich theorem makes a very satisfactory alternative starting point rather
than a corollary. Figure 2.15 illustrates the failure of the sandwich theorem in the
absence of the constraint qualification.

Corollary 2.4.2 (Separation theorem). Suppose C1, C2 ⊂ E are convex sets such
that C1 has nonempty interior and int C1 ∩ C2 = ∅. Then there exists φ ∈ E \ {0}
such that 〈φ, x〉 ≤ 〈φ, y〉 for all x ∈ C1 and all y ∈ C2.
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Figure 2.15 Failure of Fenchel duality for
√

x and −√−x.

Proof. By translation we may without loss of generality assume 0 ∈ int C1. Let
f := γC1 be the gauge of C1 and let g := γC2 − 1. Then f is continuous because
0 ∈ int C1 (Exercise 2.1.13). According to the sandwich theorem (2.4.1) there exist
an affine function α, (say α = φ+ k where φ ∈ E and k ∈ R) such that f ≥ α ≥ −g.
Thus φ(x) + k ≤ 1 for all x ∈ C1, and φ(x) + k ≥ 1 for all x ∈ C2, moreover
k = φ(0)+ k ≤ γC1(0) = 0, and so φ is not the 0 functional.

Corollary 2.4.3 (Supporting hyperplane). Suppose that C ⊂ E is a convex set
with nonempty interior and that x̄ ∈ bdry C. Then there exists φ ∈ E such that
〈φ, x〉 ≤ 〈φ, x̄〉 for all x ∈ C (the set {x ∈ E : 〈φ, x〉 = 〈φ, x̄〉} is called a supporting
hyperplane).

Proof. This follows directly by applying the separation theorem (2.4.2) to C1 := C
and C2 := {x̄}.
Theorem 2.4.4 (Fenchel biconjugation). For any function f : E → (−∞,+∞], the
following are equivalent.

(a) f is closed and convex.
(b) f = f ∗∗.
(c) For all points x in E,

f (x) = sup{α(x) : α is an affine minorant of f }.
Hence the conjugation operation induces an order-inverting bijection between proper
closed convex functions.

Proof. (a)⇒ (c): Let x̄ ∈ dom f and fix t̄ < f (x̄). Because f is lsc we choose r > 0
so that f (x) > t̄ whenever ‖x − x̄‖ ≤ r. Then apply the sandwich theorem (2.4.1)
to f and g := −δBr(x̄) + t̄ to conclude f has an affine minorant, say α0. It suffices
to show the result for h := f − α0. Suppose x̄ ∈ X and h(x̄) > t̄. Choose δ > 0 so
that h(x) > t̄ for ‖x − x̄‖ ≤ δ. Then choose M > 0 so large that t̄ −Mδ < 0 and let
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g := t̄−M‖ ·−x̄‖. The definition of g along with the fact h ≥ 0 implies g ≤ h. Thus
one can apply the sandwich theorem (2.4.1) to h and g to obtain an affine minorant α
of h so that α(x̄) > t̄ as desired.

(c)⇒(b): Because f ∗∗ ≤ f , it suffices to show f ∗∗ ≥ α for any affine minorant α
of f . Indeed, write α := y+ k for some y ∈ E and k ∈ R. Then α∗ = δ{y} − k and so
α∗∗ = α. Then α ≤ f implies α∗ ≥ f ∗ implies α∗∗ ≤ f ∗∗, and so α ≤ f ∗∗ as desired.

(b)⇒ (a): This follows because f ∗∗ is closed.

Conditions on finite-dimensional separation theorems can be relaxed using the
notion of relative interior introduced below. First, a set L in E is said to be affine if the
entire line through any distinct points x and y in L lies in L; algebraically this means
λx + (1− λ)y ∈ L for any real λ. The affine hull of a set D, denoted by aff D is the
smallest affine set containing D. An affine combination of points x1, x2, . . . , xm is a
point of the form

∑m
i=1 λixi for real numbers λi summing to one.

Lemma 2.4.5. Let D be a nonempty subset of E. For each point x ∈ D, aff D =
x + span(D − x), and consequently the linear subspace span(D − x) is independent
of the choice of x ∈ D.

Proof. Let x ∈ D; then v ∈ x + span(D − x) implies

v = x +
k∑

i=1

ai(di − x) =
(

1−
k∑

i=1

ai

)
x +

k∑
i=1

aidi

=
k∑

i=0

λidi where λ0 = 1−
k∑

i=1

ai, λi = ai, d0 = x and so
k∑

i=0

λi = 1,

this shows x + span(D − x) ⊂ aff D. Reversing the steps above shows the reverse
inclusion.

Because y + span(D − y) = aff D = x + span(D − x) for any x, y ∈ D, it is
another elementary exercise to show that span(D − x) is independent of the choice
of x ∈ D.

The relative interior of a convex set C in E denoted ri C is its interior relative to its
affine hull. In other words, x ∈ ri C if there exists δ > 0 so that (x+δBE)∩ aff C ⊂ C.
The utility of the relative interior is in part that it depends only on the convex set and
not on the space in which it lives: a disc drawn on the blackboard has the same
relative interior when viewed in three dimensions. Although there are analogs in
infinite dimensions, the relative interior is primarily of use in Euclidean space.

Theorem 2.4.6. Suppose dim E > {0} � C, 0 ∈ C and aff C = Y and C is a
convex set. Then Y is a subspace of E and C contains a basis {y1, y2, . . . , ym} of Y
and has nonempty interior relative to Y . In particular, any nonempty convex set in E
has nonempty relative interior.

Proof. Because 0 ∈ C, it follows from Lemma 2.4.5 that Y is a subspace of E. Because
C contains a minimal spanning set for Y , C contains a basis, say y1, y2, . . . , ym of Y .
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Then U = {y ∈ Y : y =∑m
i=1 λiyi, 0 < λi < 1/m} is open in Y . Moreover, U ⊂ C

and is nonempty because (1−∑m
i=1 λi)0+∑m

i=1 λiyi ∈ C whenever 0 < λi < 1/m.
The ‘in particular’ statement follows from a standard translation argument.

Further facts related to relative interior or affine sets can be found in Exercises 2.4.4
and 2.4.5. One of the useful consequences of relative interior is that it allows us to
relax interiority conditions in certain Euclidean space results, two examples of this
are as follows.

Theorem 2.4.7 (Separation theorem). Suppose C1, C2 ⊂ E are convex and ri C1 ∩
C2 = ∅. Then there exists φ ∈ E \ {0} such that 〈φ, x〉 ≤ 〈φ, y〉 for all x ∈ C1 and all
y ∈ C2.

Proof. Let C = C1−C2 and let Y = aff C. It suffices to show there is a nontrivialφ ∈
E that separates C from 0. Suppose 0 �∈ Y . Then by elementary linear algebra, or by the
separation theorem (2.4.2), there is a φ ∈ E \ {0} that separates 0 from Y , and hence
separates C from 0. In the case 0 ∈ Y , we may apply the separation theorem (2.4.2)
to 0 and C in Y , and then extend the separating functional to all of E.

Theorem 2.4.8 (Nonempty subdifferential). Suppose f : E → (−∞,+∞] is a
proper convex function. Then ∂f (x) �= ∅ whenever x ∈ ri(dom f ).

Proof. See Exercise 2.4.6.

A pretty application of the Fenchel duality circle of ideas is the calculation of polar
cones. The (negative) polar cone of the set K ⊂ E is the convex cone

K− := {φ ∈ E : 〈φ, x〉 ≤ 0 for all x ∈ K}.
Analogously, K+ := {φ ∈ E : 〈φ, x〉 ≥ 0, for all x ∈ K} is the (positive) polar cone.
The cone K−− = (K−)− is called the bipolar. A particularly important example of
the polar cone is the normal cone to a convex set C ⊂ E at a point x in C which we
recall is defined by NC(x) := ∂δC(x); indeed one can check NC(x) = (C − x)−.

We use the following two examples extensively.

Proposition 2.4.9 (Self-dual cones). Let Sn+ denote the set of positive semidefinite n
by n matrices viewed as a subset of the n× n symmetric matrices, and let Rn+ denote
the positive orthant in Rn. Then

(Rn+)− = −Rn+ and (Sn+)− = −Sn+.

Proof. See Exercise 2.4.22.

The next result shows how the calculus rules above can be used to derive geometric
consequences.

Corollary 2.4.10 (Krein–Rutman polar cone calculus). Let E and Y be Euclidean
spaces. Any cones H ⊂ Y and K ⊂ E and linear map A : E → Y satisfy

(K ∩ A−1H )− ⊃ A∗H− + K−.
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Equality holds if H and K are convex and satisfy H − AK = Y (or in particular
AK ∩ int H �= ∅).

Proof. Rephrasing the definition of the polar cone shows that for any cone K ⊂ E,
the polar cone K− is just ∂δK (0). The result now follows from the subdifferential
sum rule (2.3.5).

The polarity operation arises naturally from Fenchel conjugation, since for any
cone K ⊂ E we have δK− = δ∗K , whence δK−− = δ∗∗K . The next result, which is
an elementary application of the basic separation theorem (2.1.21), will allow one to
identify K−− as the closed convex cone generated by K .

Theorem 2.4.11 (Bipolar cone). The bipolar cone of any nonempty set K ⊂ E is
given by K−− = cl(conv(R+K)).

Proof. See Exercise 2.4.23.

From this, one can deduce that the normal cone NC(x) to a convex set C at a point
x in C, and the tangent cone to C at x defined by TC(x) = cl R+(C − x), are polars
of each other. The next result characterizes pointed cones (i.e. those closed convex
cones K satisfying K ∩ −K = {0}).
Theorem 2.4.12 (Pointed cones). If K ⊂ E is a closed convex cone, then K is pointed
if and only if there is an element y of E for which the set

C := {x ∈ K : 〈x, y〉 = 1}

is compact and generates K (that is, K = R+C).

Proof. See Exercise 2.4.27.

Exercises and further results

2.4.1. This exercise looks at the interrelationships between various results presented
so far.

(a) Proofs for the Hahn–Banach/Fenchel duality circle of ideas.

(i) Prove the sandwich theorem (2.4.1) using the max formula (2.1.19).
(ii) Use the Fenchel duality theorem (2.3.4) to prove the sandwich

theorem (2.4.1).
(iii) Use the sandwich theorem (2.4.1) to prove the subdifferential sum

rule (2.3.6).
(iv) Use the sandwich theorem (2.4.1) to prove Hahn–Banach extension

theorem (2.1.18).

(b) Find a sequence of proofs to show that each of (i) through (iv) is equivalent (in
the strong sense that they are easily inter-derivable) to the nonemptyness of the
subgradient at a point of continuity as ensured by Corollary 2.1.20.
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Hint. (a) For (i), define h as in the proof of the Fenchel duality theorem (2.3.4), and
proceed as in the last paragraph of the proof of Theorem 4.1.18.

For (ii), with notation as in the Fenchel duality theorem (2.3.4) observe p ≥ 0
because f (x) ≥ −g(Ax), and then the Fenchel duality theorem (2.3.4) says d = p
and because the supremum in d is attained, deduce that there exist φ ∈ Y such that

0 ≤ p ≤ [ f (x)− 〈φ, Ax〉] + [g(y)+ 〈φ, y〉].

Then for any z ∈ E, setting y = Az, in the previous inequality, we obtain

a := inf
x∈E
[ f (x)− 〈A∗φ, x〉] ≥ b := sup

z∈E
[−g(Az)− 〈A∗φ, z〉].

Now choose r ∈ [a, b] and let α(x) = 〈A∗y∗, x〉 + r.
For (iii), see the proof Theorem 4.1.19, while (iv) is straightforward.

2.4.2 (A limiting sandwich example from [297]). Let f and g be defined by

f (u, v) :=
{

1−√uv, if u, v ≥ 0;
∞, otherwise

and

g(u, v) :=
{

1−√−uv, if −u, v ≥ 0;
∞, otherwise.

Show that although inf R2 (f + g) is strictly positive there is no affine separator m
with f ≥ m ≥ −g.
2.4.3 (Accessibility lemma).� Suppose C is a convex set in E.

(a) Prove cl C ⊂ C + εBE for any ε > 0.
(b) For sets D and F in E with D open, prove D + F is open.
(c) For x ∈ int C and 0 < λ ≤ 1, prove λx + (1 − λ) cl C ⊂ C. Deduce λ int C +

(1− λ) cl C ⊂ int C.
(d) Deduce int C is convex.
(e) Deduce further that if int C is nonempty, then cl(int C) = cl C. Is convexity

necessary?

2.4.4 (Affine sets).� Establish the following facts for affine sets.

(a) Prove the intersection of an arbitrary collection of affine sets is affine.
(b) Prove that a set is affine if and only if it is a translate of a linear subspace.
(c) Prove aff D is the set of all affine combinations of elements in D.
(d) Prove cl D ⊂ aff D and deduce aff D = aff (cl D).

2.4.5 (The relative interior).� Let C be a convex subset of E.

(a) Find convex sets C1 ⊂ C2 with ri C1 �⊂ ri C2.
(b) Prove that for 0 < λ ≤ 1, one has λ ri C + (1− λ) cl C ⊂ ri C, and hence ri C is

convex with cl(ri C) = cl C.
(c) Prove that for a point x ∈ C, the following are equivalent.
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(i) x ∈ ri C.
(ii) For any y ∈ C, there exists ε > 0 with x + ε(x − y) ∈ C.
(iii) The set {λ(c − x) : λ ≥ 0, c ∈ C} is a linear subspace.

(d) If F is another Euclidean space and the map T : E → F is linear, then ri TC ⊃
T (ri C).

For more extensive information on relative interior and its applications, including
to separation theorems, see [369].
2.4.6.� Prove Theorem 2.4.8.

Hint. Assume 0 ∈ dom f , and let Y = span(dom f ). For x ∈ ri(dom f ), show that
∂f |Y (x) �= ∅, and use the fact Y is complemented in E to deduce the conclusion.

2.4.7 (Subdifferentials near boundary points).� Suppose f : E → (−∞,+∞] is
a closed proper convex function, and x0 ∈ dom f . Show that if ∂f (x0) = ∅, then
there exist xn → x0 and φn ∈ ∂f (xn) such that ‖φn‖ → ∞. Conclude that ∂f is not
bounded on any neighborhood of a boundary point of dom f . This phenomenon is
studied in detail in Chapter 7.

Hint. First, there exists a sequence (xn) ⊂ ri(dom f ) converging to x0, and hence
by Theorem 2.4.8 there exist φn ∈ ∂f (xn). If a subsequence of (φn) were bounded,
then it would have a convergent subsequence with limit φ. Show that φ ∈ ∂f (x0)

which is a contradiction. Combining this with the result of Exercise 2.2.23 provides
the conclusion.

2.4.8.� Show that if f : E → (−∞,+∞] is a proper convex function, then cl f is a
proper convex function.

Hint. For properness use Theorem 2.4.8.

2.4.9. Let C be the convex hull of the circle {(x, y, z) : x2 + y2 = 1, z = 0} and the
line segment {(1, 0, z) : − 1 ≤ z ≤ 1} in R3. Deduce that C is closed but its set of
extreme points is not closed. See Figure 2.16 for a sketch of this set.
2.4.10 (Theorems of the alternative). (a) (Gordan [237]) Let x0, x1, . . . , xm ∈ E.

Show that exactly one of the following systems has a solution.

m∑
i=1

λixi = 0,
m∑

i=0

λi = 1, λ0, . . . , λm ∈ [0,∞) (2.4.12)

〈xi, x〉 < 0 for 0, 1, . . . , m, and x ∈ E. (2.4.13)

(b) (Farkas [209]) Let x1, x2, . . . , xm and c be in E. Show that exactly one of the
following has a solution.

m∑
i=1

µixi = c, µ1,µ2, . . . ,µm ∈ [0,∞) (2.4.14)

〈xi, x〉 ≤ 0 for i = 1, 2, . . . , m, 〈c, x〉 > 0, x ∈ E. (2.4.15)

Hint. For (a), if (2.4.12) has a solution, then clearly (2.4.13) does not. Let C = {x ∈
E :

∑m
i=0 λixi = x, λi ≥ 0,

∑
λi = 1}. If 0 ∈ C, then (2.4.12) has a solution; if not,



2.4 Further applications of conjugacy 71

Figure 2.16 A convex set whose extreme (or exposed) points are not closed.

use the basic separation theorem (2.1.21) to find x ∈ E so that supC x < 〈x, 0〉 = 0,
and conclude (2.4.13) has a solution.

(b) This can also be shown using the basic separation theorem (2.1.21) and the
fact that finitely generated cones are closed by Exercise 2.4.11. An alternative ana-
lytic approach to both (a) and (b) was given by Hiriart-Urruty [254]; see also [95,
Section 2.2].

We turn to the proofs of several foundational results discussed in the first chapter.
2.4.11 (Carathéodory’s theorem).� Suppose {ai : i ∈ I} is a finite set of points in E.
For any subset J of I , define the cone

CJ :=
{∑

i∈J

µiai : µi ∈ [0,∞), i ∈ J

}
.

(a) Prove the cone CI is the union of those cones CJ for which the set {aj : j ∈ J }
is linearly independent. Furthermore, prove directly that any such cone CJ is
closed.

(b) Deduce that any finitely generated cone is closed.
(c) If the point x lies in conv{ai : i ∈ I} prove that in fact there is a subset J ⊂ I of

size at most 1+ dim E such that x ∈ conv{ai : i ∈ J }.
(d) Use part (c) to prove that the convex hull of a compact subset of E is compact.

2.4.12.� Prove Radon’s theorem (1.2.3).

Hint. First, find real numbers {ai}n+2
i=1 not all 0 so that

n+2∑
i=1

aixi = 0 and
n+2∑
i=1

ai = 0. (2.4.16)
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Indeed, the collection {xi− x1}n+2
i=2 is linearly dependent in Rn, hence find {ai}n+2

i=2 not
all 0 so that

∑n+2
i=2 ai(xi−x1) = 0, and set a1 = −∑n+2

i=2 ai. Then let I1 = {i : ai > 0}
and I2 = {i : ai ≤ 0}, and let C1 and C2 be as in the statement of the theorem. Let
a =∑

i∈I1 ai and let x̄ =∑
i∈I1

ai
a xi. Then x̄ ∈ C1, and it follows from (2.4.16) that

x̄ =∑
i∈I2 − ai

a xi and
∑

i∈I2 − ai
a = 1, and so x̄ ∈ C2.

2.4.13.� Prove Helly’s theorem (1.2.4).

Hint. First show the case when I is finite (in this case we need not assume the sets Ci

are closed and bounded). If |I | = n + 1, the result is trivial, so suppose |I | = n + 2
and we have sets C1, C2, . . . , Cn+2 so that every subcollection of n + 1 sets has
nonempty intersection. Choose x̄i ∈ ⋂j∈I ,j �=i Cj . If x̄j1 = x̄j2 for some j1 �= j2, then
x̄j1 ∈

⋂
i∈I Ci. If the x̄′is are all distinct use Radon’s theorem (1.2.3) to get a point in

the intersection.
Now suppose |I | = k > n + 2, and the assertion is true whenever |I | ≤ k − 1

the above argument shows every subcollection of n + 2 sets will have nonempty
intersection. Replace C1 and C2 with C1 ∩ C2. Then every collection of n + 1 sets
will have nonempty intersection, and use the induction hypothesis.

For an infinite collection of sets, use the finite intersection property for
compact sets.

Note. Helly’s theorem is valid for much weaker assumptions on the closed convex
sets Ci; in fact the conclusion remains valid if the Ci have no common direction of
recession; see [369, p. 191ff] for this and more.
2.4.14 (Kirchberger’s theorem). Let A and B be finite sets in a Euclidean space
of dimension n. Use Helly’s theorem (1.2.4) to show that if for every finite subset
F ⊆ A ∪ B with cardinality not exceeding n + 2 the sets F ∩ A and F ∩ B can be
strictly separated, then A and B can be strictly separated.
2.4.15 (Shapley–Folkman theorem).� Suppose {Si}i∈I is a finite collection of
nonempty sets in Rn, and let S := ∑

i∈I Si. Then every element x ∈ conv S can
be written as x = ∑

i∈I xi where xi ∈ conv Si for each i ∈ I and, moreover, xi ∈ Si

for all except at most n indices.

Hint. As in [448] consider writing the convexity conditions for x as positivity
requirements in Rm+n where m is the cardinality of I .

We now return to the Aumann convexity theorem also highlighted in Chapter 1.
2.4.16 (Aumann convexity theorem (weak form)).� If E is finite-dimensional and µ
is a nonatomic probability measure then∫

T

 = conv

∫
T

.

Hint. (a) Recall that a measure is nonatomic if every set of strictly positive measurable
measure contains a subset of strictly smaller positive measure. First establish that
every nonatomic probability measureµ satisfies the following Darboux property: for
each measurable set of A with µ(A) > 0 and each 0 < α < 1 there is a measurable
subset B ⊂ A with µ(B) = αµ(A).
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(b) Now suppose x1 = ∫
T f1(t) dµ and x2 = ∫

T f2(t) dµ. Then fix x on the
line segment between these two points. Consider 
 := { f1, f2} and observe that
x ∈ conv

∫
T 
(t) dµ. Use part (a) to partition T into 2n subsets {Ai} each of mea-

sure µ(T )/(2n). Then write x ∈ conv
∑2n

i=1

∫
Ai

, and apply the Shapley–Folkman

theorem to write x ∈∑i �∈I

∫
Ai

+ conv

∑
i∈I

∫
Ai

, for some subset I with exactly

n members. Hence

x ∈
∫

S1


+ conv
∑
i∈I

∫
T\S1


,

with µ(S1) = µ(T )/2.
(c) Repeat this argument inductively for each m = 1, 2, . . . to obtain xi ∈

∫
Si

, and

rm ∈ conv
∫

T\⋃m
i=1 Si


 with µ(Si) = µ(T )/2i for 1 ≤ i ≤ m and

x =
m∑

i=1

xi + rm.

Now take limits, observing that µ{T \⋃m
i=1 Si} →m 0, to conclude that x ∈ ∫

T 
.

2.4.17. Suppose (T ,�,µ) is a probability space while E is finite-dimensional and

 : T → E is measurable with closed nonempty images. Show that

∫
T 
(t) dµ is

nonempty if and only if σ(t) := inf ‖
(t)‖ is integrable.
2.4.18. Suppose (T ,�,µ) is a nonatomic probability space while E is finite-
dimensional and 
 : T → E is measurable with closed nonempty images. Show that

conv
∫

T

(t) dµ �=

∫
T

conv
(t) dµ

is possible.
2.4.19 (Primal solutions from dual solutions). Suppose the conditions for the Fenchel
duality theorem (2.3.4) hold, and additionally that the functions f and g are lsc.

(a) Prove that if a point φ̄ ∈ Y is an optimal dual solution then the point x̄ ∈ E
is optimal for the primal problem if and only if it satisfies the two conditions
x̄ ∈ ∂f ∗(A∗φ̄) and Ax̄ ∈ ∂g∗(−φ̄).

(b) Deduce that if f ∗ is differentiable at the point A∗φ̄ then the only possible primal
optimal solution is x̄ = ∇f ∗(A∗φ̄).

(c) Interpret this in the context of linear programming as say in (3.3.1).

2.4.20 (Pshenichnii–Rockafellar conditions [357]).� Suppose the convex set C in E
satisfies the condition C ∩ cont f �= ∅ (or the condition int C ∩ dom f �= ∅), where f
is convex and bounded below on C. Use the sandwich theorem (2.4.1) to prove there
is an affine function α ≤ f with inf C f = inf C α. Deduce that a point x̄ minimizes f
on C if and only if it satisfies 0 ∈ ∂f (x̄)+ NC(x̄).

Apply this to the following two cases:

(a) C a single point {x0} ⊂ E;
(b) C a polyhedron {x : Ax ≤ b}, where b ∈ Rn and A : E → Rn is linear.
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2.4.21 (von Neumann’s minimax theorem). Suppose Y is a Euclidean space. Suppose
that the sets C ⊂ E and D ⊂ Y are nonempty and convex with D closed and that the
map A : E → Y is linear.

(a) By considering the Fenchel problem

inf
x∈E
{δC(x)+ δ∗D(Ax)}

prove inf
x∈C

sup
y∈D
〈y, Ax〉 = max

y∈D
inf
x∈C
〈y, Ax〉, where the max is attained if finite under

the assumption

0 ∈ core(dom δ∗D − AC). (2.4.17)

(b) Prove property (2.4.17) holds in either of the two cases

(i) D is bounded, or
(ii) A is surjective and 0 ∈ int C (you may use the open mapping theorem

(Exercise 2.1.16)).

(c) Suppose both C and D are compact. Prove

min
x∈C

max
y∈D

〈y, Ax〉 = max
y∈D

min
x∈C
〈y, Ax〉.

2.4.22 (Self-dual cones).� Prove Proposition 2.4.9.

Hint. Recall that 〈X , Y 〉 := tr(XY ) defines an inner product on the space of n by n
symmetric matrices. This space will be used extensively in Section 3.2. See also [95]
for further information.

2.4.23.� Use the basic separation theorem (2.1.21) to prove Theorem 2.4.11.
2.4.24.� Suppose C ⊂ E is closed and convex, and that D ⊂ E is compact and
convex. Show that the sets D − C and D + C are closed and convex.
2.4.25 (Sums of closed cones).�

(a) Prove that any cones H , K ⊂ E satisfy (H + K)− = H− ∩ K−.
(b) Deduce that if H and K are closed convex cones then they satisfy (H ∩ K)− =

cl(H− + K−), and prove that the closure can be omitted under the condition
K ∩ int H �= ∅.

In R3 define the sets

H := {x : x2
1 + x2

2 ≤ x2
3, x3 ≤ 0}, and

K := {x : x2 = −x3}.

(c) Prove that H and K are closed convex cones.
(d) Calculate the polar cones H−, K−, and (H ∩ K)−.
(e) Prove (1, 1, 1) ∈ (H ∩K)− \ (H− +K−), and deduce that the sum of two closed

convex cones is not necessarily closed.
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2.4.26 (Pointed cones and bases).� Consider a closed convex cone K in E. A base for
K is a convex set C with 0 �∈ cl C and K = R+C. Using Exercise 2.4.25, prove the
following are equivalent.

(a) K is pointed.
(b) cl(K− − K−) = E.
(c) K− − K− = E.
(d) K− has nonempty interior.
(e) There exists a vector y ∈ E a real ε > 0 with 〈y, x〉 ≥ ε‖x‖ for all x ∈ K .
(f) K has a bounded base.

Hint. Use Exercise 2.4.25 to show the cycle of implications (a) ⇒ (b) ⇒ (c) ⇒ (d)
⇒ (e)⇒ (f)⇒ (a).

2.4.27.� With the help of Exercise 2.4.26, prove the Theorem 2.4.12.
2.4.28 (Cone convex functions). A function F : A ⊂ E → Y is said to be convex
with respect to a convex cone S (S-convex) if

tF(x)+ (1− t)F(y)− F(tx + (1− t)y) ∈ S

for each x, y in A and 0 < t < 1. We write x ≥ y or x ≥ Sy when x − y ∈ S. Show
the following.

(a) Every function is Y -convex and every affine function is 0-convex.
(b) When S is closed then F is S-convex if and only if s+F is convex on A for each

s+ in S+.
(c) Suppose S has a closed bounded base and A is open. Then F is Fréchet (resp.

Gâteaux) differentiable at a ∈ A if and only if s+F is Fréchet (resp. Gâteaux)
differentiable at a ∈ A for some s+ in the norm-interior of S+.

(d) Suppose f : E ×
→ R is convex in x ∈ E and continuous for t ∈ 
 a compact
topological space. Then the formula Ff (x)(t) := f (x, t) induces a convex operator
Ff : E → C(
) in the pointwise-order. This construction has many variations
and applications, as it allows one to study parameterized convex functions as a
single operator.

2.4.29 (Composition of convex functions). The composition result of Lemma 2.1.8
has many extensions. Suppose that the set C ⊂ E is convex and that the func-
tions f1, f2, . . . , fn : C → R are convex, and define a function f : C → Rn

with components fi. Suppose further that D ⊃ f (C) is convex and that the func-
tion g : D → (−∞,+∞] is convex and isotone: any points y ≤ z in D satisfy
g(y) ≤ g(z). Prove that the composition g ◦ f is convex. Generalize this result to the
composition of a convex and S-isotone function with a S-convex function.
2.4.30. Let W be the Lambert W function; that is, the inverse of x 
→ x exp(x), which
is concave with real domain of (−1/e,∞). A remarkable application of the Lambert
function to divergence estimates is given in [228].

(a) Show that the conjugate of

x 
→ x2

2
+ x log x
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is

y 
→ W
(
ey)+ W2 (ey)

2
.

(b) Show that the conjugate of (r, s) 
→ r2es2
with |s| ≤ 1/

√
2, r ∈ R is

(x, y) 
→ |y|√
2

1−W
(−8y2/x4

)√
−W

(−8y2/x4
) ,

where implicitly y2 ≤ ex4.

2.4.31 (Conjugates of compositions). Consider the composition g ◦ f of a nonde-
creasing convex function g : R → (−∞,+∞] with a convex function f : E →
(−∞,+∞]. Assume there is a point x̂ in E satisfying f (x̂) ∈ int(dom g). Use the
Lagrangian duality (Exercise 2.3.10) to prove the formula, for φ in E,

(g ◦ f )∗(φ) = inf
t∈R+

{
g∗(t)+ tf ∗

(φ
t

)}
,

where we interpret g(+∞) = +∞ and

0f ∗
(φ

0

)
= δ∗domf (φ).

Specialize this result to exp ◦f and then to exp ◦ exp.

Hint. It helps to express the final conjugate in terms of the Lambert W function defined
in Exercise 2.4.30.

2.4.32 (Hahn–Banach theorem in ordered spaces).�� The Hahn–Banach theorem in
extension form has an extension to the case when the mappings take range in an
ordered vector space and convexity is in the sense of Exercise 2.4.28. Show that the
following are equivalent.

(a) Let a linear space X and a subspace Z ⊂ X be given, along with a cone sublinear
operator p : X → Y (i.e. convex and positively homogeneous) and a linear
operator T : Z → Y such that Tz ≤S p(z) for all z ∈ Z . Then there exists a linear
operator T such that TZ = T and Tx ≤ p(x) for all x ∈ X .

(b) Suppose f , g are S-convex functions which take values in Y ∪ {∞} and that
f ≥S −g. while one of f and g is continuous at a point at which the other is
finite. Then there is a linear operator T : X → Y and a vector b ∈ y such that
f (x) ≥S Tx + b ≥ −g(x) for all x ∈ X .

(c) (Y , S) is an order complete vector space.

Hint. For (c) implies (b) implies (a) imitate the real case as in [62]. To see that (a)
implies (c) we refer the reader to Exercise 4.1.52 and [64].
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2.4.33 (Subgradients in ordered spaces).��

(a) Show that a cone-convex function has a nonempty subgradient at any point of
continuity as soon as the order cone has the monotone net property (MNP): every
order-increasing net with an upper bound has a supremum.

(b) Show in finite dimensions that the MNP holds if it holds for sequences and hence
for every closed pointed convex cone; but that any order complete generating cone
induces a lattice order. Hence, subgradients exist for orders like the semidefinite
matrices (the Loewner ordering) which are far from order complete.

Hint. To show existence of subgradients, mimic the proof we gave in the scalar case.

2.5 Differentiability in measure and category

We begin with a classical result which is a special easy case of Rademacher’s theorem
given later in this section as Theorem 2.5.4.

Theorem 2.5.1. Suppose f : U → R is a convex function where U is an open
convex subset of Rn. Then f is differentiable almost everywhere on U with respect to
Lebesgue measure on Rn.

Proof. Let {ek}nk=1 represent the standard basis of Rn. Then since f is convex and
continuous on U , the one-sided derivative exists, see Proposition 2.1.17. Since

f ′(x; ek) = lim
m→∞

f (x + ek/m)− f (x)

1/m
for each k ,

it follows that f ′(x; ek) is a Borel measurable function as a pointwise limit of
continuous functions. Similarly, f ′(x;−ek) is Borel measurable. Hence Ek =
{x : f ′(x; ek)+ f ′(x;−ek) > 0} is measurable, and moreover, x ∈ Ek if and only if
∂
∂xk

f (x) does not exist. Now consider Ek ,m = Ek ∩mBE where m ∈ N. Then denoting
the Lebesgue measure by µ and using Fubini’s theorem

µ(Ek ,m) =
∫

Rn
χEk ,m dµ

=
∫

R

. . .

(∫
R

χEk ,m dxk

)
dx1 · · · dxk−1 dxk+1 · · · dxn = 0

because the inner integral is 0 since f is convex as a function of xk (and thus
differentiable except possibly a countable set of points by Theorem 2.1.2). Then
Ek = ⋃∞

m=1 Ek ,m is a null set because it is a countable union of null sets. Thus
the partial derivatives of f exist, except possibly on a null subset of U , and so by
Theorem 2.2.1, f is differentiable almost everywhere on U .

Corollary 2.5.2. Suppose f : U → R is convex where U is an open convex subset
of E. Then f is differentiable precisely on the points of a dense Gδ-subset of U .
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Proof. Theorem 2.5.1 shows that f is differentiable on a dense set of U , and then
Exercise 2.5.2 shows the set of differentiability points is a countable intersection of
open sets.

Subgradients of continuous convex functions may be reconstructed from their
nearby derivatives as we now show. There is a more subtle formula (4.3.13) which
applies at boundary points of the domain of a continuous convex function.

Corollary 2.5.3. Suppose f : U → R is a convex function where U is an open
convex subset of Rn and x̄ ∈ U. Then

∂f (x̄) = conv{y : y = lim
n
∇f (xn), xn → x̄,∇f (xn) exists }.

Proof. The right-hand side is a compact convex set (call it C) as the convex hull of a
closed bounded set; see Carathéodory’s theorem (1.2.5). One can check the left-hand
side contains the right-hand side. Suppose by way of contradiction that there exists
φ ∈ ∂f (x̄) \ C. By the basic separation theorem (2.1.21), we choose h0 ∈ SE so that
φ(h0) > supy∈C〈y, h0〉. Now there is an open neighborhood, say V of h0, and M ∈ R
so that

φ(h) > M > sup
y∈C
〈y, h0〉 for all h ∈ V .

According to Theorem 2.5.1 we may choose hn ∈ V with hn → h0 and tn → 0+ so
that yn = ∇f (x̄+ tnhn) exists. Because f is locally Lipschitz on U (Theorem 2.1.12),
the sequence (yn) is bounded. Passing to a subsequence if necessary, we may assume
yn → ȳ, and hence ȳ ∈ C. Now

f (x̄ + tnhn)− f (x̄)

tn
≥ 〈φ, hn〉 > M .

Then
〈yn, x̄〉 − 〈yn, x̄ + tnhn〉

tn
≤ f (x̄)− f (x̄ + tnhn)

tn
< −M .

Thus 〈yn,−hn〉 < −M . Consequently,

〈ȳ, h0〉 = lim
n
〈yn, hn〉 ≥ M

which is a contradiction.

The next theorem is an extension of Theorem 2.5.1 to the setting of locally Lipschitz
functions. While it is not specifically about convex functions, we will present it in
full because of its broader interest and its application to second-order derivatives of
convex functions.

Theorem 2.5.4 (Rademacher). Any locally Lipschitz map between Euclidean spaces
is Fréchet differentiable almost everywhere.
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Proof. Without loss of generality (Exercise 2.5.3), we can consider a locally Lipschitz
function f : Rn → R. In fact, we may as well further suppose that f has Lipschitz
constant L throughout Rn, by Exercise 2.3.16.

Fix a direction h in Rn. For any t �= 0, the function gt defined on Rn by

gt(x) := f (x + th)− f (x)

t

is continuous, and takes values in the interval I = L‖h‖[−1, 1], by the Lipschitz
property. Hence, for k = 1, 2, . . ., the function pk : Rn → I defined by

pk(x) := sup
0<|t|< 1/k

gt(x)

is lsc and therefore Borel measurable. Consequently, the upper Dini derivative D+h f :
Rn → I defined by

D+h f (x) := lim sup
t→0

gt(x) = inf
k∈N

pk(x)

is measurable, being the infimum of a sequence of measurable functions. Similarly,
the lower Dini derivative D−h f : Rn → I defined by

D−h f (x) := lim inf
t→0

gt(x)

is also measurable.
The subset of Rn where f is not differentiable along the direction h, namely

Ah = {x ∈ Rn : D−h f (x) < D+h f (x)},

is therefore also measurable. Given any point x ∈ Rn, the function t 
→ f (x + th)
is absolutely continuous (being Lipschitz), so the fundamental theorem of calcu-
lus implies this function is differentiable (or equivalently, x + th �∈ Ah) almost
everywhere on R.

Consider the nonnegative measurable function φ : Rn × R → R defined by
φ(x, t) := δAh(x + th). By our observation above, for any fixed x ∈ Rn we know∫
R
φ(x, t) dt = 0. Denoting Lebesgue measure on Rn by µ, Fubini’s theorem shows

0 =
∫

Rn

( ∫
R

φ(x, t) dt
)

dµ

=
∫

R

( ∫
Rn

φ(x, t) dµ
)

dt =
∫

R

µ(Ah) dt

so the set Ah has measure zero. Consequently, we can define a measurable function
Dhf : Rn → R having the property that Dhf = D+h f = D−h f almost everywhere.
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Denote the standard basis vectors in Rn by e1, e2, . . . , en. The function G : Rn →
Rn with components defined almost everywhere by

Gi := Dei f =
∂f

∂xi

for each i = 1, 2, . . . , n is the only possible candidate for the derivative of f . As we
shall show, a standard integration by parts argument establishes that it is the derivative.

Consider any continuously differentiable function ψ : Rn → R that is zero except
on a bounded set. For our fixed direction h, if t �= 0 we have∫

Rn
gt(x) ψ(x) dµ = −

∫
Rn

f (x)
ψ(x + th)− ψ(x)

t
dµ.

As t → 0, the Bounded convergence theorem applies, since both f and ψ are
Lipschitz, so ∫

Rn
Dhf (x) ψ(x) dµ = −

∫
Rn

f (x) 〈∇ψ(x), h〉 dµ.

Setting h = ei in the above equation, multiplying by hi, and adding over i =
1, 2, . . . , n, where we now represent an arbitrary h ∈ E as h =∑n

i=1 hiei, yields∫
Rn
〈h, G(x)〉ψ(x) dµ = −

∫
Rn

f (x) 〈∇ψ(x), h〉 dµ =
∫

Rn
Dhf (x) ψ(x) dµ.

Since ψ was arbitrary, we deduce Dhf = 〈h, G〉 almost everywhere.
Now extend the basis e1, e2, . . . , en to a dense sequence of unit vectors {hk}

in the unit sphere SRn . Define the set A ⊂ Rn to consist of those points where
each function Dhk f is defined and equals 〈hk , G〉. Our argument above shows Ac

has measure zero. We aim to show, at each point x ∈ A, that f has Fréchet
derivative G(x).

Fix any ε > 0. For any t �= 0, define a function rt : Rn → R by

rt(h) := f (x + th)− f (x)

t
− 〈G(x), h〉.

It is easy to check that rt has Lipschitz constant 2L. Furthermore, for each k = 1, 2, . . .,
there exists δk > 0 such that

|rt(hk)| < ε

2
whenever 0 < |t| < δk .

Since the sphere SRn is compact, there is an integer M such that

SRn ⊂
M⋃

k=1

(
hk + ε

4L
BRn

)
.
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If we define δ = min{δ1, δ2, . . . , δM } > 0, we then have

|rt(hk)| < ε

2
whenever 0 < |t| < δ, k = 1, 2 . . . , M .

Finally, consider any unit vector h. For some positive integer k ≤ M we know
‖h− hk‖ ≤ ε/4L, so whenever 0 < |t| < δ we have

|rt(h)| ≤ |rt(h)− rt(hk)| + |rt(hk)| ≤ 2L
ε

4L
+ ε

2
= ε.

Hence G(x) is the Fréchet derivative of f at x, as we claimed.

Remark 2.5.5. (a) In contrast to the convex case, the points of differentiability of a
Lipschitz function on the real line need not contain a dense Gδ-set. Indeed, following
[373, p. 97], we let S ⊂ R be such that S is measurable with µ(I ∩ S) > 0 and
µ(I ∩ (R \ S)) > 0 for each nonempty open interval I in R. Let

f (x) :=
∫ x

0
(χS − χR\S)(t) dt.

Then f has Lipschitz constant 1, but the points of differentiability of S is a set of first
category; see Exercise 2.5.8.
(b) The paper [329] presents a simple approach to Rademacher’s theorem.
(c) Priess’s paper [354] shows the disturbing result that for n > 1 there is a null dense
Gδ-set in Rn on which every Lipschitz function from Rn to R is densely differentiable.

Some infinite-dimensional versions of results in this section and the next will be
discussed in Section 4.6.

Exercises and further results

2.5.1.� Suppose f : E → R is convex. Show that f is differentiable at x ∈ E if and
only if the symmetric error

lim
‖h‖→0

f (x + h)+ f (x − h)− 2f (x)

‖h‖ = 0.

Hint. For the ‘if’ assertion assume φ,� ∈ ∂f (x), and that φ(h0) > �(h0) for some
h0 ∈ SE . Then for t > 0, f (x + th0)+ f (x − th0)− 2f (x) ≥ t(φ(h0)−�(h0)).

2.5.2.� Suppose f : U → R is convex where U is a nonempty open convex subset
of E. Show that the points at which f is differentiable is a Gδ-subset of E, that is a
countable intersection of open sets.

Hint. Consider, for example, the sets

Gn,m :=
{

x ∈ U : sup
‖h‖
≤ 1

m
f (x + h)+ f (x − h)− 2f (x) <

1

mn

}
.

Use Exercise 2.5.1 to show that f is differentiable at x if and only if x ∈ ⋂
n©n

where©n :=⋃
m≥n Gnm.
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2.5.3.� Assuming Rademacher’s theorem with range R, prove the general vectorial
version.
2.5.4. Suppose f : Rn → R is locally Lipschitz and x̄ ∈ Rn. Suppose there exists
y ∈ Rn and dense set of directions {hk}∞k=1 ⊂ SRn such that

lim
t→0

f (x̄ + thk)− f (x̄)

t
= 〈y, hk〉 for each k ∈ N.

Show that f is Fréchet differentiable at x̄ and ∇f (x̄) = y.

Hint. This is another proof of the last part of the proof of Rademacher’s theorem.

2.5.5. Let C ⊂ E be a closed convex set with nonempty interior. Show that the
boundary of C is a Lebesgue-null set.

Hint. Since every boundary point of C is a support point, dC(·) is not differentiable
at boundary points; now apply Theorem 2.5.1.

2.5.6 (The Clarke derivative).�� The Clarke directional derivative is defined by

f ◦(x; h) := lim sup
y→x,t↓0

f (y + th)− f (y)

t
;

and the Clarke subdifferential is defined by

∂◦f (x) := {φ ∈ E : 〈φ, h〉 ≤ f ◦(x; h) for all h ∈ E}.

Let f : E → R have a Lipschitz constant K on a open neighborhood of x ∈ E.

(a) Show that f ◦(x; ·) is sublinear and f ◦(x; ·) ≤ K‖ · ‖.
(b) Show that ∂◦f (x) is a nonempty compact and convex subset of KBE and

f ◦(x; h) = max{〈φ, h〉 : φ ∈ ∂◦f (x)}, for any direction h ∈ E.

(c) Show that 0 ∈ ∂◦f (x) if f has a local minimum at x.
(d) Use Rademacher’s theorem (2.5.4) to show that

∂◦f (x) = conv{lim
r
∇f (xr) : xr → x,∇f (xr) exists}.

(e) Compute ∂◦f (x) for f as given in Remark 2.5.5(a); notice this shows the converse
of (c) fails very badly, and it also shows the failure of integration to recover f
from its Clarke subdifferential.

(f) If, additionally, f is convex, show that ∂f (x) = ∂◦f (x).

Hint. See [95, Chapter 6] a brief introduction to generalized derivatives which includes
the above and other information. See [156] for a more comprehensive exposition on
the Clarke derivative and its many applications.

2.5.7 ([34, Theorem 2.6]). Suppose U is a convex nonempty open set in RN and
g : U → R is continuous. Let A := {x ∈ U : ∇g(x) exists}. Show that the following
are equivalent.
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(a) g is convex.
(b) U \ A is a set of measure zero, and ∇g(x)(y − x) ≤ g(y) − g(x), for all x ∈ A

and y ∈ U .
(c) A is dense in U , and ∇g(x)(y − x) ≤ g(y)− g(x), for all x ∈ A and y ∈ U .

Hint. (a)⇒(b): g is almost everywhere differentiable by Theorem 2.5.1. On the other
hand, the subgradient inequality holds on U . Together, these facts imply (b).

(b)⇒(c): trivial.
(c)⇒(a): Fix u, v in U , u �= v, and t ∈ (0, 1). It is not hard to see that there exist

sequences (un) in U , (vn) in U , (tn) in (0, 1)with un → u, vn → v, tn → t, and xn :=
tnun+ (1− tn)vn ∈ A, for every n. By assumption, ∇g(xn)(un− xn) ≤ g(un)− g(xn)

and ∇g(xn)(vn − xn) ≤ g(vn) − g(xn). Equivalently, (1 − tn)∇g(xn)(vn − un) ≤
g(un)−g(xn) and tn∇g(xn)(un−vn) ≤ g(vn)−g(xn). Multiply the former inequality
by tn, the latter by 1− tn, and add. We obtain that g(xn) ≤ tng(un)+(1− tn)g(vn). Let
n tend to +∞ to deduce that g

(
tu+ (1− t)v

) ≤ tg(u)+ (1− t)g(v). The convexity
of g follows and the proof is complete.

2.5.8.� Show that the points where the function f in Remark 2.5.5 is differentiable is
a set of first category.

Hint. Let fn(x) := n[ f (x+1/n)−f (x)]. Let G := {x : f ′(x) exists}; then fn(x)→ f ′(x)
for x ∈ G. Let Fn := {x : |fj(x) − fk(x)| ≤ 1/2} for all j, k ≥ n. Then

⋃
Fn ⊃ G.

Suppose Fn0 contains an open interval I for some n0 ∈ N. Then |fn0(x) − f ′(x)| ≤
1/2 almost everywhere on I . Conclude that fn0 ≥ 1/2 on a dense subset of I , and
fn0 ≤ −1/2 on a dense subset of I to contradict the continuity of fn0 .

2.6 Second-order differentiability

The notions of twice Gâteaux and twice Fréchet differentiability were introduced
earlier in this chapter. In this section we will connect those notions with some other
and more general approaches to second-order differentiability. First we introduce
second-order Taylor expansions.

Let U ⊂ E be an open convex set and let f : U → R be a convex function.
Then f is said to have a weak second-order Taylor expansion at x ∈ U if there exists
y∗ ∈ ∂f (x) and a matrix A : E → E such that f has a representation of the form

f (x + th) = f (x)+ t〈y∗, h〉 + t2

2
〈Ah, h〉 + o(t2) (t → 0), (2.6.1)

for each h ∈ E (with the order term possibly depending on h); if more arduously,

f (x + h) = f (x)+ 〈y∗, h〉 + 1

2
〈Ah, h〉 + o(‖h‖2) (‖h‖ → 0). (2.6.2)

for h ∈ E, we say that f has a strong second-order Taylor expansion at x.
On replacing A with (A + AT )/2, we may assume without loss of generality the

matrix A is symmetric in the preceding Taylor expansions. Also, once we know A is
symmetric, then it is uniquely determined by the values 〈Ah, h〉 (Exercise 2.6.1).
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Furthermore, we will say ∇f has a generalized Fréchet derivative at x ∈ U and
f has a generalized second-order Fréchet derivative at x if there exist φ ∈ E and a
matrix A : E → E such that

∂f (x + h) ⊂ φ + Ah+ o(‖h‖)BE .

Analogously, we will say ∇f has a generalized Gâteaux derivative at x ∈ U and f
has a generalized second-order Gâteaux derivative at x if

∂f (x + th) ⊂ φ + A(th)+ o(|t|)BE for each h ∈ SE .

In either case above, φ = ∇f (x), and the matrix A must be unique; see
Exercise 2.6.4 for these facts and more. Therefore, with the understanding we are
speaking of a generalized derivative, we will write ∇2f (x) = A.

The generalized notions of second-order Fréchet and Gâteaux differentiability are
formally different, but they are in fact equivalent for convex functions; this and more
is recorded in the following theorem.

Theorem 2.6.1 (Equivalence of second-order properties). Let U ⊂ E be an open
convex set, and let f : U → R be convex, and let x ∈ U. Then the following are
equivalent:

(a) f has a generalized second-order Fréchet derivative at x.
(b) f has a generalized second-order Gâteaux derivative at x.
(c) f has a strong second-order Taylor expansion at x.
(d) f has a weak second-order Taylor expansion at x.

Moreover, in (a) and (b) the matrix ∇2f (x) representing the generalized second-
derivative is symmetric. Additionally, if ∂f is single-valued on a neighborhood of x,
then each of the above conditions is equivalent to f being twice Fréchet differentiable
at x in the usual sense.

Before proving this theorem, we introduce various notions of difference quotients.
The difference quotient of f is defined by

�t f (x) : h 
→ f (x + th)− f (x)

t
; (2.6.3)

and the second-order difference quotient of f by

�2
t f (x) : h 
→ f (x + th)− f (x)− t〈∇f (x), h〉

1
2 t2

. (2.6.4)

Notice that if f is Fréchet differentiable at x, then limt→0 �t f (x)→ ∇f (x) uniformly
on bounded sets; if f has a strong second-order Taylor expansion at x, then�2

t f (x)→
〈Ah, h〉 uniformly on bounded sets. In order to study extended second-derivatives, it is
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helpful to consider the following set-valued difference quotients of the subdifferential

�t[∂f ](x) : h 
→ ∂f (x + th)− ∇f (x)

t
. (2.6.5)

Two propositions will ease our path. First:

Proposition 2.6.2. The convex function f has a generalized second-order Fréchet
derivative at x if and only if for every bounded set W ⊂ E and every ε > 0, there
exists δ > 0 such that

�t[∂f ](x)(h)− Ah ⊂ εBE for all h ∈ W , t ∈ (0, δ).

Proof. This is left as Exercise 2.6.5.

Second, and quite beautifully:

Proposition 2.6.3. For any t > 0, the function�t f (x) : Rn → (−∞,+∞] is closed,
proper, convex and nonnegative. Moreover,

∂

[
1

2
�2

t f (x)

]
= �t[∂f ](x).

Proof. This is left as Exercise 2.6.6.

Proof. (Theorem 2.6.1) First we prove (c)⇒ (a): Suppose that f has a second-order
Taylor expansion with A symmetric. Let q(h) := 1

2 〈Ah, h〉. Then q is differentiable
with ∇q(h) = Ah. According to Proposition 2.6.3 the functions qt := 1

2�
2
t f (x) are

convex and converge pointwise to q as t → 0+, and thus the convergence is uniform
on bounded sets (Exercise 2.1.22). Consequently q is convex, and hence A is positive
semidefinite.

Because qt converges uniformly to q on bounded sets, according to
Exercise 2.2.22(c) one has for every bounded set W ⊂ E and every ε > 0, the
existence of δ > 0 so that

∂qt(h) ⊂ ∂q(h)+ εBE whenever t ∈ (0, δ), w ∈ W ,

where additionally δ can be chosen small enough that ∂qt(h) �= ∅ in these cir-
cumstances. According to Proposition 2.6.3, ∂qt(h) = �t[∂f ](h). Noting that
∂q(h) = {Ah}, it now follows from Proposition 2.6.2 that f has a generalized
second-order Fréchet derivative at x with ∇2f (x) = A.

(a) ⇒ (c): Suppose that f has a generalized second-order Fréchet derivative at x.
Given ε > 0, we choose δ > 0 so that f is Lipschitz on Bδ(x) and

∂f (x + th) ⊂ ∇f (x)+ A(th)+ ε|t|BE for |t| ≤ δ, h ∈ SE . (2.6.6)

For h ∈ SE fixed, let g1(t) := f (x + th) and

g2(t) := f (x)+ t〈∇f (x), h〉 + 1

2
t2〈Ah, h〉.
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Then it is easy to check that g′1(t) = 〈φt , h〉 almost everywhere for 0 ≤ t ≤ δ, where
φt ∈ ∂f (x + th) and g′2(t) = 〈∇f (x), h〉 + t〈Ah, h〉. Thus using (2.6.6) we have

|g′1(t)− g′2(t)| ≤ εt, a.e. for 0 ≤ t ≤ δ.

Therefore, by the fundamental theorem of calculus (for absolutely continuous
functions), for 0 < t ≤ δ, one has

|g1(t)− g2(t)| =
∣∣∣∣∫ t

0
(g′1(u)− g′2(u)) du

∣∣∣∣ ≤ ∫ t

0
εu du = 1

2
εt2.

Since ε > 0 was arbitrary and δ > 0 was independent of h ∈ SE , it follows that f has
a strong Taylor expansion at x with matrix A as desired.

It is clear that (a)⇒ (b), and the proof of (a)⇒ (c) also works for (b)⇒ (d), noting
now that the choice of δ depends on the direction h. The equivalence of (a) through
(d) is then completed in Exercise 2.6.3 which outlines a proof of (d)⇒ (c).

The symmetry of the matrix ∇2f (x) is deduced as follows. First, (a)⇒ (c) shows
that the Taylor expansion holds with the matrix A = ∇2f (x). Then the Taylor expan-
sion holds with the symmetrization of As = (A + AT )/2. Then the proof of (c) ⇒
(a) shows that ∇2f (x) = As. By the uniqueness of the second derivative matrix, we
conclude that ∇2f (x) is symmetric. Finally, let us note that when ∂f is single-valued
on a neighborhood of x, then f is differentiable on a neighborhood of x, and so the
generalized notions of second-order differentiability reduce to the usual notions.

Now, Alexandrov’s famous theorem may be presented.

Theorem 2.6.4 (Alexandrov). Every convex function f : Rn → R has a second-
order Taylor expansion at almost every x ∈ Rn, or equivealently, f has a generalied
second-order Fréchet derivative almost everywhere.

Proof. According to Theorem 2.1.12, f is continuous; consequently dom(∂f ) = Rn

by the max formula (2.1.19). Letting

E1 := {x ∈ Rn : ∇f (x) exists}

we know that Rn\E1 is a set of measure 0 (Theorem 2.5.1). Let J := (I+∂f )−1. Then
J is a nonexpansive map of Rn into itself (this will be shown later in Exercise 3.5.8).
Next consider the set

E2 := {J (x) : J is differentiable at x and∇J (x) is nonsingular}.

Rademacher’s theorem (2.5.4) ensures that J is differentiable almost everywhere.
Moreover, because J is Lipschitz, we may apply the area formula (see [198, Theorem
3.3.2]) to obtain∫

B
| det(∇J (x))| dx =

∫
Rn

#(B ∩ J−1(y)) dy for all Borel sets B in Rn,
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where # is the counting measure. By this formula along with the fact J is onto (since
∂f is nonempty for all x ∈ Rn), we see that the complement of

{x : J is differentiable at x and ∇J (x) is nonsingular}

has measure 0. On the other hand, a Lipschitz function maps negligible sets into
negligible sets (see [384, Lemma 7.25]). Consequently the complement of E2 has
measure 0. Thus E3 has a negligible complement where E3 = E2 ∩ E2.

Fix x so that J (x) ∈ E3. Then by the definition of J ,

∇f (J (x)) = x − J (x). (2.6.7)

According to Exercise 2.6.14, there are δ > 0 and C > 0 so that whenever ‖h‖ ≤ δ

there exists y such that

J (x + y) = J (x)+ h and ‖h‖ ≤ ‖y‖ ≤ C‖h‖. (2.6.8)

Moreover, the differentiability of J at x implies

J (x + h) = J (x)+ ∇J (x)h+ o(‖h‖). (2.6.9)

Suppose now h is such that ‖h‖ ≤ δ and J (x) + h ∈ E1. Then using (2.6.8), (2.6.7)
and (2.6.9) we have

∇f (J (x)+ h) = ∇f (J (x + y)) = x + y − J (x + y)

= ∇f (J (x))+ (I − ∇J (x))y + o(‖y‖). (2.6.10)

Now (2.6.8) and (2.6.9) imply

J (x)+ h = J (x)+ ∇J (x)y + o(‖y‖). (2.6.11)

Because ‖y‖ and ‖h‖ are comparable, (2.6.11) implies

y = (∇J (x))−1h+ o(‖h‖). (2.6.12)

Finally, we show that f has a second-order Taylor expansion at J (x) with matrix
A = (∇J (x))−1 − I . For this, let ψ(h) := f (J (x)+ h) and let

ψ̃(h) := f (J (x))+ 〈∇f (J (x)), h〉 + 1

2
〈Ah, h〉.

We have ψ(0) = ψ̃(0) and for almost all small h,

∇ψ(h) = ∇f (J (x)+ h)

= ∇f (J (x))+ Ah+ o(‖h‖) (by (2.6.10) and (2.6.12))

= ∇ψ̃(h)+ o(‖h‖);



88 Convex functions on Euclidean spaces

consequently, �(h) := ψ(h) − ψ̃(h) is locally Lipschitz and satisfies �(0) = 0
and ∇�(h) = o(‖h‖) for almost all small h. Now one can easily show that �(h) =
o(‖h‖2) as desired.

Exercises and further results

2.6.1.� Let φ be a symmetric bilinear map. Show that φ(x, y) is uniquely determined
if φ(x, x) is known for all x. Note that any skew part (T ∗ = −T ) of a nonsymmetric
form cannot be so detected.

Hint. Solve φ(x + y, x + y) = φ(x, x)+ 2φ(x, y)+ φ(y, y) for φ(x, y).

2.6.2. Suppose in Euclidean space that

q(x) := 1

2
〈Qx, x〉 + 〈b, x〉 + c.

Suppose Q is symmetric and positive definite. Show that

q∗(x) := 1

2
〈Q−1x, x〉 + 〈d, x〉 + e,

where d := −Q−1b and e := 1
2 〈Q−1b, b〉 − c. What happens if Q is only positive

semidefinite?
2.6.3.� Suppose U ⊂ E is open and convex, let f : U → R be convex and let x ∈ U .

(a) Show that f has a strong (resp. weak) second-order Taylor expansion at x if and
only if there is a matrix A such that�2

t f (x) converges uniformly on bounded sets
(resp. pointwise) to the function h 
→ 〈Ah, h〉 as t → 0.

(b) Use (a) and Exercise 2.1.22 to deduce f has a strong second-order Taylor
expansion at x if it has a weak second-order Taylor expansion at x.

Hint. To apply Exercise 2.1.22, notice that the difference quotients�2
t f (x) are convex,

and hence the function h 
→ 〈Ah, h〉 is convex.

2.6.4.� Suppose U ⊂ E is open and convex where dim E is finite, let f : U → R be
convex and let x ∈ U .

(a) Suppose f has a generalized second-order Fréchet derivative at x. Show that f is
Fréchet differentiable at x with ∇f (x) = φ, where φ is as in the definition.

(b) Suppose that f has a generalized second-order Gâteaux derivative at x. Show that
the matrix A in the definition must be unique.

(c) Show that f has a generalized second-order Fréchet derivative at x if and only if
there exists an n by n matrix A such that

lim
t→0

〈φt − ∇f (x), th〉
t

= Ah where φt ∈ ∂f (x + th)

exists uniformly for h ∈ BE . Consequently, when ∂f (u) is single-valued in a
neighborhood of U , such a function is twice Fréchet differentiable at x in the
usual sense.
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2.6.5.� Prove Proposition 2.6.2.

Hint. This is a restatement of the definition; see [377, Proposition 2.6] for more
details.

2.6.6.� Prove Proposition 2.6.3.

Hint. Use the properties of convex functions and the definitions involved; see [377,
Proposition 2.7].

2.6.7. Construct continuous real nonconvex functions on R2 that are continuously
twice differentiable everywhere except (0, 0), and:

(a) twice Gâteaux differentiable at (0, 0), but not Fréchet differentiable at (0, 0);
(b) Fréchet differentiable and twice Gâteaux differentiable at (0, 0), but not twice

Fréchet differentiable at (0, 0).

2.6.8. Let f : R → R be defined by f (t) = t3 cos(1/t) if t �= 0, and f (0) = 0. Show
that f is continuously differentiable, but f ′′(0) does not exist. Moreover, show that f
has a second-order Taylor expansion at 0, i.e.

f (t) = f (0)+ f ′(0)t + 1

2
At2 + o(t2)

where A = 0. Hence the existenceof a second-orderTaylor expansion is not equivalent
to second-order differentiability for nonconvex functions.
2.6.9. Construct a convex function f : R → R that is C2-smooth and has a third-order
Taylor expansion at 0, but whose third derivative does not exist at 0.

Hint. Construct a continuous function h : [0,∞)→ [0,∞) such that

lim sup
t→0+

h(t)/t = 1, lim inf
t→0+

h(t)/t = 0 and
∫ x

0
h(t) dt ≤ x3 for x ≥ 0.

Visually h could be a function with sparse narrow peaks touching the line y = x as
x → 0+. Now let f be the function such that f (t) = 0 for t ≤ 0, f ′′(t) = h(t) for
t ≥ 0 and f ′(0) = 0 and f (0) = 0 as already stipulated. The estimate

∫ x
0 h(t) dt ≤ x3

allows one to show limx→0+ f (x)/x3 = 0 which provides the desired third-order
Taylor expansion.

2.6.10. Consider f : R2 → R by

f (x, y) :=
{

xy x2−y2

x2+y2 + 13(x2 + y2), if x, y �= 0;

0, otherwise.

Show that f is convex and its second mixed partials exist but are different at (0, 0).
Verify directly that this function cannot have a weak second-order Taylor expansion
at (0, 0). Additionally, the real function g(t) := f (at, bt) has a second-order Taylor
expansion at t = 0 for any a, b ∈ R. Hence this example illustrates that requiring the
same matrix A to work for every direction in the weak second-order Taylor expansion
is stronger for convex functions than requiring the restrictions of f to lines through
the origin to have second-order Taylor expansions.
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Hint. Note this exercise was motivated by [409, p. 152]. Checking convexity and
computing the requisite partial derivatives takes some patience if done by hand: for
this, note that

fx(x, y) = y(x4 + 4x2y2 − y4)

(x2 + y2)2
+ 26x fy(x, y) = x(x4 − 4x2y2 − y4)

(x2 + y2)2
+ 26y.

Then fx(0, 0) = 0, fy(0, 0) = 0, fxy(0, 0) = −1, fyx(0, 0) = 1. On the Taylor
expansion, note that since f (0, 0) = 0, and since f ′(0, 0) is the zero vector, the second-
order Taylor expansion reduces to the quadratic Q(x, y) = 1

2 [ax2+ (b+ c)xy+ dy2].
If the expansion is valid along the lines y = 0, x = 0, and y = x, then a = 26,
b+ c = 0 = b− c and d = 26. However, then the expansion is not valid along some
other line, e.g. y = 2x.

2.6.11. Let U be an open subset of E, and suppose that f : U → R is Gâteaux
differentiable. Then [332, p. 142] defines f to be twice Gâteaux differentiable at
x̄ ∈ U if the limit

f ′′(x̄; h, k) = lim
t→0

〈∇f (x̄ + tk), h〉 − 〈∇f (x̄), h〉
t

exists for all h, k ∈ E. Show that the function f in Exercise 2.6.10 is twice Gâteaux
differentiable at (0, 0) ∈ R2 in the sense of [332]. Conclude that this definition is
weaker than the definition of twice Gâteaux differentiability given earlier in this
chapter. Nevertheless, it is important to note that it is still strong enough to deduce
directional version of Taylor’s formula and in turn to deduce that f is convex when
f ′′(x; h, h) ≥ 0 for x ∈ U and h ∈ E where U is an open convex subset of E; see
[332, p. 143].

Hint. For this function, ∇f = ( fx, fy) and can check ∇f (tx, ty) = t∇f (x, y). Thus, in
vector notation, for 0, h, k ∈ R2,

f ′′(0; h, k) = lim
t→0

〈∇f (th)− ∇f (0), k〉
t

= lim
t→0

〈t∇f (h), k〉
t

= 〈∇f (h), k〉,

from which the conclusion follows easily.

2.6.12. Suppose U is an open convex subset of Rn and x ∈ U . Show that f has a
generalized second-order Fréchet derivative at x if and only if there is an n by n matrix
A such that

∇f (x + h) ∈ ∇f (x)+ Ah+ o(‖h‖)BRn when ∇f (x + h) exists.

Hint. The ‘only if’ portion is clear. For the ‘if’ portion, f : U → R is differentiable
almost everywhere. Choose δ > 0 so that δSRn ⊂ U . According to Fubini’s theorem,
for almost all h ∈ δSRn with respect to the surface measure ∇f (x + th) exists for
almost all 0 ≤ t ≤ δ. Use an argument similar to the proof of (a) implies (c) in
Theorem 2.6.1 to show f has a strong second-order Taylor expansion at x (some
almost everywhere arguments will be needed). Then Theorem 2.6.1 shows that f has
a generalized second-order derivative at x.
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2.6.13. Show that one cannot replace ‘almost everywhere’ with a residual set in the
conclusion of Alexandrov’s theorem (2.6.4).

Hint. One example: consider the function f given in Remark 2.5.5, let g(x) :=∫ x
0 ( f (t)+ 2t) dt for x ≥ 0 and observe f (t)+ 2t is nondecreasing. Another example:

let G ⊂ R be a dense Gδ-set of measure 0. Then [133, Theorem 7.6, p. 288] ensures
there is a continuous strictly increasing function f such that g(t) = ∞ for all t ∈ G.
Let f (x) = ∫ x

0 g(t) dt. See [200, p. 117].

2.6.14.� Verify there exist C > 0 and δ > 0 so that (2.6.8) holds.

Hint. First, if F : δBRn → Rn is continuous, 0 < ε < δ and ‖F(x) − x‖ < ε for
all x ∈ δSRn , then {x : ‖x‖ < δ − ε} ⊂ F({x : ‖x‖ < δ}); see e.g. [384, Lemma
7.23]. Use this fact in conjunction with (2.6.9) and the fact ∇J (x) is nonsingular
to deduce the existence of C > 0 and δ > 0: for each r > 0 there exists s > 0
so that ∇J (x)(rBRn) ⊃ ∇J (x)(sBRn) then apply the preceding fact to ∇J (x)h 
→
∇J (x)h + o(‖h‖) for ‖h‖ ≤ δ for appropriate δ. Deduce ‖h‖ ≤ ‖y‖ because J is
nonexpansive.

2.6.15. Suppose U is a convex nonempty open set in RN and g : U → R is contin-
uously differentiable on U . Let A := {x ∈ U : g′′(x) exists}. Show that g is convex
⇔ U \ A is a set of measure zero, and g′′ is positive semidefinite on A.

Hint. ⇒: According to Alexandrov’s theorem (2.6.4), the set U \ A is of measure
zero. Fix x ∈ U and y ∈ RN arbitrarily. The function t 
→ g(x + ty) is convex
in a neighborhood of 0; consequently, its second derivative

〈
y, g′′(x + ty)(y)

〉
is

nonnegative whenever it exists. Since g′′(x) does exist, it must be that g′′(x) is
positive semidefinite, for every x ∈ A.
⇐: Fix x and y in U . By assumption and a Fubini argument, we obtain two

sequences (xn) and (yn) in U with xn → x, yn → y, and t 
→ g′′(xn + t(yn − xn))

exists almost everywhere on [0, 1]. Integrating

t 
→ 〈
yn − xn,

(
g′′(xn + t(yn − xn)

)
(yn − xn)

〉≥ 0 from 0 to 1,

we deduce that
(
g′(yn)− g′(xn)

)
(yn − xn) ≥ 0. Taking limits and recalling that g′ is

continuous, we see that g′ is monotone and so g is convex (Theorem 2.2.6).

2.6.16.�� Suppose the convex function f : Rn → (−∞,+∞] is twice continuously
differentiable in a neighborhood of x0 and ∇2f (x0) is nonsingular. Then f ∗ is twice
continuously differentiable at x∗0 = ∇f (x0) and

∇2f ∗(x∗0) = [∇2f (x0)]−1.

Hint. See [258, Corollary 4.8].

2.7 Support and extremal structure

We briefly introduce some fundamental notions to which we return in more detail in
Section 5.2 and in Section 6.6.
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An extreme point of a convex set C ⊂ E is a point x ∈ C whose complement
C \ {x} is convex; equivalently, this means x is not a convex combination of any
y, z ∈ C \ {x}. The set of extreme points of C is denoted by ext C.

Lemma 2.7.1. Given a supporting hyperplane H of a convex set C ⊂ E, any extreme
point of C ∩ H is also an extreme point of C.

Proof. Suppose x is an extreme point of C∩H . If x is a nontrivial convex combination
of y, z ∈ C, then y and z must both be in H . However, this cannot be because x is an
extreme point of C ∩ H .

Theorem 2.7.2 (Minkowski). Any compact convex set C ⊂ E is the convex hull of
its extreme points.

Proof. The proof proceeds by induction on dim C; clearly the result holds when
dim C = 0. Now assume the result holds for all sets of dimension less than dim C.
By translating C we may assume 0 ∈ C, and let F = span C. Then C has nonempty
interior in F .

Given any point x ∈ bdry C, the supporting hyperplane theorem (2.4.3) shows that
C has a supporting hyperplane H at x. By the induction hypotheses applied to the set
C ∩ H we deduce using Lemma 2.7.1

x ∈ conv(ext(C ∩ H )) ⊂ (ext C).

Thus we have proved bdry C ⊂ conv(ext C)) so conv(bdry C) ⊂ conv(ext C).
Because C is compact, it follows that conv(bdry C) = C and the result now
follows.

Exercises and further results

2.7.1. Suppose C is a compact convex subset of E and f : C → R is a continuous
convex function. Show that f attains its maximum at an extreme point of C.
2.7.2. (Exposed points). A point x in a closed convex set C is an exposed point of C
if there exists a vector y such that 〈y, x〉 > 〈y, c〉 for every c ∈ C, c �= x, and y is said
to expose x in C. In other words σC(y) is uniquely attained in C. Show that

(a) Every exposed point of a convex C is an extreme point but not conversely. (See
also Example 2.4.9.)

(b) Show that every exposed point of a compact convex set in a Euclidean space is
strongly exposed as defined on p. 211.

(c) Minkowski’s theorem implies Straszewicz’s’ theorem [369, Theorem 18.6] that
a compact convex set in Rn is the closed convex hull of its exposed points.

Hint. It suffices to show the exposed points are dense in the extreme points.

2.7.3 (Milman converse theorem). Let C be a compact convex subset of a Euclidean
space E and suppose that C = convA for some closed A ⊆ C. Show that ext C ⊆ A.
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Hint. Fix ε > 0. Since A is precompact, there is a finite set F ⊂ A with A ⊂ F+εBE .
Then C ⊂ conv

⋃
x∈F conv {A ∩ (x + εBE)} . Then if e ∈ ext C it must be that

e ∈ x + εBE for some x ∈ F .

2.7.4 (Nested unions). For n ∈ N, let Cn ⊆ Cn+1 be closed convex subsets of a ball
in Euclidean space. Show that

ext
⋃
n

Cn ⊆
⋃
n

ext Cn. (2.7.1)

Compute both sides of (2.7.1) when (Cn) is a nested sequence of regular 2n-gons
inscribed in the unit ball in R2.
2.7.5 (Birkhoff’s theorem [95]).† Recall that an entry-wise nonnegative n× n matrix
is doubly stochastic if all row and column sums equal one, denoted M ∈ SSn.
Show that

(a) Every n× n permutation matrix is an extreme point of SSn.
(b) Every extreme point of SSn is a permutation matrix.
(c) Deduce from Theorem 2.7.2 that every doubly stochastic matrix is a convex

combination of permutation matrices.
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Finer structure of Euclidean spaces

The infinite we shall do right away. The finite may take a little longer. (Stanislaw Ulam)1

3.1 Polyhedral convex sets and functions

In the book [96, Section 2.3], theorems of the alternative (see Exercise 2.4.10) are
used to observe that finitely generated cones are closed. Remarkably, a finite linear-
algebraic assumption leads to a topological conclusion. In the section which follows
[96, Section 5.1] we pursue the consequences of this type of assumption in convex
analysis.

A cone C is finitely generated if there exist x1, x2, . . . , xm ∈ E so that

C = {x : x =
m∑

i=1

aixi, ai ≥ 0}. (3.1.1)

There are two natural ways to impose a finite linear structure on the sets and
functions we consider. The first we have already seen: a ‘polyhedron’ (or polyhedral
set) is a finite intersection of closed half-spaces in E, and we say a function f : E →
[−∞,+∞] is polyhedral if its epigraph is polyhedral.

On the other hand, a polytope is the convex hull of a finite subset of E, and we call
a subset of E finitely generated if it is the sum of a polytope and a finitely generated
cone (in the sense of formula (3.1.1)). Notice we do not yet know if a cone that is
a finitely generated set in this sense is finitely generated in the sense of (3.1.1); we
shall return to this point later in the section. The function f is finitely generated if its
epigraph is finitely generated. A central result of this section is that polyhedra and
finitely generated sets in fact coincide – this is sometimes called the key theorem.

We begin by collecting together some relatively easy observations in the following
two results.

Proposition 3.1.1 (Polyhedral functions). Suppose that the function f : E →
[−∞,+∞] is polyhedral. Then f is closed and convex and can be decomposed

1 Stanislaw Marcin Ulam, 1909–1984, quoted from D. MacHale, Comic Sections, Dublin, 1993.
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in the form

f = max
i∈I

gi + δP , (3.1.2)

where the index set I is finite (and possibly empty), the functions gi are affine, and
the set P ⊂ E is polyhedral (and possibly empty).

Thus dom f is polyhedral and coincides with dom ∂f if f is proper.

Proof. Since any polyhedron is closed and convex, so is f , and the decomposition
(3.1.2) follows directly from the definition. If f is proper then both the sets I and P are
nonempty in this decomposition. At any point x in P (= dom f ) we know 0 ∈ ∂δP(x),
and the convex function maxi gi certainly has a subgradient at x since it is everywhere
finite. Hence we deduce the condition ∂f (x) �= ∅.

Proposition 3.1.2 (Finitely generated functions). Suppose the function f : E →
[−∞,+∞] is finitely generated. Then f is closed and convex and dom f is finitely
generated. Furthermore, f ∗ is polyhedral.

Proof. Polytopes are compact and convex by Carathéodory’s theorem (1.2.5), and
finitely generated cones are closed and convex, so finitely generated sets (and there-
fore finitely generated functions) are closed and convex (by Exercise 2.4.24). We
leave the remainder of the proof as an exercise.

An easy exercise shows that a set P ⊂ E is polyhedral (respectively, finitely generated)
if and only if δP is polyhedral (respectively, finitely generated).

To prove that polyhedra and finitely generated sets in fact coincide, we consider the
two ‘extreme’ special cases: first, compact convex sets, and second, convex cones.
Observe first that by definition compact, finitely generated sets are just polytopes.

Lemma 3.1.3. A polyhedron has at most finitely many extreme points.

Proof. Fix a finite set of affine functions {gi : i ∈ I} on E, determining a polyhedron

P := {x ∈ E : gi(x) ≤ 0 for i ∈ I}.

For any point x in P, the ‘active set’ is the indices {i ∈ I : gi(x) = 0}. Suppose two
distinct extreme points x and y of P have the same active set. Then for any sufficiently
small real ε the points x± ε(y− x) both lie in P. But this contradicts the assumption
that x is extreme. Hence different extreme points have different active sets, and the
result follows.

This lemma together with Minkowski’s theorem (2.7.2) reveals the nature of
compact polyhedra.

Theorem 3.1.4. Every compact polyhedron is a convex polytope.

We next turn to cones.

Lemma 3.1.5. A polyhedral cone is finitely generated in the sense of (3.1.1).
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Proof. Given a polyhedral cone P ⊂ E, consider the subspace L := P ∩ −P and
the pointed polyhedral cone K = P ∩ L⊥. Observe that one has the decomposition
P = K ⊕ L. By the pointed cone theorem (2.4.12), there is an element y of E for
which the set

C := {x ∈ K : 〈x, y〉 = 1}

is compact and satisfies K = R+C. Since C is polyhedral, the previous result shows
it is a polytope. Thus K is finitely generated, whence so is P.

Theorem 3.1.6 (Key theorem of polyhedrality). Aconvex set or function is polyhedral
if and only if it is finitely generated.

Proof. For finite sets {ai : i ∈ I} ⊂ E and {bi : i ∈ I} ⊂ R, consider the polyhedron
in E defined by

P = {x ∈ E : 〈ai, x〉 ≤ bi for i ∈ I}.

The polyhedral cone in E × R defined by

Q := {(x, r) ∈ E × R : 〈ai, x〉 − bir ≤ 0 for i ∈ I}

is finitely generated by the previous lemma, so there are finite subsets {xj : j ∈ J }
and {yt : t ∈ T } of E with

Q =
{∑

j∈J

λj(xj , 1)+
∑
t∈T

µt(yt , 0) : λj ∈ R+ for j ∈ J , µt ∈ R+ for t ∈ T
}
.

We deduce

P = {x : (x, 1) ∈ Q}
= conv{xj : j ∈ J } +

{∑
t∈T

µtyy : µt ∈ R+ for t ∈ T
}
,

so P is finitely generated. We have thus shown that any polyhedral set (and hence
function) is finitely generated.

Conversely, suppose the function f : E → [−∞,+∞] is finitely generated.
Consider first the case when f is proper. By Proposition 3.1.2, f ∗ is polyhedral, and
hence (by the above argument) finitely generated. But f is closed and convex, also
by Proposition 3.1.2, so the Fenchel biconjugation theorem (2.4.4) implies f = f ∗∗.
By applying Proposition 3.1.2 once again we see f ∗∗ (and hence f ) is polyhedral. We
leave the improper case as an exercise.

Notice these two results show our two notions of a finitely generated cone do indeed
coincide.

The following list of properties shows that many linear-algebraic operations pre-
serve polyhedrality. In each case one of finite generation or half-space representation
is not obvious, but the other often is.
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Proposition 3.1.7 (Polyhedral algebra). Consider a Euclidean space Y and a linear
map A : E → Y .

(a) If the set P ⊂ E is polyhedral then so is its image AP.
(b) If the set K ⊂ Y is polyhedral then so is its inverse image A−1K.
(c) The sum and pointwise maximum of finitely many polyhedral functions are

polyhedral.
(d) If the function g : Y → [−∞,+∞] is polyhedral then so is the composite

function g ◦ A.
(e) If the function q : E×Y → [−∞,+∞] is polyhedral then so is the perturbation

function h : Y → [−∞,+∞] defined by h(u) := inf x∈E q(x, u).

We shall see the power of this proposition in the final section of this chapter.

Corollary 3.1.8 (Polyhedral Fenchel duality). The conclusions of the Fenchel duality
theorem (2.3.4) and of the subdifferential sum rule (2.3.5) remain valid if the regu-
larity condition (2.3.4) is replaced by the assumption that the functions f and g are
polyhedral with

dom g ∩ A dom f �= ∅.

Proof. We follow the proof of the Fenchel duality theorem (2.3.4), simply observing
that the value function h defined therein is polyhedral by the polyhedral algebra
proposition (3.1.7). Thus, when the optimal value is finite, h has a subgradient at
0.

We conclude this section with a result emphasizing the power of Fenchel duality
for convex problems with linear constraints.

Corollary 3.1.9 (Mixed Fenchel duality). The conclusions of the Fenchel duality
theorem (2.3.4) and of the subdifferential sum rule (2.3.5) remain valid if the regularity
condition (2.3.4) is replaced by the assumption that

dom g ∩ A cont f �= ∅

while the function g is polyhedral.

Proof. Assume without loss that the primal optimal value

p := inf
x∈E
{ f (x)+ g(Ax)} = inf

x∈E, r∈R

{ f (x)+ r : g(Ax) ≤ r}

is finite. By assumption there is a feasible point for the problem on the right at which
the objective function is continuous, so there is an affine function α : E × R → R
minorizing the function (x, r) 
→ f (x)+ r such that

p = inf
x∈E, r∈R

{α(x, r) : g(Ax) ≤ r}
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(see Exercise 2.4.20). Clearly α has the form α(x, r) = β(x) + r for some affine
minorant β of f , so

p = inf
x∈E
{β(x)+ g(Ax)}.

Now we apply polyhedral Fenchel duality (3.1.8) to deduce the existence of an element
φ of Y such that

p = −β∗(A∗φ)− g∗(−φ) ≤ −f ∗(A∗φ)− g∗(−φ) ≤ p

(using the weak duality inequality), and the duality result follows. The calculus rules
follow as before.

Exercises and further results

3.1.1.� Prove directly from the definition that any polyhedral function has a
decomposition of the form (3.1.2).
3.1.2.� Fill in the details for the proof of the finitely generated functions
proposition (3.1.2).
3.1.3.� Use Exercise 2.1.18 (lower-semicontinuity and closure) to show that if a
finitely generated function f is not proper then it has the form

f (x) =
{+∞ if x �∈ K
−∞ if x ∈ K

for some finitely generated set K .
3.1.4. Prove a set K ⊂ E is polyhedral (respectively, finitely generated) if and only
if δK is polyhedral (respectively, finitely generated), without using the polyhedrality
theorem (3.1.6).
3.1.5.� Complete the proof of the polyhedrality theorem (3.1.6) for improper functions
using Exercise 3.1.3.
3.1.6 (Tangents to polyhedra). Prove the tangent cone to a polyhedron P at a point x
in P is given by TP(x) = R+(P − x).
3.1.7 (Polyhedral algebra).� Prove Proposition 3.1.7 using the following steps.

(a) Prove parts (a)–(d).
(b) In the notation of part (e), consider the natural projection

PY×R : E × Y × R → Y × R.

Prove the inclusions

PY×R(epi q) ⊂ epi h ⊂ cl(PY×R(epi q)).

(c) Deduce part (e).
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3.1.8. Suppose the function f : E → (−∞,+∞] is polyhedral. Show that the
subdifferential of f at a point x in dom f is a nonempty polyhedron and is bounded if
and only if x lies in int(dom f ).
3.1.9 (Polyhedral cones). For polyhedral cones H ⊂ Y and K ⊂ E and a linear map
A : E → Y , prove that

(K ∩ A−1H )− = A∗H− + K−

by using convex calculus.
3.1.10. Apply the mixed Fenchel duality corollary (3.1.9) to the problem

inf { f (x) : Ax ≤ b},

for a linear map A : E → Rm and a point b in Rm with the orthant ordering.
3.1.11 (Generalized Fenchel duality). Consider convex functions

h1, h2, . . . , hm : E → (−∞,+∞]

with
⋂

i cont hi nonempty. By applying the mixed Fenchel duality corollary (3.1.9)
to the problem

inf
x,x1,x2,...,xm∈E

{ m∑
i=1

hi(x
i) : xi = x for i = 1, 2, . . . , m

}
,

prove

inf
x∈E

∑
i

hi(x) = − inf
{∑

i

h∗i (φi) : φ1,φ2, . . . ,φm ∈ E,
∑

i

φi = 0
}
.

3.1.12 (Relativizing mixed Fenchel duality). In Corollary 3.1.9, prove that the
condition dom g ∩ A cont f �= ∅ can be relaxed to dom g ∩ A ri(dom f ) �= ∅.

3.2 Functions of eigenvalues

In this section we will frequently encounter Sn the symmetric n by n matrices as
well its subclasses Sn+ of positive semidefinite matrices and Sn++ of positive definite
matrices. We also let On denote the orthogonal matrices. The mapping Diag Rn → Sn

is defined by letting Diag(x) be the diagonal matrix with diagonal entries xi. Also,
λ : Sn → Rn where λ(A) maps to the vector whose components are the eigenvalues
of A written in nonincreasing order. As usual, tr(X ) is the trace of X which is the
sum of the entries on the diagonal. For matrices X , Y ∈ Sn we write X # Y if
Y − X ∈ Sn+. The vector space Sn becomes a Euclidean space with the inner product
〈X , Y 〉 = tr(XY ). Further information is given in [95, Section 1.2].

The key to studying functions of eigenvalues is the following inequality.

Theorem 3.2.1 (Fan). Any matrices X and Y in Sn satisfy the inequality

tr(XY ) ≤ λ(X )Tλ(Y ). (3.2.1)
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Equality holds if and only if X and Y have a simultaneous ordered spectral
decomposition: there is a matrix U in On with

X = UT (Diag λ(X ))U and Y = UT (Diag λ(Y ))U . (3.2.2)

A proof of Fan’s inequality via Birkhoff’s theorem is sketched in [95, p. 12]. The
special case of Fan’s inequality where both matrices are diagonal gives the following
classical inequality, in which for a vector x in Rn, we denote by [x] the vector with
the same components permuted into nonincreasing order. A direct proof of this result
is left as an exercise.

Proposition 3.2.2 (Hardy–Littlewood–Pólya). Any vectors x and y in Rn satisfy the
inequality

xT y ≤ [x]T [y].

Fenchel conjugacy gives a concise and beautiful avenue to many eigenvalue
inequalities in classical matrix analysis. In this section we outline this approach.

The two cones Rn+ and Sn+ appear repeatedly in applications, as do their corre-
sponding logarithmic barriers lb and ld , which are introduced in Proposition 3.2.3.

Proposition 3.2.3 (Log barriers). The functions lb : Rn → (−∞,+∞] and ld :
Sn → (−∞,+∞] defined by

lb (x) :=
{
−∑n

i=1 log xi if x ∈ Rn++
+∞ otherwise

and

ld (X ) :=
{
− log det X if X ∈ Sn++
+∞ otherwise

are essentially smooth, and strictly convex on their domains as defined in Section 7.1.
They satisfy the conjugacy relations

lb ∗(x) = lb (−x)− n for all x ∈ Rn, and

ld ∗(X ) = ld (−X )− n for all X ∈ Sn.

The perturbed functions lb + 〈c, ·〉 and ld + 〈C, ·〉 have compact lower level sets for
any vector c ∈ Rn++ and matrix C ∈ Sn++, respectively.

We can relate the vector and matrix examples through the identities

δSn+ = δRn+ ◦ λ and ld = lb ◦ λ. (3.2.3)

We see in this section that these identities fall into a broader pattern.
Recall the function [·] : Rn → Rn rearranges components into nonincreasing order.

We say a function f on Rn is symmetric if f (x) = f ([x]) for all vectors x in Rn; in
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other words, permuting components does not change the function value. We call a
symmetric function of the eigenvalues of a symmetric matrix a spectral function. The
following formula is crucial.

Theorem 3.2.4 (Spectral conjugacy). If f : Rn → [−∞,+∞] is a symmetric
function, it satisfies the formula

( f ◦ λ)∗ = f ∗ ◦ λ.

Proof. By Fan’s inequality (3.2.1) any matrix Y in Sn satisfies the inequalities

( f ◦ λ)∗(Y ) = sup
X∈Sn

{tr(XY )− f (λ(X ))}

≤ sup
X
{λ(X )Tλ(Y )− f (λ(X ))}

≤ sup
x∈Rn

{xTλ(Y )− f (x)}

= f ∗(λ(Y )).

On the other hand, fixing a spectral decomposition Y = UT (Diag λ(Y ))U for some
matrix U in On leads to the reverse inequality

f ∗(λ(Y )) = sup
x∈Rn

{xTλ(Y )− f (x)}

= sup
x
{tr((Diag x)UYUT )− f (x)}

= sup
x
{tr(UT (Diag x)UY )− f (λ(UT Diag xU ))}

≤ sup
X∈Sn

{tr(XY )− f (λ(X ))}

= ( f ◦ λ)∗(Y ),

which completes the proof.

This formula, for example, makes it very easy to calculate ld ∗ (see the log barriers
proposition (3.2.3)) and to check the self-duality of the cone Sn+.

Once we can compute conjugates easily, we can also recognize closed convex
functions easily using the Fenchel biconjugation theorem (2.4.4).

Corollary 3.2.5 (Davis). Suppose the function f : Rn → (−∞,+∞] is symmetric.
Then the ‘spectral function’ f ◦ λ is closed and convex if and only if f is closed and
convex.

We deduce immediately that the logarithmic barrier ld is closed and convex, as well
as the function X 
→ tr(X−1) on Sn++, for example.

Identifying subgradients is also easy using the conjugacy formula and the Fenchel–
Young inequality (2.3.1).
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Corollary 3.2.6 (Spectral subgradients, Lewis). If f : Rn → (−∞,+∞] is a sym-
metric function, then for any two matrices X and Y in Sn, the following properties
are equivalent:

(a) Y ∈ ∂( f ◦ λ)(X ).
(b) X and Y have a simultaneous ordered spectral decomposition and satisfy λ(Y ) ∈

∂f (λ(X )).
(c) X = UT (Diag x)U and Y = UT (Diag y)U for some matrix U in On and vectors

x and y in Rn satisfying y ∈ ∂f (x).

Proof. Notice the inequalities

( f ◦ λ)(X )+ ( f ◦ λ)∗(Y ) = f (λ(X ))+ f ∗(λ(Y )) ≥ λ(X )Tλ(Y ) ≥ tr(XY ).

The condition Y ∈ ∂( f ◦ λ)(X ) is equivalent to equality between the left- and
right-hand sides (and hence throughout), and the equivalence of properties (a) and
(b) follows using Fan’s inequality (3.2.1). For the remainder of the proof, see
Exercise 3.2.9.

Corollary 3.2.7 (Spectral differentiability, Lewis). Suppose that the function f :
Rn → (−∞,+∞] is symmetric, closed, and convex. Then f ◦ λ is differentiable at
a matrix X in Sn if and only if f is differentiable at λ(X ).

Proof. If ∂( f ◦ λ)(X ) is a singleton, so is ∂f (λ(X )), by the spectral subgradients
corollary above. Conversely, suppose ∂f (λ(X )) consists only of the vector y ∈ Rn.
Using Exercise 3.2.9(b), we see the components of y are nonincreasing, so by the
same corollary, ∂( f ◦ λ)(X ) is the nonempty convex set

{UT (Diag y)U : U ∈ On, UT Diag(λ(X ))U = X }.

But every element of this set has the same norm (namely ‖y‖), so the set must be a
singleton.

Notice that the proof in fact shows that when f is differentiable at λ(X ) we have the
formula

∇( f ◦ λ)(X ) = U T (Diag∇f (λ(X )))U (3.2.4)

for any matrix U in On satisfying UT (Diag λ(X ))U = X .
The pattern of these results is clear: many analytic and geometric properties of the

matrix function f ◦λ parallel the corresponding properties of the underlying function f .
The following exercise provides another excellent example.

Corollary 3.2.8. Suppose the function f : Rn → (−∞,+∞] is symmetric, closed,
and convex. Then, in the language of Section 7.1, f ◦ λ is essentially strictly con-
vex (respectively, essentially smooth) if and only if f is essentially strictly convex
(respectively, essentially smooth).
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For example, the logarithmic barrier ld is both essentially smooth and essentially
strictly convex.

Exercises and further results

3.2.1.� Prove the identities (3.2.3).
3.2.2. Use the spectral conjugacy theorem (3.2.4) to calculate ld ∗ and δ∗Sn+

.

3.2.3.� Prove the Davis characterization (Corollary 3.2.5) using the Fenchel biconju-
gation theorem (2.4.4).
3.2.4 (Square-root iteration). Suppose a symmetric positive semidefinite matrix A
satisfies 0 # A # I . Prove that the iteration

Y0 = 0, Yn+1 = 1

2

(
A+ Y 2

n

)
(n = 0, 1, 2, . . .)

is nondecreasing (i.e. Yn # Yn+1 for all n) and converges to the matrix I − (I −A)1/2.
Deduce that all positive definite matrices have unique positive definite square roots
and likewise in the semidefinite case.

Hint. Consider diagonal matrices A.

3.2.5 (Examples of convex spectral functions). Use the Davis characterization
(Corollary 3.2.5) to prove the following functions of a matrix X ∈ Sn are closed
and convex:

(a) ld (X ).
(b) tr(X p), for any nonnegative even integer p.

(c)
{− tr(X 1/2) if X ∈ Sn+
∞ otherwise.

(d)
{

tr(X−p) if X ∈ Sn++
∞ otherwise

for any nonnegative integer p.

(e)
{

tr(X 1/2)−1 if X ∈ Sn++
∞ otherwise.

(f)
{−(det X )1/n if X ∈ Sn+
∞ otherwise.

Deduce from the sublinearity of the function in part (f) the property

0 # X # Y ⇒ 0 ≤ det X ≤ det Y

for matrices X and Y in Sn.
3.2.6. Calculate the conjugate of each of the functions in Exercise 3.2.5.
3.2.7. Use formula (3.2.4) to calculate the gradients of the functions in Exercise 3.2.5.
3.2.8 (Orthogonal invariance). A function h : Sn → (−∞,+∞] is orthogonally
invariant if all matrices X in Sn and U in On satisfy the relation h(UT XU ) = h(X );
in other words, orthogonal similarity transformations do not change the value of h.
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(a) Prove h is orthogonally invariant if and only if there is a symmetric function
f : Rn → (−∞,+∞] with h = f ◦ λ.

(b) Prove that an orthogonally invariant function h is closed and convex if and only
if h ◦ Diag is closed and convex.

3.2.9.� Suppose the function f : Rn → (−∞,+∞] is symmetric.

(a) Prove f ∗ is symmetric.
(b) If vectors x and y in Rn satisfy y ∈ ∂f (x), prove [y] ∈ ∂f ([x]) using

Proposition 3.2.2.
(c) Finish the proof of the spectral subgradients corollary (3.2.6).
(d) Deduce ∂( f ◦ λ)(X ) = ∅ ⇔ ∂f (λ(X )) = ∅.
(e) Prove Corollary 3.2.8.

3.2.10 (Fillmore–Williams [214]). Suppose the set C ⊂ Rn is symmetric: that is,
PC = C holds for all permutation matrices P. Prove the set

λ−1(C) = {X ∈ Sn : λ(X ) ∈ C}

is closed and convex if and only if C is closed and convex.
3.2.11 (DC functions). We call a real function f on a convex set C ⊂ E a DC function
if it can be written as the difference of two real convex functions on C.

(a) Prove the set of DC functions is a vector space.
(b) If f is a DC function, prove it is locally Lipschitz on int C.
(c) Let σk denote the sum of the k largest eigenvalues of a symmetric matrix. Show

σk is convex and continuous for k = 1, 2, . . . , n. Hence prove that the k-th largest
eigenvalue λk is a DC function on Sn for k = 1, 2, . . . , n, and deduce it is locally
Lipschitz.

(d) Let us say a vector-valued function is DC if each of its coefficient functions is.
In [422] a short proof in Banach space is given of Hartman’s [250] result:

Theorem 3.2.9. Let X , Y , Z be Euclidean spaces with A ⊂ X , B ⊂ Y open and
convex. Let F : A → Y be DC on A with F(A) ⊂ B. Let G : B → Z be DC on B.
Then G ◦ F is locally DC on A.

Hint. For (d), let Fi = fi−hi, i = 1, . . . , n and Gj = gj−kj , j = 1, . . . , m where all four
of families fi, gi, hj , kj are convex. Fix a ∈ A and let M be a common Lipschitz constant
for gj , Gj on some neighborhood V of F(a). Show that around a both (g ◦F + 2M f )
and G◦F+(g ◦F+2M f ) have locally convex coordinates. The same method shows
that if F and G are globally Lipschitz then G ◦ F is globally DC on A. See [422] for
more details.

3.2.12 (Log-concavity). Show that the following are logarithmically concave:

(a) x 
→ ex

1+ex for all x in R.

(b) (x1, x2, · · · , xN ) 
→
∏N

k=1 xk∑N
k=1 xk

for all x1 > 0, x2 > 0, · · · , xN > 0.

(c) The corresponding spectral function A 
→ det A
tr A for A positive definite.
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Figure 3.1 The semidefinite cone in 2-space with a boundary plane.

Other examples are to be found in [128, 96].

3.2.13 (Concavity and log-concavity). Show that the following are concave and so
log-concave:

(a) (x1, x2, · · · , xN ) 
→
(∏M

k=1
−→xk

)1/M
for all x1 > 0, x2 > 0, · · · , xN > 0. Here

1 ≤ M ≤ N and −→x denotes the sequence placed in nondecreasing order.
(b) The corresponding spectral function for A positive definite. This is the M -th root

of the M smallest eigenvalues.

3.2.14 (2D semidefinite cone). Show that the cone of two-by-two semidefinite matri-
ces is represented by S2 := {(x, y, z) : xy ≥ z2, x + y ≥ 0}. Prove, as illustrated in
Figure 3.1, that the sum of S2 and any hyperplane T tangent at a nonzero point of S2

is never closed.
3.2.15 (Convex matrix functions). Let C ∈ Sn+ be fixed. For matrices A ∈ Sn++ and
D ∈ Sn show that

d2

dt2
tr
(
C(A+ tD)−1

) ∣∣∣∣
t=0
≥ 0.

(a) Deduce that (i) A 
→ tr(CA−1), (ii) A 
→ tr(CA2), and (iii) A 
→ − tr(CA1/2) are
convex with domains Sn++, Sn, and Sn+ respectively.

(b) Deduce from Exercise 2.4.28(b) that (i) A 
→ A−1, (ii) A 
→ A2, and (iii)
A 
→ −A1/2 define Loewner-convex functions with domains Sn++, Sn, and Sn+
respectively. Confirm that A 
→ A4 is not order-convex.

Hint. Consider A :=
(

4 2
2 1

)
and B :=

(
4 0
0 8

)
.

Hence A 
→ A2 cannot be order-monotone.
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3.2.16 (Quadratic forms). Define fQ : Sn+ → R via fQ(x) := 1
2 〈Qx, x〉.

(a) Show, that fQ is convex and that f ∗Q = fQ−1 when Q ∈ Sn++. (See also Exercise

2.6.2.) Deduce that Q 
→ Q−1 is order-reversing in the Loewner ordering.
(b) Show that for A, B ∈ Sn+ one has

f A+B
2
≥ 2fA fB,

and deduce that for Q ∈ Sn++ the mapping Q 
→ Q−1 is order-convex – as shown
by different methods in Exercise 3.2.15.

(c) Explore the above conjugacy formula and conclusions for Q ∈ Sn+.

Hint. This entails using a generalized inverse Q− [175, p. 179ff]. .

3.2.17 (Matrix norms [261, 236]).�� We restrict this discussion to real spaces. A
matrix norm is a norm on a Euclidean space M of square n× n matrices that is also
submultiplicative

‖AB‖ ≤ ‖A‖‖B‖ for all A, B ∈M.

If ‖A∗‖ = ‖A‖ for all A ∈ M we have a ∗-norm. All matrix norms on M are
equivalent since the space is finite-dimensional.

An induced norm on a space of matrices is the one defined by ‖A‖ :=
sup{‖Ax‖ : ‖x‖ ≤ 1}. (One can vary the norm on the range and domain spaces.)
The Frobenius norm of a matrix A is the Euclidean norm we have already met,
induced by the trace inner-product

‖A‖F := √tr A∗A =
√√√√ n∑

i=1

n∑
j=1

|ai,j|2.

The eigenvalues of
√

A∗A (or
√

AA∗) define the singular values of A, denoted σ(A).
Let ρ(A) := sup{|σ | : σ ∈ σ(A)} be the spectral radius. Show that:

(a) Every induced norm is a matrix norm.
For all A in M show the following:

(b) ‖A‖F =
√∑n

i=1 σ
2
i , where σi ∈ σ(A), is a matrix norm;

(c) ‖A∗‖F = ‖A‖F = ‖OA‖F = ‖AO‖F for all orthogonal O ∈M;
(d) ρ(A) ≤ ‖A‖ for all matrix norms;
(e) ρ(A) = limk→∞ ‖Ak‖1/k for all induced norms.

3.2.18 (Matrix p-norms [261, 236, 54]).�� When the underlying norm in Exercise
3.2.17 is the p-norm, we write ‖A‖p for the induced norm. Let n be the dimension of
the underlying space. For all A in M show that

(a1) ‖A‖2 ≤ ‖A‖F ≤ √n‖A‖2;
(a2) 1√

n
‖A‖1 ≤ ‖A‖2 ≤ √n‖A‖1;

(a3) 1√
n
‖A‖∞ ≤ ‖A‖2 ≤ √n‖A‖∞;

(b) ‖A‖2
2 ≤ ‖A‖1‖A‖∞;
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(c1) ‖A‖1 = max1≤j≤n
∑n

i=1 |aij|;
(c2) ‖A‖∞ = max1≤i≤n

∑n
j=1 |aij|;

(d) ‖A‖2 = ‖OA‖2 = ‖AO‖2 for all orthogonal O in M.

It is also common to see ‖A‖p used to denote the entrywise p-norm of the matrix
viewed as a rolled-out sequence. This leads to quite different results. Thence, ‖A‖2 =
‖A‖F , ‖A‖1 = tr

√
A∗A, is the trace norm, and ‖A‖∞ = max1≤i,j≤n |aij|.

In greater generality the matrix norms become operator or Banach algebra norms
and the entrywise norms become the Schatten norms of section 6.5. All matrix and
entrywise norms on M are equivalent since the space is finite-dimensional. The ease
of computation of the entrywise norms is one of the key reasons for so renorming
within numerical linear algebra.
3.2.19 (Vector and matrix norms [261, 236, 54]).�� Let ‖·‖ be any norm on M. Show
that there is a unique number c > 0 such that c‖ · ‖ is a matrix norm. Need it be an
induced norm?

Aparticularly nice discussion of matrix norms and many related issues can be found
in [54, Chapter 9].

3.3 Linear and semidefinite programming duality

Linear programming (LP) is the study of convex optimization problems involving a
linear objective function subject to linear constraints. This simple optimization model
has proven extraordinarily powerful in both theory and practice, so we devote the first
part of this section to deriving linear programming duality theory from our convex
perspective.

We then contrast this theory with the corresponding results for semidefinite pro-
gramming (SDP), a class of matrix optimization problems analogous to linear
programs but involving the positive semidefinite cone.

Linear programs are inherently polyhedral, so our main development follows
directly from the polyhedrality section (Section 3.1). Given vectors a1, a2, . . . , am,
and c in Rn and a vector b in Rm, consider the primal linear program

inf 〈c, x〉
subject to 〈ai, x〉 − bi ≤ 0 for i = 1, 2, . . . , m

x ∈ Rn.

 (3.3.1)

Denote the primal optimal value by p ∈ [−∞,+∞]. In the Lagrangian duality
framework, the dual problem is

sup
{
− bTµ :

m∑
i=1

µia
i = −c, µ ∈ Rm+

}
(3.3.2)

with dual optimal value d ∈ [−∞,+∞].
This can be systematically analyzed using polyhedral theory. Suppose that Y is a

Euclidean space, that the map A : E → Y is linear, and consider cones H ⊂ Y and
K ⊂ E. For given elements c of E and b of Y , consider the primal abstract linear
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program
inf {〈c, x〉 : Ax − b ∈ H , x ∈ K}. (3.3.3)

As usual, denote the optimal value by p. We can write this problem in Fenchel form
(2.3.2) if we define functions f on E and g on Y by f (x) := 〈c, x〉 + δK (x) and
g(y) := δH (y − b). Then the Fenchel dual problem (4.4.1) is

sup{〈b,φ〉 : A∗φ − c ∈ K−, φ ∈ −H−} (3.3.4)

with dual optimal value d. If we now apply the Fenchel duality theorem (2.3.4)
first to problem (3.3.3), and then to problem (3.3.4) (using the bipolar cone theorem
(2.4.11)), we obtain the following general result. Note that (ii) of either (a) or (b)
below is usually referred to as Slater’s condition since it asserts that an inequality
holds strictly.

Corollary 3.3.1 (Cone programming duality). Suppose the cones H and K in problem
(3.3.3) are convex.

(a) If any of the conditions

(i) b ∈ int(AK − H ),
(ii) b ∈ AK − int H, or
(iii) b ∈ A(int K)− H, and either H is polyhedral or A is surjective

hold then there is no duality gap (p = d) and the dual optimal value d is attained
when finite.

(b) Suppose H and K are also closed. If any of the conditions

(i) −c ∈ int(A∗H− + K−),
(ii) −c ∈ A∗H− + int K−, or
(iii) −c ∈ A∗(int H−)+ K−, and K is polyhedral or A∗ is surjective

hold then there is no duality gap and the primal optimal value p is attained when
finite.

In both parts (a) and (b), the sufficiency of condition (iii) follows by applying the
mixed Fenchel duality corollary (3.1.9). In the fully polyhedral case we obtain the
following result.

Corollary 3.3.2 (Linear programming duality). Suppose the cones H and K in the
dual pair of problems (3.3.3) and (3.3.4) are polyhedral. If either problem has finite
optimal value then there is no duality gap and both problems have optimal solutions.

Proof. We may apply the polyhedral Fenchel duality corollary (3.1.8) to each problem
in turn.

Our earlier result for the linear program (3.3.1) is clearly just a special case of this
corollary. The formulation allows many patterns to be unified. Suppose for instance,
that the cone K = Rn+ × 0m then K+ = Rn+ × Rm and equality variables are dual to
unconstrained ones.

Linear programming has an interesting matrix analog. Given matrices
A1, A2, . . . , Am, and C in Sn+ and a vector b in Rm, consider the primal semidefinite
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program

inf tr(CX )
subject to tr(AiX ) = bi for i = 1, 2, . . . , m

X ∈ Sn+.

 (3.3.5)

This is a special case of the abstract linear program (3.3.3), so the dual problem is

sup
{
bTφ : C −

m∑
i=1

φiAi ∈ Sn+, φ ∈ Rm
}
, (3.3.6)

since (Sn+)− = −Sn+, by the self-dual cones proposition (2.4.9), and we obtain the
following duality theorem from the general result above.

Corollary 3.3.3 (Semidefinite programming duality). If the primal problem (3.3.5)
has a positive definite feasible solution, there is no duality gap and the dual optimal
value is attained when finite. On the other hand, if there is a vector φ in Rm with

C −
∑

i

φiAi $ 0

then once again there is no duality gap and now the primal optimal value is attained
when finite.

Unlike linear programming, we really do need a condition stronger than mere
consistency to guarantee the absence of a duality gap. For example, if we consider
the primal semidefinite program (3.3.5) with

n = 2, m = 1, C =
[

0 1
1 0

]
, A1 =

[
1 0
0 0

]
, and b = 0,

the primal optimal value is 0 (and is attained), whereas the dual problem (3.3.6) is
inconsistent. Another related and flamboyant example is given in Exercise 10.1.6.

The semidefinite cone has many special properties that we have not exploited. One
such property is mentioned in Exercise 3.3.8.

Exercises and further results

The fact that duality gaps can and do occur in nonpolyhedral linear programming
was a discovery of the 1950s. It is still a topic of active interest especially since
the emergence of semidefinite programming. This is well illustrated in [417] where
the phenomenon is carefully analyzed and various strategies for repairing the gap
are described, as are important concepts about the facial structure of nonpolyhedral
cones.
3.3.1.� Verify the precise form of the dual problem for the linear program (3.3.1).
3.3.2 (Linear programming duality gap). Give an example of a linear program of
the form (3.3.1) which is inconsistent (p = +∞) with the dual problem (3.3.2) also
inconsistent (d = −∞).
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3.3.3.� Verify the precise form of the dual problem for the abstract linear program
(3.3.3).
3.3.4.� Fill in the details of the proof of the cone programming duality corollary
(3.3.1). In particular, when the cones H and K are closed, show how to interpret
problem (3.3.3) as the dual of problem (3.3.4).
3.3.5.� Fill in the details of the proof of the linear programming duality
corollary 3.3.2.
3.3.6 (Complementary slackness). Suppose we know the optimal values of problems
(3.3.3) and (3.3.4) are equal and the dual value is attained. Prove a feasible solution x
for problem (3.3.3) is optimal if and only if there is a feasible solution φ for the dual
problem (3.3.4) satisfying the conditions

〈Ax − b,φ〉 = 0 = 〈x, A∗φ − c〉.

3.3.7 (Semidefinite programming duality).� Prove Corollary 3.3.3.
3.3.8 (Exposedness in the semidefinite cone). Prove that every extreme point of the
cone Sn+ is exposed, but that for n > 2 not every boundary point is extreme.

Hint. Cones in which all extreme faces are exposed are called facially exposed.
See [340].

The now well-exploited links between semidefinite programming and combinato-
rial optimization [128] were made apparent by work by Lovász and others over the
past two decades (and as is often the case in various earlier work), and especially by
a spectacular 1995 result of Goemans and Williamson which applied the sort of ideas
we now outline to illustrate how semidefinite relaxation works.
3.3.9 (Semidefinite relaxation).�� Semidefinite programs provide an excellent way
of relaxing hard combinatorial problems to more tractable convex problems [438,
Ch. 13]. This is nicely highlighted by looking at a quadratic Boolean programming
model

µ := max
x∈F

(〈Qx, x〉 − 2〈c, x〉)

where Q is a n × n symmetric matrix and F denotes the Boolean constraint
x = {±1,±1, . . . ,±1}. Classically, such programs were solved by a coarse linear
relaxation from x ∈ F to −1 ≤ xk ≤ 1, k = 1, . . . , n and then reimposing the
Boolean constraints by requiring various variables to be fixed and using branch-and-
bound methods to determine which assignment is optimal. A superior semi-definite
relaxation is produced as follows.

(a) By homogenization we may assume c = 0: replace Q by

Qc :=
(

0 −cT

−c Q

)
and replace x by (t, x). The original problem then has x1 = 1.
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(b) Now observe that, as the trace commutes,

〈Qx, x〉 = tr xT Qx = tr QxxT = tr QY

where Y = xxT is a rank one, positive semidefinite matrix with entries yi,j = xixj .
(c) Thus a semidefinite relaxation of the homogenized program is

µ̂ := max
Y�0

{tr QY : diag(Y ) = e}

where e := (1, 1, . . . , 1), in which we have only relaxed the rank-one constraint.
Goemans and Williamson showed for the NP-hard ‘min-cut/max-flow’ prob-

lem that a randomized version of such a relaxation after dualization – which being
a semidefinite program can approximately be solved in polynomial time – has
expected performance exceeding 0.87856% of the exact solution [235].

3.4 Selections and fixed points

A multifunction is a set-valued mapping. The range of a multifunction
 : E → 2Y is⋃
x∈E 
(x). A selection for the multifunction 
, is a single-valued function f : E →

Y such that f (x) ∈ 
(x) for all x ∈ E. We first present some standard terminology
for multifunctions before presenting our main results.

A multifunction 
 between Euclidean spaces E and Y is is said to be closed if
its graph, defined by graph(
) := {(x, y) : y ∈ 
(x)}, is closed in E × Y . It is
upper-semicontinuous (USC) or alternatively inner-semicontinuous (isc) at a point
x if 
−1(V ) := {y ∈ E : 
(y) ⊂ V } is open whenever V is an open set with

(x) ⊂ V . Suppose U is an open subset in E. Then 
 is said to be an usco on U if 

is USC and has nonempty compact images throughout U ; and a cusco if the images
are also convex.

Likewise 
 is is said to be lower-semicontinuous (LSC) or outer-semicontinuous
(osc) at a point x if {y ∈ E : 
(y) ∩ V �= ∅} is open whenever V is an open set
with 
(x) ∩ V �= ∅. While isc and osc, as used in [378, Chapter 5], are arguably
less ambiguous and more intuitive terms, USC and LSC are still more standard. A
mapping that is both LSC and USC is sometimes called continuous.

We shall see in this and the next sections that cuscos arise in several important
contexts. For the first such example, we shall say that a fixed point of a multifunction

 : C → C is an element x ∈ C with x ∈ 
(x). Although this section is presented in
the context of Euclidean spaces, the key results extend easily as we shall indicate in
Section 6.1.

Theorem 3.4.1 (Kakutani–Fan [274]). If C ⊂ E is nonempty, compact and convex,
then any cusco 
 : C → C has a fixed point.

Before proving this result, we outline a little more topology. Given a finite open
cover {O1, O2, . . . , Om} of a set K ⊂ E, a partition of unity subordinate to this cover
is a set of continuous functions p1, p2, . . . , pm : K → R+ whose sum is identically
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equal to one and satisfying pi(x) = 0 for all points x outside Oi (for each index i).
We outline the proof of the next result, a central topological tool, in Exercise 3.4.6.

Theorem 3.4.2 (Partition of unity). There is a partition of unity subordinate to any
finite open cover of a compact subset of E.

Topological spaces for which this result remains true are called paracompact spaces
and include all compact spaces and all metric spaces.

The other theme of this section is the notion of a continuous selection of a multi-
function 
 on a set K ⊂ E, by which we mean a continuous map f on K satisfying
f (x) ∈ 
(x) for all x in K . The central step in our proof of the Kakutani–Fan theorem
is the following ‘approximate selection’ theorem.

Theorem 3.4.3 (Cellina approximate selection theorem [21]). Given any compact
set K ⊂ E, suppose the multifunction
 : K → Y is an usco. Then for any real ε > 0
there is a continuous map f : K → Y which is an ‘approximate selection’ of 
 :

dG(
)(x, f (x)) < ε for all points x in K , (3.4.1)

with range f contained in the closed convex hull of range
.

Proof. We use the norm on E × Y given by

‖(x, y)‖E×Y := ‖x‖E + ‖y‖Y for all x ∈ E and y ∈ Y .

As 
 is an usco, for each x in K there is a δx in (0, ε/2) satisfying


(x + δxBE) ⊂ 
(x)+ ε

2
BY .

Since the sets x + (δx/2) int BE (as the point x ranges over K) comprise an open
cover of the compact set K , there is a finite subset {x1, x2, . . . , xm} of K with the sets
xi + (δi/2) int BE comprising a finite subcover (where δi is shorthand for δxi for each
index i).

Theorem 3.4.2 provides a partition of unity p1, p2, . . . , pm : K → R+ subordinate
to this subcover. We construct our approximate selection f by choosing a point yi

from 
(xi) for each i and defining

f (x) :=
m∑

i=1

pi(x)yi for all x in K . (3.4.2)

Fix any point x in K and set I := {i : pi(x) �= 0}. By definition, x satisfies
‖x − xi‖ < δi/2 for each i in I . If we choose an index j in I maximizing δj , the
triangle inequality shows ‖xj − xi‖ < δj , whence

yi ∈ 
(xi) ⊂ 
(xj + δjBE) ⊂ 
(xj)+ ε

2
BY

for all i in I . In other words, for each i in I we know d
(xj)(yi) ≤ ε/2. Since
this distance function is convex, equation (3.4.2) shows d
(xj)( f (x)) ≤ ε/2. Since
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‖x − xj‖ < ε/2, this proves inequality (3.4.1). The final claim follows immediately
from equation (3.4.2).

Proof of the Kakutani–Fan theorem. For each positive integer r Cellina’s result shows
there is a continuous self map fr of C satisfying

dG(
)(x, fr(x)) <
1

r
for all points x in C.

By Brouwer’s fixed point theorem [95, Theorem 8.1.3] each fr has a fixed point xr

in C, with

dG(
)(x
r , xr) <

1

r
for each r.

Since C is compact, the sequence (xr) has a convergent subsequence whose limit
must be a fixed point of 
 since 
 is closed by Exercise 3.4.3(b). �

Cellina’s result remains true with essentially the same proof in Banach space – as
does the Kakutani–Fan theorem [208].

We end this section with an exact selection theorem parallel to Cellina’s result but
assuming the multifunction is LSC ({x : 
(x) ∩ V �= ∅} is open whenever V is.)
rather than an usco. The proof is outlined in Exercise 3.4.8.

Theorem 3.4.4 (Michael selection theorem [315]). Given any closed set K ⊂ E,
suppose the multifunction 
 : K → Y is LSC with nonempty closed convex images.
Then given any point (x̄, ȳ) in G(
), there is a continuous selection f of 
 satisfying
f (x̄) = ȳ.

Figure 3.2 illustrates the distinction between the Michael’s and Cellina’s results.
The right-hand image clearly shows a better approximate selection, but the mapping
is not LSC and any continuous mapping must stay bounded away from the maximal
monotone mapping in supremum norm.

1

0.5

0

–0.5

–1
–2 –1 0

x
1 2

1

0.5

0

–0.5

–1
–2 –1 0

x
1 2

Figure 3.2 Two approximate selections to ∂| · |.
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Exercises and further results

3.4.1 (USC and continuity). Fix 
 : K → 2Y for a closed subset K ⊂ E.

(a) Prove the multifunction

x ∈ E 
→
{

(x) for x ∈ K
∅ for x �∈ K

is USC if and only if 
 is USC.
(b) Prove a function f : K → Y is continuous if and only if the multifunction

x ∈ K 
→ { f (x)} is USC.
(c) Prove a function f : E → [−∞,+∞] is lsc at a point x in E if and only if the

multifunction whose graph is the epigraph of f is USC at x.

3.4.2 (Minimum norm selection). If U ⊂ E is open and 
 : U → Y is USC, prove
the function g : U → Y defined by g(x) = inf {‖y‖ : y ∈ 
(x)} is lsc.
3.4.3 (Closed versus USC).� If the multifunction � : E → Y is closed and the
multifunction 
 : E → Y is USC at the point x in E with 
(x) compact, prove the
multifunction z ∈ E 
→ 
(z) ∩�(z) is USC at x.

(a) Hence prove that any closed multifunction with compact range is USC.
(b) Prove any USC multifunction with closed images is closed.
(c) If a USC multifunction has compact images, prove it is locally bounded.

3.4.4 (Composition). If the multifunctions� and
 are USC prove their composition
x 
→ �(
(x)) is also.
3.4.5 (USC images of compact sets). Fix a multifunction 
 : K → Y . Suppose K is
compact and 
 is USC with compact images. Prove the range 
(K) is compact by
following the steps below.

(a) Consider an open cover {Uγ : γ ∈ �} of 
(K). For each point x in K , prove
there is a finite subset �x of � with


(x) ⊂
⋃
γ∈�x

Uγ .

(b) Construct an open cover of K by considering the sets{
z ∈ K : 
(z) ⊂

⋃
γ∈�x

Uγ

}

as the point x ranges over K .
(c) Hence construct a finite subcover of the original cover of 
(K).

3.4.6 (Partitions of unity). Suppose the set K ⊂ E is compact with a finite open cover
{O1, O2, . . . , Om}.
(a) Show how to construct another open cover {V1, V2, . . . , Vm} of K satisfying

cl Vi ⊂ Oi for each index i.
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Hint. Each point x in K lies in some set Oi, so there is a real δx > 0 with
x+ δxB ⊂ Oi; now take a finite subcover of {x+ δx int B : x ∈ K} and build the
sets Vi from it.

(b) For each index i, prove the function qi : K → [0, 1] given by

qi := dK\Oi

dK\Oi + dVi

is well-defined and continuous, with qi identically zero outside of Oi.
(c) Deduce that the set of functions pi : K → R+ defined by

pi := qi∑
j qj

is a partition of unity subordinate to the cover {O1, O2, . . . , Om}.
3.4.7.� Prove the Kakutani–Fan theorem (3.4.1) is valid under the weaker assumption
that the images of the cusco 
 : C → E always intersect the set C using Exercise
3.4.3.
3.4.8 (Michael’s theorem).� Suppose the assumptions of Michael’s theorem (3.4.4)
hold. Consider first the case with K compact.

(a) Fix a real ε > 0. By constructing a partition of unity subordinate to a finite
subcover of the open cover of K consisting of the sets

Oy := {x ∈ E : d
(x)(y) < ε} for y in Y ,

construct a continuous function f : K → Y satisfying

d
(x)( f (x)) < ε for all points x in K .

(b) Construct continuous functions f1, f2, . . . : K → Y satisfying

d
(x)( fi(x)) < 2−i for i = 1, 2, . . .

‖fi+1(x)− fi(x)‖ < 21−i for i = 1, 2, . . .

for all points x in K .

Hint. Construct f1 by applying part (a) with ε = 1/2; then construct fi+1

inductively by applying part (a) to the multifunction

x ∈ K 
→ 
(x) ∩ ( fi(x)+ 2−iBY )

with ε = 2−i−1.

(c) The functions fi of part (b) must converge uniformly to a continuous function f .
Prove f is a continuous selection of 
.
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(d) Prove Michael’s theorem by applying part (c) to the multifunction


̂(x) :=
{

(x) if x �= x̄
{ȳ} if x = x̄.

(e) Now extend to the general case where K is possibly unbounded in the following
steps. Define sets Kn := K ∩ nBE for each n = 1, 2, . . . and apply the compact
case to the multifunction 
1 = 
|K1 to obtain a continuous selection g1 : K1 →
Y . Then inductively find a continuous selection gn+1 : Kn+1 → Y from the
multifunction built from


n+1(x) :=
{ {gn(x)} for x ∈ Kn


(x) for x ∈ Kn+1 \ Kn

and prove the function defined by

f (x) := gn(x) for x ∈ Kn, n = 1, 2, . . .

is the required selection.

The result remains true with much the same proof if K is paracompact and Y is a
Banach space. A lovely application is:
3.4.9 (Hahn–Katětov–Dowker sandwich theorem). Suppose K ⊂ E is closed.

(a) For any two lsc functions f , g : K → R satisfying f ≥ −g, prove there is a
continuous function h : K → R satisfying f ≥ h ≥ −g by considering the
multifunction x 
→ [−g(x), f (x)]. Observe the result also holds for extended-
real-valued f and g.

(b) (Urysohn lemma). Suppose the closed set V and the open set U satisfy V ⊂ U ⊂
K . Use part (a) to prove there is a continuous function f : K → [0, 1] that is
identically equal to one on V and to zero on Uc.

3.4.10 (Continuous extension theorem). Consider a closed subset K of E and a
continuous function f : K → Y . By considering the multifunction


(x) :=
{ { f (x)} for x ∈ K

cl(conv f (K)) for x �∈ K ,

prove there is a continuous function g : E → Y satisfying g|K = f and g(E) ⊂
cl(conv f (K)).
3.4.11 (Generated cuscos). Suppose the multifunction
 : K → Y is locally bounded
with nonempty images.

(a) Among those cuscos containing 
, prove there is a unique one with minimal
graph, given by

�(x) :=
⋂
ε>0

cl conv(
(x + εB)) for x ∈ K .
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(b) If K is nonempty, compact, and convex, Y = E, and 
 satisfies the conditions

(K) ⊂ K and x ∈ �(x)⇒ x ∈ 
(x) for x ∈ K , prove 
 has a fixed point.

3.4.12 (Multifunctions containing cuscos). Suppose 
 : K → Y is closed with
nonempty convex images, and the function f : K → Y is such that f (x) is a point of
minimum norm in 
(x) for all points x in K . Prove 
 contains a cusco if and only if
f is locally bounded.

Hint. Use Exercise 3.4.11 to consider the cusco generated by f .

3.5 Into the infinite

Many of the results we shall meet in future chapters are of significance in Euclidean
space and some admit much simpler proofs. To aid with browsing in chapters to
follow we preview some of these results in their Euclidean avatars now. We begin
with the simple but powerful Euclidean case of Ekeland’s variational principle (4.3.1)
which is given in a complete metric space.

Theorem 3.5.1 (Ekeland’s variational principle). Let E be Euclidean and let f : E →
(−∞,+∞] be a lsc function bounded from below. Suppose that ε > 0 and z ∈ E
satisfy

f (z) < inf
E

f + ε.

Suppose λ > 0 is given, then there exists y ∈ E such that

(a) ‖z − y‖ ≤ λ, (b) f (y)+ (ε/λ)‖z − y‖ ≤ f (z), and
(c) f (x)+ (ε/λ)‖x − y‖ > f (y), for all x ∈ E \ {y}.
Proof. Let g be defined by g(x) := f (x)+ (ε/λ)‖x − z‖. Then g is lsc and coercive
and so achieves its minimum at a point y. Hence

f (x)+ (ε/λ)‖x − z‖ ≥ f (y)+ (ε/λ)‖z − y‖ (3.5.1)

for all x ∈ E. In particular inf E f + ε > f (z) ≥ f (y)+ (ε/λ)‖z− y‖, whence (a) and
(b) follow. The triangle inequality applied to (3.5.1) gives (c).

Apotent application of Ekeland’s principle is to the Brøndsted–Rockafellar theorem
of Exercise 3.5.7. Another fine illustration of the variational principle at work is to
rapidly establish that every Čebyšev set in Euclidean space is convex.

Recall that a set C in Euclidean space is said to be a Čebyšev set if every point
in the space has a unique best approximation in C (see Theorem 1.3.1 and Exercise
2.3.20.) We will discuss this concept further and study another conjugate function
approach in Section 4.5. We call C ⊂ X approximately convex if, for any closed
norm ball D ⊂ X disjoint from C, there exists a closed ball D′ ⊃ D disjoint from C
with arbitrarily large radius.

Theorem 3.5.2 (Čebyšev sets are convex [96, 229]). Every Čebyšev set C in a
Euclidean space is convex (and closed).
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Proof. By Exercise 3.5.2 it suffices to show C is approximately convex. Suppose not.
We claim that for each x �∈ C

lim sup
y→x

dC(y)− dC(x)

‖y − x‖ = 1. (3.5.2)

As a consequence of the mean value theorem (Exercise 3.5.5) for Lipschitz functions
(since in the language of Section 9.2 all Fréchet (super-)gradients have norm-one off
C). Consider any real α > dC(x). Fix reals σ ∈ (0, 1) and ρ satisfying

α − dC(x)

σ
< ρ < α − β.

Apply Theorem 3.5.1 to the function −dC + δx+ρB, where B := BE , to show there
exists a point v ∈ E satisfying the conditions

dC(x)+ σ‖x − v‖ ≤ dC(v)

dC(z)− σ‖z − v‖ ≤ dC(v) for all z ∈ x + ρB.

Deduce ‖x − v‖ = ρ, and hence x + βB ⊂ v + αB.

We say a multifunction T : E → 2E∗ is monotone on a set U if 〈y∗ − x∗, y− x〉 ≥ 0
whenever x, y ∈ U and x∗ ∈ T (x), y∗ ∈ T (y). If no set is mentioned it is assumed to
be the domain of T , that is: {x : T (x) �= ∅}. A monotone multifunction – also called a
monotone operator, especially if single-valued or in infinite dimensions – is maximal
monotone if 〈y∗ − x∗, y − x〉 ≥ 0 for all x∗ ∈ T (x) implies that y∗ ∈ T (y). We say
such a pair (y, y∗) is monotonically related to the graph of T .

In Exercise 2.2.21 we verified monotonicity of the subgradient. It is worth noting
that any positive definite matrix induces a (single-valued) monotone operator that is
most often not a subgradient (Exercise 3.5.4). More subtly and significantly we have:

Theorem 3.5.3 (Rockafellar). Suppose f : E → (−∞,+∞] is a lsc proper convex
function. Then ∂f is a maximal monotone multifunction.

Proof. The proof in Theorem 6.1.5 is applicable if X is replaced by E and Exercise
3.5.7 is used instead of the full Brøndsted–Rockafellar theorem (4.3.2). Another proof
is given in Exercise 3.5.11.

A function f : E → (−∞,+∞] is said to be supercoercive if lim‖x‖→∞ f (x)
‖x‖ =

+∞ whereas f is called cofinite if its conjugate is finite everywhere on E. In many
sources, supercoercive functions are referred to as strongly coercive. A fundamental
duality result is:

Proposition 3.5.4 (Moreau–Rockafellar). A proper closed convex function f on
Euclidean space is supercoercive if and only if it is cofinite.

Proof. Let α > 0 and β ∈ R. Then Fenchel conjugation shows that f ≥ α‖ · ‖ + β

if and only if f ∗ ≤ −β on αBE ; see Theorem 2.3.2 for an alternate approach to this.
After translation, this shows that f ∗ is continuous at x0 if and only if f −〈x0, ·〉 grows
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as fast as some multiple of the norm. A simple argument shows that if this holds at all
points then f is supercoercive. The converse follows more easily in the same way.

For a discussion of this sort of result in Banach space see Fact 4.4.8 and
Exercise 4.4.23.

Finally, we make a brief introduction to a remarkable convex function whose study
is central to Chapter 9. For a monotone multifunction T , we associate the Fitzpatrick
function FT introduced in [215]. It is given by

FT (x, x∗) := sup{〈x, y∗〉 + 〈x∗, y〉 − 〈y, y∗〉 : y∗ ∈ T (y)}, (3.5.3)

and it is clearly lsc and convex on E × E as it is an affine supremum. Moreover, see
Exercise 3.5.10, one has:

Proposition 3.5.5. [215, 121] The Fitzpatrick function associated with a maximal
monotone multifunction T : E → E satisfies

FT (x, x∗) ≥ 〈x, x∗〉 (3.5.4)

for all (x, x∗) in E × E with equality if and only if x∗ ∈ T (x).

Proposition 3.5.6 (Minty condition). A monotone operator T on a Euclidean space
E is maximal if and only if range(T + I) = E.

Proof. We prove the ‘if’. Assume (w, w∗) is monotonically related to the graph of T .
By hypothesis, we may solve w∗ + w ∈ (T + I)(x + w). Thus w∗ = t∗ + x where
t∗ ∈ T (x + w),. Hence

0 ≤ 〈w − (w + x), w∗ − t∗〉 = −〈x, w∗ − t∗〉 = −〈x, x〉 = −‖x‖2 ≤ 0.

Thus, x = 0. So w∗ ∈ T (w) and we are done.
The ‘only if’ is a special case of Theorem 3.5.7.

Theorem 3.5.7 (Maximality of sums). Let T be maximal monotone on a Euclidean
space E and let f be closed and convex on E. Suppose the following constraint
qualification (CQ) holds:

0 ∈ core{conv dom(T )− conv dom(∂f )}.

Then

(a) (∂f + T )+ I is surjective.
(b) ∂f + T is maximal monotone.

Proof. (a) We use the Fitzpatrick function FT (x, x∗) and further introduce fI (x) :=
f (x) + 1/2‖x‖2. Let G(x, x∗) := −fI (x) − f ∗I (−x∗). Observe that for all x, x∗ ∈ E,
by the Fenchel–Young inequality (2.3.1)

FT (x, x∗) ≥ 〈x, x∗〉 ≥ G(x, x∗)
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along with Proposition 3.5.5. Now, 0 ∈ core{conv dom(T ) − conv dom(∂f )} guar-
antees that the sandwich theorem (2.4.1) applies to FT ≥ G since f ∗I is everywhere
finite (by Exercise 3.5.11). So there are w, w∗ ∈ E with

FT (x, x∗)− G(z, z∗) ≥ w(x∗ − z∗)+ w∗(x − z) (3.5.5)

for all x, x∗ and all z, z∗. In particular, for x∗ ∈ T (x) and for all z∗, z ∈ E we have

〈x − w, x∗ − w∗〉 + [
fI (z)+ f ∗I (−z∗)+ 〈z, z∗〉] ≥ 〈w − z, w∗ − z∗〉.

Now we use Exercise 3.5.11 again to solve −w∗ ∈ dom(∂f ∗I ), and so to deduce
that −w∗ ∈ ∂fI (v) for some z. Thus

〈v − w, x∗ − w∗〉 + [ fI (v)+ f ∗I (−w∗)+ 〈v, w∗〉] ≥ 〈w − v, w∗ − w∗〉 = 0.

The second term on the left is zero and so w∗ ∈ T (w) by maximality. Substitution of
x = w and x∗ = w∗ in (3.5.5), and rearranging yields

〈w, w∗〉 + {〈−z∗, w〉 − f ∗I (−z∗)
}+ {〈z,−w∗〉 − fI (z)

} ≤ 0,

for all z, z∗. Taking the supremum over z and z∗ produces 〈w, w∗〉+fI (w)+f ∗I (−w∗) ≤
0. This shows−w∗ ∈ ∂fI (w) = ∂f (w)+w on using the sum formula for subgradients.

Thus, 0 ∈ (T + ∂fI )(w). Since all translations of T + ∂f may be used, as the (CQ)
is undisturbed by translation, (∂f + T )+ I is surjective which completes (a); and (b)
follows from Proposition 3.5.6.

Exercises and further results

3.5.1 (Approximately critical points [193, 121]). Let g be continuous, Gâteaux
differentiable and bounded below on a Euclidean space.

(a) Use Ekeland’s variational principle (3.5.1) to show that, for each ε > 0, there is
a point xε ∈ E with ‖∇g(xε)‖ ≤ ε.

(b) Suppose more stringently that g is supercoercive and continuously differentiable.
Show that range∇g = E.

Hint. First, fix y ∈ E and apply part (a) to x 
→ g(x) − 〈y, x〉 to deduce that
range g is dense. Then appeal again to coercivity to show the range is closed.

3.5.2 (Approximate convexity [96, 229]).�� Show every convex set in a finite-
dimensional Banach space is approximately convex. If the space has a smooth norm
(equivalently a rotund dual norm) then every approximately convex set is convex.

Hint.The first assertion follows from the Hahn–Banach theorem. Conversely, suppose
C is approximately convex but not convex. Then there exist points a, b ∈ C and a
closed ball D centered at the point c := (a+ b)/2 and disjoint from C. Hence, there
exists a sequence of points x1, x2, . . . such that the balls Br = xr + rB are disjoint
from C and satisfy D ⊂ Br ⊂ Br+1 for all r = 1, 2, . . .. The set H := cl ∪r Br is
closed and convex, and its interior is disjoint from C but contains c. It remains to
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confirm that H is a half-space. Suppose the unit vector u lies in the polar set H ◦. By
considering the quantity 〈u, ‖xr − x‖−1(xr − x)〉 as r ↑ ∞, we discover H ◦ must be
a ray. This means H is a half-space.

3.5.3. Show that a single-valued continuous monotone operator T on a Euclidean
space is maximal.

Hint. 〈T (x + th), h〉 ≥ 0 for all t > 0 and all h ∈ E.

3.5.4. Let A be a n × n semidefinite matrix, i.e. 〈Ax, x〉 ≥ 0 for all x ∈ Rn. Show
that x 
→ Ax defines a monotone operator, maximal (by Exercise 3.5.3), which is a
subgradient if and only if A is symmetric.

Hint. x 
→ 〈Ax, x〉 ≥ 0 is convex.

3.5.5 (Convex mean value theorem). Suppose f is convex and everywhere continuous
on a Euclidean space. Show that for u, v ∈ E there exists z interior to the line segment
[u, v] with

f (u)− f (v) ∈ 〈∂f (z), u− v〉. (3.5.6)

Hint. Define a convex function by g(t) := f (u + t(v − u)) − t( f (v) − f (u)) for

0 ≤ t ≤ 1. Write z(t) := u + t(v − u). As g(0) = f (u) = g(1) there is an interior
minimum at some s in (0, 1). Set z := z(s). Thus 0 ≤ g′(s;±1) = f ′(z;±(v − u))−
(±)( f (v)− f (u)). Now use the max formula (2.1.19).

If f is merely locally Lipschitz, Exercise 2.5.6 allows one to show that (3.5.6) still
holds if ∂of (z) is used.
3.5.6. Use Exercise 3.5.5 to provide a simple proof that ∂f is maximal monotone
when f is convex and everywhere continuous on a Euclidean space.
3.5.7 (Brøndsted–Rockafellar). Given f : E → (−∞,+∞] and x0 ∈ dom f and
ε > 0, the ε-subdifferential of f at x0 is defined by

∂εf (x0) = {φ ∈ X ∗ : φ(x)− φ(x0) ≤ f (x)− f (x0)+ ε, x ∈ E}. (3.5.7)

Suppose f is a proper lsc convex function on the Euclidean space E. Then given any
x0 ∈ dom f , ε > 0, λ > 0 and x∗0 ∈ ∂εf (x0), there exist x ∈ dom f and x∗ ∈ E such
that

x∗ ∈ ∂f (x), ‖x − x0‖ ≤ ε/λ and ‖x∗ − x∗0‖ ≤ λ.

Hint. First, 〈x∗0, x−x0〉 ≤ f (x)−f (x0) for all x ∈ E. Now define g(x) := f (x)−〈x∗0, x〉
for x ∈ E. Note that g(x0) ≤ inf X g + ε, and apply Theorem 3.5.1. A full proof is
given in Theorem 4.3.2.

3.5.8.� Suppose E is a Euclidean space and T : E → E is a maximal monotone
mapping. Show that (I + T )−1 has domain E and is nonexpansive. In particular,
Rockafellar’s theorem (3.5.3) ensures this applies when T = ∂f where f : E → R is
convex.
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Hint. Proposition 3.5.6 implies that dom(I + T )−1 = H . Suppose y1 ∈ (I + T )(x1)

and y2 ∈ (I + T )(x2). Then y1 − x1 ∈ Tx1 and y2 − x2 ∈ Tx2. By the monotonicity
of T and inner product norm

0 ≤ 〈(y1 − x1)− (y2 − x2), x1 − x2〉
= 〈y1 − y2, x1 − x2〉 − ‖x1 − x2‖2

and so ‖x1 − x2‖ ≤ ‖y1 − y2‖ as desired.

3.5.9 (Local boundedness). In Theorem 2.1.10 and Exercise 2.1.23 we examined
the boundedness behavior of convex functions and subdifferentials. This behavior
extends to monotone operators.

(a) Show that every (maximal) monotone multifunction is locally bounded at each
point of the interior of its domain: for each such point x0 there is a neighbourhood
U (x0) of x0 such that {y : y ∈ T (x), x ∈ U (x0)} is a bounded set.

Hint. See Exercise 6.1.6.

(b) Show that Exercise 2.2.23 also extends to maximal monotone operators.

3.5.10.� Prove Proposition 3.5.5.
3.5.11. Use Exercise 2.3.15 to show that for a closed convex function f on E and
fI := f + 1

2‖ · ‖2 we have
(
f + 1

2‖ · ‖2
)∗ = f ∗� 1

2‖ · ‖2∗ is everywhere continuous.
Also v∗ ∈ ∂f (v)+ v ⇔ f ∗I (v∗)+ fI (v)− 〈v, v∗〉 ≤ 0.
3.5.12 (Maximality of subgradients). Apply Theorem 3.5.7 with T := 0 to deduce
that the subgradient of a closed convex function on a Euclidean space is maximal
monotone.
3.5.13 (Maximality of sums [369]). Apply Theorem 3.5.7 deduce that the sum of
two maximal monotone multifunctions T1 and T2 on a Euclidean space is maximal
monotone if 0 ∈ core[conv dom(T1)− conv dom(T2)].
Hint. Apply Theorem 3.5.7 to the maximal monotone product mapping T (x, y) :=
(T1(x), T2(y)) and the indicator function f (x, y) := δ{x=y} of the diagonal in E × E.
Check that the given condition implies the (CQ) needed to deduce that T + IE×E +
∂δ{x=y} is surjective. Thus, so is T1 + T2 + 2 I and we are done, the constant 2 being
no obstruction.

3.5.14 (Cuscos [378]). Prove the following assertions for multifunctions between
Euclidean spaces.

(a) A locally bounded multifunction with a closed graph is an usco on the interior of
its domain.

(b) A multifunction 
 with nonempty compact images is USC at x if and only if for
each ε > 0 there is δ > 0 with 
(y) ⊂ 
(x)+ εBE for ‖y − x‖ < δ.

(c) Any monotone operator T , and so the subgradient of a convex function, is single-
valued at any point where it is LSC.

Hint. Suppose y1 �= y2 ∈ T (x). Fix h ∈ E with 〈y2, h〉 − 〈y1, h〉 > ε > 0. For all
small t > 0 one has T (x + th) ∩ {y : 〈y, h〉 < 〈y1, h〉 + ε} = ∅.
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We shall see later in the book – starting with Exercises 3.5.15 and 3.5.16 that –
in our context, in large part because of (c) – cuscos are usually the most appropriate
extension of the notion of continuity to multifunctions.
3.5.15 (Clarke subdifferential cusco [156]).�� Let U ⊆ E be an open subset of a
Euclidean space. In the language of Exercise 2.5.6 show that:

(a) The Clarke derivative f ◦(x; v) is usc as a function of (x, v).
(b) The Clarke subdifferential ∂of : U → 2E is a cusco on U .
(c) Thus, the subdifferential of a continuous convex function is a cusco.

3.5.16 (Maximal monotone cusco). Let U ⊆ E be an open subset of a Euclidean
space. Show that if T is maximal monotone on E and U ⊆ dom T then T is
a cusco on U .
3.5.17 (Differential inclusions [157]).† A differential inclusion requests a solution to

x′(t) ∈ F(t, x(t)) a.e., a ≤ t ≤ b, (3.5.8)

where a solution is taken to be an absolutely continuous mapping from [a, b] to
Rn. This provides a very flexible way of unifying apparently different problems
such as ordinary differential equations, differential inequalities and various control
systems. Under mild conditions (see Filippov’s lemma [157, p. 174]) one can replace
x′(t) = f (t, x(t), u(t))where the control is u(t) ∈ U by the inclusion x′(t) ∈ F(t, x) :=
f (t, x, U ).

From now on we shall consider the following autonomous problem

x′(t) ∈ F(x(t)) a.e., 0 ≤ t <∞, (3.5.9)

where F : Rn → Rn is a cusco with constants γ , δ such that sup ‖F(x)‖ ≤ γ ‖x‖ + δ

for x ∈ Rn. A zero x∗ of F is – in an obvious way – an equilibrium point of the
system. If for every α ∈ Rn there is a solution with x(0) = α on the entire positive
half-line such that ‖x(t) − x∗‖ → 0 as t → ∞ then the equilibrium is said to be
globally asymptotically stable. This is clearly a desirable property and is conveniently
verified by the existence of a (smooth) Lyapunov pair (V , W ) of smooth functions
on Rn such that for all x in Rn one has (i) V (x) ≥ 0, W (x) ≥ 0 with W (x) = 0 if and
only if x = x∗; (ii) V has compact lower level sets; and (iii)

min
v∈F(x)

〈∇V (x), v〉 ≤ −W (x).

(a) When F is singleton, show that t 
→ V (x(t))+∫ t
0 W (x(s)) ds is decreasing and so

bounded. Hence, so is t 
→ V (x(t)). Thus, x(t) remains bounded. In particular,
the ODE has a solution on the whole positive half-line and t 
→ W (x(t)) is
globally Lipschitz on [0,∞).

(b) Deduce that W (x(t)) converges to zero and so x(t)→ x∗.
(c) A more technical version of the same argument works for a cusco with linear

growth [157, p. 209].
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Lyapunov functions are used very broadly and provide ways of validating the
behavior of trajectories without having to compute them explicitly. The function V
measures ‘energy’ of the system and −W gives a rate of dissipation.
3.5.18 (Duality of Lyapunov functions [234]).† The generality of Exercise 3.5.17
perhaps obscures some remarkable convex duality structure. Let us consider the case
of a linear differential inclusion or (LDI) where we set

F(x) := conv {A1, A2, . . . , Am} (x)

for n× n matrices A1, A2, . . . , Am. There is a natural adjoint inclusion with G(x) :=
conv

{
A∗1, A∗2, . . . , A∗m

}
(x).

A pretty piece of convex analysis is the following whose proof is left as an exercise
in convex analysis.

Theorem 3.5.8 (Lyapunov duality inequalities [234]).† Let 1/p+ 1/q = 1. Suppose
V : Rn → R is convex and everywhere finite, is positively homogeneous of degree
p > 1 and has V (x) > 0 for x �= 0. Then V ∗ is convex and everywhere finite, is
positively homogeneous of degree q > 1 and has V ∗(x) > 0 for x �= 0. Moreover,
the inequality

〈∂V (x), Ax〉 ≤ −γ p V (x) for all x ∈ Rn (3.5.10)

holds if and only if the adjoint inequality holds

〈∂V ∗(y), A∗y〉 ≤ −γ q V ∗(y) for all y ∈ Rn. (3.5.11)

3.5.19 (More on Lyapunov duality [234]).† When p = q = 2, Theorem 3.5.8 leads
to interesting results such as a neat proof that asymptotic stability at the origin of
F and of G coincide [234]. This relies on understanding what happens for a single
differential equation and building an appropriate Lyapunov pair or inequality.

(a) For a linear equation, global asymptotic stability implies globally exponential
stability: for some c ≥ 1,β > 0 every trajectory satisfies ‖x(t)‖ ≤ c‖x(0)‖e−βt .
Indeed, in this case V (z) := sup{‖x(t)‖2e2βt : t ≥ 0, x(0) = z, x′ = Ax} is
convex and satisfies (3.5.10) with p = 2. This extends to the general (LDI).

(b) Conversely, the existence of V solving (3.5.10) with p = 2 assures global
exponential stability.

(c) Concretely, one can solve the Lyapunov equation AT P + PA = −Q where
P, Q are positive definite matrices and so construct V (z) := 〈z, Pz〉 for which
d
dt V (x(t))|t=0 = −〈z, Qz〉 where x(t) is a solution of the ODE with x(0) = z. In
this case the role of W (z) in Exercise 3.5.17 is taken by 〈z, Qz〉.

3.5.1 How to browse in the rest of the book

In many cases replacing X by E and ignoring more technical conditions will cause
little problem. More precisely we advertise the following.
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Material appropriate in Euclidean space. Exercises 4.1.22, 4.4.19, 4.4.23, 4.6.4,
5.1.34, Remark 5.3.9, Exercises 6.2.10, 6.2.11, Theorem 6.2.13, Exercises 6.2.15,
7.2.3, 7.3.2, Exercises 7.3.6, 7.3.7, Theorem 7.3.8, Sections 7.4, 7.5, Lemma 7.6.3,
Theorem 8.2.2, Exercise 8.3.1, Theorem 8.4.2, Exercise 8.4.3, Exercises 9.1.1, 9.1.2,
9.1.3, Theorem 9.2.21, Section 10.1.

Material appropriate in Hilbert space. Exercises 4.1.27, 4.1.46, 4.1.15, 4.1.17,
4.4.5, Fact 4.5.6, Theorems 4.5.7, 4.5.9, Exercises 4.5.6, 4.5.8, 4.5.10, 4.5.11,
5.1.34, Theorem 5.1.36, Exercise 5.3.5, 5.5.6, Lemma 6.1.13, Theorem 6.1.14,
Section 6.5, Subsection 6.7.1, Example 7.6.2, Exercises 8.1.2, 9.3.1, Example 9.5.3,
Exercise 9.7.11.

Material appropriate in reflexive space. Exercises 4.1.25, 4.1.26, 4.1.46, Theo-
rem 4.1.27, Exercises 4.3.3, 4.4.1, 4.4.7, 4.4.15, 4.4.20, Section 4.5, Exercise 4.6.16,
Theorem 5.1.20, Remark 5.1.31, Exercises 5.1.13, 5.1.17, 5.1.28, 5.3.14, 5.3.15,
5.3.17, Theorem 6.2.9, Exercises 6.2.6, 6.2.10, 6.2.14, 6.2.25, 6.4.4, 6.7.6, 7.2.2,
Theorems 7.3.2, 7.3.6, 7.3.7, Examples 7.5.3, 7.5.5, Section 7.6, Exercise 7.7.5, The-
orem 8.4.3, Exercises 8.4.4–8.4.6, Proposition 9.1.14, Section 9.3, Theorems 9.4.6,
9.4.9, 9.5.1, 9.5.2, Exercise 9.6.3.
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Convex functions on Banach spaces

Banach contributed to the theory of orthogonal series and made innovations in the theory
of measure and integration, but his most important contribution was in functional analy-
sis. Of his published works, his Théorie des opérations linéaires (1932; “Theory of Linear
Operations”) is the most important. Banach and his coworkers summarized the previously
developed concepts and theorems of functional analysis and integrated them into a compre-
hensive system. Banach himself introduced the concept of [complete] normed linear spaces,
which are now known as Banach spaces. He also proved several fundamental theorems in
the field, and his applications of theory inspired much of the work in functional analysis
for the next few decades. (Encyclopedia Britannica)1

4.1 Continuity and subdifferentials

Throughout the rest of the book X denotes a normed or a Banach space. We assume
familiarity with basic results and language from functional analysis, and we will often
draw upon the classical spaces �p, c0 and others for examples. Notwithstanding, we
will sketch some of the classic convexity theorems in our presentation.

We write X ∗ for the real dual space of continuous linear functionals, and denote
the unit ball and sphere by BX := {x ∈ X : ‖x‖ ≤ 1} and SX := {x ∈ X : ‖x‖ = 1},
respectively. We say that a subset C of X is convex if, for any x, y ∈ C and any
λ ∈ [0, 1], λx + (1− λ)y ∈ C. The convex hull of a set S ⊂ X is the intersection of
all convex sets containing S.

We say an extended-valued function f : X → (−∞,+∞] is convex if for any
x, y ∈ dom f and any λ ∈ [0, 1], one has

f (λx + (1− λ)y) ≤ λf (x)+ (1− λ)f (y).

A proper convex function f : X → (−∞,+∞] is said to be strictly convex if the
preceding inequality is strict for all 0 < λ < 1 and all distinct x and y in the domain of
f . We call a function f : X → [−∞,+∞) concave if−f is convex. Moreover, given
a convex set C ⊂ X and we may refer to f : C → R as convex when the extended
real-valued function f̃ : X → (−∞,+∞] is convex where f̃ (x) := f (x) for x ∈ C
and f̃ (x) := +∞ otherwise.

1 From www.britannica.com/eb/article-9012092/Stefan-Banach
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In many regards, convex functions are the simplest natural class of functions next
to affine functions and sublinear functions. Convex functions and convex sets are
intrinsically related. For example, if C is a convex set then the indicator function
δC and the distance function dC are convex functions, with the latter function being
Lipschitz (the definitions given in Chapter 2 for Euclidean spaces of the concepts
mentioned in this paragraph extend naturally to Banach spaces). On the other hand
if f is a convex function, then epi f and the lower level sets f −1(−∞, a], a ∈ R are
convex sets (Exercises 4.1.3 and 4.1.4). Two other important functions related to a
convex set C are the gauge function γC defined by

γC(x) := inf {r ≥ 0 : x ∈ rC},
and the support function σC defined on the dual space X ∗ by

σC(x
∗) = σ(C; x∗) := sup{〈x, x∗〉 : x ∈ C}.

Several properties of the gauge function and the support function are discussed in
Exercises 4.1.30 and 4.1.31.

Some extremely useful properties of functions convex and otherwise are as follows.
A function f : X → [−∞,+∞] is said to be lower-semicontinuous (lsc) at x0 ∈
X if lim inf x→x0 f (x) ≥ f (x0), and if this is the case for all x0 ∈ X , then f is
said to be lower-semicontinuous. Likewise, f is upper-semicontinuous (usc) at x0 if
lim supx→x0

f (x) ≤ f (x0), and if this is the case for all x0 ∈ X , then f is upper-
semicontinuous. We will say f is closed if its epigraph is a closed subset of X × R,
where we recall the epigraph of f is defined by epi f := {(x, t) ∈ X ×R : f (x) ≤ t}.
Lower-semicontinuity and closure are naturally related.

Proposition 4.1.1 (Closed functions). Let f : X → [−∞,+∞] be a function. Then
the following are equivalent.

(a) f is lsc.
(b) f has closed lower level sets, i.e. {x : f (x) ≤ α} is closed for each α ∈ R.
(c) f is closed.

Proof. This is left as Exercise 4.1.1.

Consider a function f : X → [−∞,+∞]. Then one can readily check that the
closure of its epigraph is also the epigraph of a function. We thus define closure of f
as the function cl f whose epigraph is the closure of f ; that is epi(cl f ) = cl(epi f ).

Proposition 4.1.2. Let f : X → [−∞,+∞] be a function. Then:

(a) cl f is the largest lsc function minorizing f ;
(b) cl f (x0) = limδ↓0 inf ‖x−x0‖<δ f (x).

Proof. See Exercise 4.1.2(a).

As in finite dimensions, one can define a function f : X → [−∞,+∞] to be
convex if epi f is a convex subset of X × R; see Exercise 4.1.4. Likewise, the
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convex hull of a function f , conv f is the largest convex function minorizing f (see
p. 21). One of the remarkable – yet elementary properties – of convex functions
is the equivalence of local boundedness and local Lipschitz properties without any
additional assumptions on the function.

Lemma 4.1.3. Let f : X → (−∞,+∞] be a convex function, and suppose C is a
bounded convex set. If f is bounded above on C + δBX for some δ > 0, then f is
Lipschitz on C.

Proof. By translation, we may without loss of generality assume 0 ∈ C. Let r > 0
be such that C ⊂ rBX , and let M be such that f (x) ≤ M for all x ∈ C + δBX . Now
let x ∈ C \ {0}, and let λ = ‖x‖. Then by the convexity of f ,

f (0) ≤ λ

λ+ δ
f

(
− δ

λ
x

)
+ δ

λ+ δ
f (x).

Therefore, f (x) ≥ λ+ δ

δ
( f (0) − M ) ≥ r + δ

δ
( f (0) − M ). Consequently, f is

bounded below on C.
Now let K ∈ R be such that f (x) ≥ K for all x ∈ C, and let x �= y ∈ C be arbitrary,

and let λ = ‖x− y‖. Then y = δ

δ + λ
x+ λ

δ + λ

(
y + δ

λ
(y − x)

)
. By the bounds and

convexity of f ,

f (y) ≤ δ

δ + λ
f (x)+ λ

δ + λ
M = f (x)− λ

δ + λ
f (x)+ λ

δ + λ
M .

Therefore, f (y) − f (x) ≤ M − K

δ
‖x − y‖. The same inequality works with x and y

reversed. Thus, f has Lipschitz constant
M − K

δ
on C.

Proposition 4.1.4. Suppose f : X → (−∞,+∞] is proper and convex. Let x ∈
dom f ; then the following are equivalent:

(a) f is Lipschitz on some neighborhood of x;
(b) f is continuous at x;
(c) f is bounded on some neighborhood of x;
(d) f is bounded above on some neighborhood of x.

Proof. First, (a)⇒ (b)⇒ (c)⇒ (d) are obvious. Let us now suppose that (d) is true;
say f is bounded above on B2δ(x) for some δ > 0; by Lemma 4.1.3, f is Lipschitz on
Bδ(x). This proves (a).

Unlike the finite-dimensional case, a finite-valued convex function need not be
continuous. Indeed, discontinuous linear functionals can be defined on any infinite-
dimensional Banach space using a Hamel basis, i.e. an algebraic basis for the
underlying vector space; see Exercise 4.1.22. However, when the convex function
is lsc, things are quite nice as we now observe. Given a nonempty set F ⊂ X , the
core of F is defined by x ∈ core F if for each h ∈ SX , there exists δ > 0 so that
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x + th ∈ F for all 0 ≤ t ≤ δ. It is clear from the definition that, int F ⊂ core F . See
Exercise 4.1.20 for further relations. The following is a ‘core’ result in this subject.

Proposition 4.1.5. Suppose X is a Banach space and f : X → (−∞,+∞] is lsc,
proper and convex. Then the following are equivalent:

(a) f is continuous at x;
(b) x ∈ int dom f ;
(c) x ∈ core dom f .

In particular, f is continuous at points in the core of its domain.

Proof. The implications (a) ⇒ (b) ⇒ (c) are clear. Now suppose that (c) holds. By
shifting f we may assume x = 0. Then consider Fn := {y ∈ X : max{ f (y), f (−y)} ≤
n}. Then

⋃
nFn = X , and so the Baire category theorem implies that for some n0,

n0Fn0 has nonempty interior. The convexity and symmetry of n0Fn0 imply that 0
is in the interior of n0Fn0 , and hence 0 is in the interior of Fn0 . Consequently, f is
continuous at 0 as desired (Proposition 4.1.4).

The usefulness of the preceding result, is that it is often easier to check that some-
thing is in the core of the domain of a convex function than in its interior. Also,
a lsc convex function whose domain lies in a finite-dimensional space need not be
continuous as a function restricted to its domain (see Exercise 2.2.20). The reader can
check this is the case for the function f : R2 → (−∞,+∞] defined by

f (x, y) :=


x3

y2
, if x2 ≤ y ≤ x and 0 < x ≤ 1

0 if(x, y) = (0, 0)

∞, otherwise.

The weak and weak∗ topologies and their basic properties are extremely useful
tools in the study of convex functions on Banach spaces. Let X be a normed space,
the weak topology on X is generated by a basis consisting of sets of the form

{x ∈ X : fi(x − x0) < ε for i = 1, . . . , n}

for all choices of x0 ∈ X , f1, . . . , fn ∈ X ∗ and ε > 0.
Given a Banach space X with norm ‖ · ‖, the dual space of continuous linear

functionals on X is denoted by X ∗. The canonical dual norm on X ∗ is defined by
‖φ‖ := sup{φ(x) : ‖x‖ ≤ 1} for φ ∈ X ∗; additionally any norm ||| · ||| on X ∗ that
is the dual norm to some equivalent norm on X is called a dual norm on X ∗. The
weak∗-topology on the dual X ∗ of X is generated by a basis consisting of sets of
the form

{φ ∈ X ∗ : (φ − φ0)(xi) < ε for i = 1, . . . , n}
for all choices of φ0 ∈ X ∗, x1, . . . , xn ∈ X and ε > 0. The following is a central but
basic fact concerning the weak∗-topology. Its proof, which we omit, is an application
of Tikhonov’s compactness theorem.
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Theorem 4.1.6 (Alaoglu). Let X be a Banach space, with dual space X ∗. Then the
dual unit ball BX ∗ is weak∗-compact.

Thus, a net (xα) ⊂ X converges weakly to x ∈ X , if φ(xα) → φ(x) for each
φ ∈ X ∗. Similarly, a net (φα) ⊂ X ∗ converges weak∗ to φ ∈ X ∗, if φα(x) → φ(x)
for each x ∈ X . It is also possible to define the concept of lower-semicontinuity for
different topologies. Indeed, given a Hausdorff topology τ on X , we say f is τ -lsc
at x0 if lim inf α f (xα) ≥ f (x0) whenever xα → x in the topology τ ; in particular, a
function will be weakly lower-semicontinuous (resp. weak∗-lower-semicontinuous)
when τ is the weak (resp. weak∗) topology. Using separation theorems, we will see
shortly that a lsc convex function is automatically weakly lsc.

4.1.1 Separation theorems and subdifferentials

We will begin with the Hahn–Banach theorem, and then derive the max formula and
various separation theorems from it.

Theorem 4.1.7 (Hahn–Banach extension). Let X be a Banach space and let f : X →
R be a continuous sublinear function with dom f = X . Suppose that L is a linear
subspace of X and the function h : L → R is linear and dominated by f , that is, f ≥ h
on L. Then there exists x∗ ∈ X ∗, dominated by f , such that

h(x) = 〈x∗, x〉, for all x ∈ L.

Proof. We leave it to the reader to check that this can be proved with a maximality
argument using Zorn’s lemma, for example, in conjunction with the proof given for
finite-dimensional spaces (Proposition 2.1.18) where the reader should also check the
domination property ensures the continuity of the linear functionals.

Given a function f : X → (−∞,+∞] and x̄ ∈ dom f , the subdifferential of f at
x̄ is defined by

∂f (x̄) := {φ ∈ X ∗ : φ(x)− φ(x̄) ≤ f (x)− f (x̄), for all x ∈ X };

when x̄ �∈ dom f , we define ∂f (x̄) := ∅. An element of ∂f (x) is called a subgradient
of f at x. It is easy to see that the subdifferential of a lsc convex function may be empty
at some points in its domain. For example, let f (x) := −√1− x2 if −1 ≤ x ≤ 1.
Then ∂f (x) = ∅ for x = ±1. Although the domain of a convex function is always
convex, this is not necessarily the case for dom ∂f as seen in Exercise 4.1.18. The
following easy observation suggests the fundamental significance of subdifferential
in optimization.

Proposition 4.1.8 (Subdifferential at optimality). Let X be a Banach space and let
f : X → (−∞,+∞] be a proper convex function. Then the point x̄ ∈ X is a (global)
minimizer of f if and only if the condition 0 ∈ ∂f (x̄) holds.

Proof. Exercise 4.1.38.
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Alternatively put, minimizers of f correspond exactly to ‘zeros’ of ∂f . Later we
will see that derivatives of a convex function must be subgradients – as was the case
on finite-dimensional spaces.

Let f : X → (−∞,+∞], x ∈ dom f and d ∈ X . The directional derivative of f at
x in the direction of d is defined by

f ′(x; d) := lim
t→0+

f (x + td)− f (x)

t

when this limit exists. We use this terminology with the understanding that this is a
one-sided directional derivative.

Proposition 4.1.9. Suppose the function f : X → (−∞,+∞] is convex. Then for
any point x̄ ∈ core(dom f ), the directional derivative f ′(x̄; ·) is everywhere finite and
sublinear. Moreover, if x ∈ cont f , then the directional derivative is Lipschitz.

Proof. The proof for Euclidean spaces (Proposition 2.1.17) establishes everything
except for the moreover part. Suppose x̄ ∈ cont f . Then Proposition 4.1.4 implies
there exists δ > 0 so that f has Lipschitz constant K on Bδ(x̄). Then for any h ∈ X \{0},
and 0 < t < δ/‖h‖,

f ′(x̄; h) = lim
t→0+

f (x̄ + th)− f (x̄)

t
≤ Kt‖h‖

t
= K‖h‖.

Because f ′(x̄; ·) is convex, this implies f ′(x̄; ·) satisfies a Lipschitz condition with
constant K (Exercise 4.1.28).

Theorem 4.1.10 (Max formula). Let X be a Banach space, d ∈ X and let f : X →
(−∞,+∞] be a convex function. Suppose that x̄ ∈ cont f . Then, ∂f (x̄) �= ∅ and

f ′(x̄; d) = max{〈x∗, d〉 : x∗ ∈ ∂f (x̄)}. (4.1.1)

Proof. Because x̄ ∈ cont f , f ′(x̄; h) is a sublinear and Lipschitz functional by Propo-
sition 4.1.9. Now use the Hahn–Banach extension theorem (4.1.7) as in the proof of
the max formula (2.1.19) for Euclidean spaces.

The condition ∂f (x̄) �= ∅ can be stated alternatively as there exists a linear func-
tional x∗ such that f − x∗ attains its minimum at x̄. When we study exposed points
in Section 5.2, we will look at when f − x∗ attains its minimum in some stronger
senses.

The condition x̄ ∈ cont f (or equivalently, x̄ ∈ core dom f when f is lsc) is crucial
in ensuring ∂f (x̄) �= ∅. Without this condition the subdifferential may be empty. A
simple example of this is ∂f (0) = ∅ for function f : R → (−∞,+∞] defined by
f (x) := −√x, x ≥ 0 and +∞ otherwise. The following is a systematical scheme for
generating such functions in infinite-dimensional spaces.

Example 4.1.11. Let X be an infinite-dimensional separable Banach space and let
C be a symmetric compact convex set whose core is empty but whose span is dense.
(The Hilbert cube in �2 is a typical example of such a set, see Exercise 4.1.15.) Let
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x̄ �∈ span(C). Define f : X → (−∞,+∞] by f (x) := min{λ ∈ R : x + λx̄ ∈ C},
where we use the convention that min(∅) = +∞. It is easy to check that f is a
convex function and for any s ∈ R and c ∈ C, f (c + sx̄) = −s (Exercise 4.1.16). It
follows that

f ′(0; y) =
{
−s if y = rc + sx̄ for some c ∈ C and r, s ∈ R,

+∞ otherwise.

Now we show that ∂f (0) = ∅. Suppose on the contrary that x∗ ∈ ∂f (0). Since
span(C) is dense in X , for any s ∈ R we can find r ∈ R and c ∈ C such that rc + sx̄
is close to a unit vector so that

−‖x∗‖ − 1 ≤ 〈x∗, rc + sx̄〉 ≤ f ′(0; rc + sx̄) = −s,

which is a contradiction.

Corollary 4.1.12 (Basic separation). Let X be a Banach space, and suppose C ⊂ E
is a closed nonempty convex set, and suppose x0 �∈ C. Then there exists φ ∈ E
such that

sup
C

φ < 〈φ, x0〉.

Proof. See the proof of Corollary 2.1.21.

Corollary 4.1.13 (Weak closures). Let X be a Banach space, and suppose C is a
convex subset of X . Then C is weakly closed if and only if it is norm closed.

Proof. Use Corollary 4.1.12 to express a norm closed convex set as an intersection
of weakly closed half-spaces.

Corollary 4.1.14. Suppose f : X → (−∞,+∞] is a lsc convex function. Then f is
weakly-lsc.

Proof. The epigraph of f is a closed convex set (Proposition 4.1.1). By the previous
corollary it is weakly closed, then Exercise 4.1.1(b) shows that f is weakly lsc.

Corollary 4.1.15 (Separation theorem). Let X be a Banach space, and suppose
C ⊂ X has nonempty interior and x0 �∈ int C. Then there exists φ ∈ X ∗ \ {0}
so that

sup
C

φ ≤ φ(x0) and φ(x) < φ(x0) for all x ∈ int C.

Proof. Let x̄ ∈ int C, and γC−x̄ be the gauge functional of C − x̄. Because C
has a nonempty interior, γC−x̄ is continuous (Exercise 4.1.30(d)) and so by the
max formula (4.1.10), we let φ ∈ ∂γC−x̄(x0). Using the subdifferential inequality,
we have

φ(x)− φ(x0) ≤ γC−x̄(x)− γC−x̄(x0) ≤ 0 for all x ∈ C.

When x ∈ int C, γC−x̄(x) < γC−x̄(x0) so strict inequality is obtained in that case.
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Let X be a Banach space, and suppose C is a convex subset of X . We shall say
φ ∈ X ∗ \ {0} is a supporting linear functional for C if there exists x̄ ∈ C such that
φ(x̄) = supC φ, and we say φ supports C at x̄; in this case, x̄ is a support point of C
and the set of points {x : φ(x) = φ(x̄)} is a supporting hyperplane for C. Observe that
a supporting linear functional of BX is norm-attaining, that is, there exists x̄ ∈ BX

such that φ(x) = supBX
φ = ‖φ‖.

The following observations are straighforward consequences of the previous
results.

Remark 4.1.16 (Supporting functionals). Let X be a Banach space.

(a) Suppose C is a convex subset of X with nonempty interior. Each boundary point
x̄ ∈ C is a support point of C.

(b) For each x ∈ SX , there exists φ ∈ SX ∗ such that φ(x̄) = 1.
(c) The duality mapping J : X → X ∗ defined by J := 1

2∂
(‖ · ‖2

)
is nonempty for

each x ∈ X and satisfies

J (x) = {x∗ ∈ X ∗ : ‖x‖2 = ‖x∗‖2 = 〈x, x∗〉}.

Corollary 4.1.17 (Separation theorem). Suppose A and B are convex subsets of a
Banach space such that A has nonempty interior and int A∩B = ∅. Then there exists
φ ∈ X ∗ \ {0} so that supA φ ≤ inf B φ.

Proof. Let C = A − B, then C is convex, has nonempty interior and 0 �∈ int C.
According to Corollary 4.1.15, there exists φ ∈ X ∗ \ {0} so that supC φ ≤ φ(0). Thus
φ(a− b) ≤ 0 for all a ∈ A and b ∈ B; this proves the result.

In contrast to the finite-dimensional setting (Theorem 2.4.7), the condition in the
previous result that one of the sets has nonempty interior cannot be removed; see
Exercise 4.1.9.

Theorem 4.1.18 (Sandwich theorem). Let X and Y be Banach spaces and let T :
X → Y be a bounded linear mapping. Suppose that f : X → R, g : Y → R are
proper convex functions which together with T satisfy f ≥ −g ◦ T and either

0 ∈ core(dom g − T dom f ) and both f and g are lsc, (4.1.2)

or the condition

T dom f ∩ cont g �= ∅. (4.1.3)

Then there is an affine function α : X → R of the form α(x) = 〈T ∗y∗, x〉 + r
satisfying f ≥ α ≥ −g ◦ T . Moreover, for any x̄ satisfying f (x̄) = (−g ◦ T )(x̄), we
have −y∗ ∈ ∂g(T x̄).

Proof. Define the function h : Y → [−∞,+∞] by

h(u) := inf
x∈X
{ f (x)+ g(Tx + u)}.
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Then one can check h is a proper convex function. We next show that 0 is a point of
continuity of h under condition (4.1.2). Indeed, in this case dom h = dom g−T dom f ,
and without loss of generality we assume f (0) = g(0) = 0. Then define

S := {u ∈ Y : there exists x ∈ BX with f (x)+ g(Tx + u) ≤ 1}.

Then S is convex, and we next show 0 ∈ core S.
Let y ∈ Y . Then (4.1.2) implies there exists t > 0 such that ty ∈ dom g−T dom f .

Now choose x ∈ dom f such that Tx + ty ∈ dom g, then

f (x)+ g(Tx + ty) = k <∞.

Let m ≥ max{‖x‖, |k|, 1}. Because f and g are convex with f (0) = g(0) = 0, we have

f
( x

m

)
+ g

(
T
( x

m

)
+ ty

m

)
≤ 1.

Consequently, ty/m ∈ S, and it follows that 0 ∈ core S. Because S is also convex, the
Baire category theorem ensures that 0 ∈ int S (Exercise 4.1.20). Thus, there exists
r > 0 so that

0 ∈ rBX ⊂ S ⊂ S + r

2
BX .

Multiplying the previous inclusions by 1/2i for i = 1, 2, . . . we obtain

r

2i
BX ⊂ 1

2i
S + r

2i+1
BX .

It then follows that

r

2
BX ⊂ 1

2
S + 1

4
S + · · · + 1

2i
+ r

2i+1
BX .

Thus for any u ∈ r
2BX , there exist s1, s2, . . . , si ∈ S such that

u ∈ 1

2
s1 + 1

4
s2 + · · · + 1

2i
si + r

2i+1
BX .

Let un = ∑n
i=1 2−isi it follows that un → u. Because f and g are lsc, convex with

f (0) = 0 = g(0) it follows that u ∈ S. Consequently, r
2BX ⊂ S and so h is bounded

above on r
2BX , which means h is continuous at 0 as desired (Proposition 4.1.4).

In the event that (4.1.3) is valid, let x0 ∈ dom f be such that g is continuous at Tx0.
Let r > 0, be such that g is bounded above by K on the neighborhood Tx0 + rBY .
Then h(u) ≤ f (x0) + g(Tx0 + u) ≤ f (x0) + K for all u ∈ rBY . As before, h is
continuous at 0.
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In either case, according to the max formula (4.1.10), there is a subgradient −φ ∈
∂h(0). Hence for all u ∈ Y with u = Tv where v ∈ X , and x ∈ X we have

0 ≤ h(0) ≤ h(u)+ 〈φ, u〉
≤ f (x)+ g(T (x + v))+ 〈φ, Tv〉
= [ f (x)− 〈T ∗φ, x〉] − [−g(T (x + v))− 〈φ, T (x + v)〉].

Then a ≤ b where

a = inf
x∈X
[ f (x)− 〈T ∗φ, x〉] and b = sup

v∈X
[−g(T (v))− 〈φ, T (v)〉].

Consequently for any r ∈ [a, b], we have

f (x) ≥ r + 〈T ∗φ, x〉 ≥ −(g ◦ T )(x) for all x ∈ X .

This proves the theorem.

Even when X = Y = R and T is the identity operator in the sandwich theo-
rem (4.1.18), it is easy to see that the conclusion can fail if one only assumes the
domains of f and g have nonempty intersection (see Exercise 4.1.37 or Figure 2.15 in
Section 2.3). The Fenchel duality theorem will be presented in Section 4.4 after con-
jugate functions are introduced. For now, we present some other useful consequences
of the sandwich theorem.

Theorem 4.1.19 (Subdifferential sum rule). Let X and Y be Banach spaces, and
let f : X → (−∞,+∞] and g : Y → (−∞,+∞] be convex functions and let
T : X → Y be a bounded linear mapping. Then at any point x ∈ X we have the
sum rule

∂( f + g ◦ T )(x) ⊃ ∂f (x)+ T ∗(∂g(Tx))

with equality if (4.1.2) or (4.1.3) hold.

Proof. The inclusion is straightforward, so we prove the reverse inclusion. Sup-
pose φ ∈ ∂( f + g ◦ T )(x̄). Because shifting by a constant does not change the
subdifferential, we may assume without loss of generality that

x 
→ f (x)+ g(Tx)− φ(x)

attains its minimum of 0 at x̄. According to the sandwich theorem (4.1.18) there exists
an affine function A := 〈T ∗y∗, ·〉 + r with −y∗ ∈ ∂g(T x̄) such that

f (x)− φ(x) ≥ A(x) ≥ −g(Ax).

Then equality is attained at x = x̄. It is now a straightforward exercise to check that
φ + T ∗y∗ ∈ ∂f (x̄).
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Corollary 4.1.20 (Compact separation). Let C and K be closed convex subsets of a
Banach space X . If K is compact and C ∩K = ∅, then there exists φ ∈ X ∗ such that
supx∈K φ(x) < inf x∈C φ(x).

Proof. See Exercise 4.1.34.

Sometimes it is useful to separate epigraphs from points with affine functions. In
this case, we do not require a continuity condition as in the sandwich theorem (4.1.18).

Theorem 4.1.21 (Epigraph-point separation). Suppose f : X → (−∞,+∞] is a
proper convex function that is lsc at some point in its domain.

(a) Then f is bounded below on bounded sets.
(b) If f is lsc at x0, and α < f (x0) for some x0 ∈ X (f (x0) = +∞ is allowed), then

there exists φ ∈ X ∗ such that φ(x)− φ(x0) ≤ f (x)− α for all x ∈ X .

Proof. First, suppose f is lsc at x0 ∈ dom f and let α < f (x0). The lower-
semicontinuity of f implies that there exists r > 0 so that f (x) ≥ α if x ∈ Br(x0).
Apply the sandwich theorem (4.1.18) to find φ ∈ X ∗ and a ∈ R so that

α − δBr(x0) ≤ φ(x)+ a ≤ f (x).

Then

φ(x)− φ(x0) ≤ f (x)− [φ(x0)+ a] ≤ f (x)− α for all x ∈ X .

This proves (b) in the case x0 ∈ dom f , and (a) also follows easily from this.
Now suppose x0 �∈ dom f and α < f (x0), and fix some y0 ∈ dom f . Let r >

‖x0 − y0‖, and by (a) we choose K so that f (x) ≥ K if x ∈ Br(x0). Now choose
δ ∈ (0, r) so that f (x) > α for x ∈ Bδ(x0), and choose M so large that α −Mδ ≤ K .
Then let g(x) := −α+M‖x− x0‖ if x ∈ Br(x0), and let g(x) := ∞ otherwise. Since
g is continuous at y0, we can apply the sandwich theorem (4.1.18) as in the preceding
paragraph to complete the proof.

The following is a weak∗-version of the separation theorem.

Theorem 4.1.22 (Weak∗-separation). Let X be a Banach space, and suppose C is a
weak∗-closed convex subset of X ∗, and φ ∈ X ∗ \ C. Then there exists x0 ∈ X such
that supC x0 < φ(x0).

Proof. See Exercise 4.1.10.

As a consequence of this, we have the following weak∗-version of Theorem 4.1.21.

Proposition 4.1.23 (Weak∗-epi separation). Suppose f : X ∗ → (−∞,+∞] is a
proper weak∗-lsc convex function. Let α ∈ R and x∗0 ∈ cont f be such that α < f (x∗0),
then there exists x0 ∈ X such that

〈x0, x∗ − x∗0〉 ≤ f (x∗)− α
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for all x∗ ∈ X ∗.

Proof. Because epi f is a weak∗-closed convex set and (x∗0,α) �∈ epi f , Theo-
rem 4.1.22 ensures the existence of (x0, a) ∈ X × R so that

〈(x0, a), (x∗0,α)〉 > sup
epi f

(x0, a) where 〈(x, t), (x∗, r)〉 := x∗(x)+ tr.

Since x0 ∈ int dom f , it follows that a < 0. By scaling we may assume a = −1. In
this case,

〈x0, x∗0 − α〉 > 〈x0, x∗〉 − t for all (x∗, t) ∈ epi f .

In particular, letting t = f (x∗) provides the desired inequality.

Given a function f : X → (−∞,+∞] and x0 ∈ dom f and ε > 0, the ε-
subdifferential of f at x0 is defined by

∂εf (x0) := {φ ∈ X ∗ : φ(x)− φ(x0) ≤ f (x)− f (x0)+ ε, x ∈ X }. (4.1.4)

When x0 �∈ dom f , one defines ∂εf (x0) := ∅. We next show that the domain of
the ε-subdifferential always coincides with the domain of f when f is a proper lsc
convex function. Also, this concept will be very useful in studying differentiability
and exposed points as we will see in later sections.

Proposition 4.1.24. Suppose f is a proper convex function, then ∂εf (x) �= ∅ for all
x ∈ dom f such that f is lsc at x and all ε > 0.

Proof. Apply Theorem 4.1.21(b) with α = f (x0)− ε for x0 ∈ dom f .

Because subdifferentials are nonempty at points of continuity, we can now prove
the following characterization of convex functions that are bounded on bounded sets.

Proposition 4.1.25. Suppose f : X → (−∞,+∞] is proper and convex. Then the
following are equivalent:

(a) f is Lipschitz on bounded subsets of X ;
(b) f is bounded on bounded subsets of X ;
(c) f is bounded above on bounded subsets of X ;
(d) ∂f maps bounded subsets of X into bounded nonempty subsets of X ∗.

Proof. Clearly, (a)⇒ (b)⇒ (c); and (c)⇒ (a) follows from Lemma 4.1.3.
(a) ⇒ (d): Let D be a bounded subset of X , and let f have Lipschitz constant K

on D + BX . Let x ∈ D then the max formula (4.1.10) ensures ∂f (x) �= ∅, and we
and let φ ∈ ∂f (x). Then φ(h) ≤ f (x + h)− f (x) ≤ K‖h‖ for all h ∈ BX . Therefore,
‖φ‖ ≤ K , and so ∂f (D) ⊂ KBX ∗ .

(d)⇒ (a): Suppose f is not Lipschitz on some bounded set D in X . Then for each
n ∈ N, choose xn, yn ∈ D such that f (yn)− f (xn) > n‖yn− xn‖, and let φn ∈ ∂f (yn).
Then φn(xn − yn) ≤ f (xn)− f (yn) < −n‖xn − yn‖. Thus ‖φn‖ > n and so ∂f (D) is
not bounded.
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Perhaps, more importantly, we have the following local version of the previous
result.

Proposition 4.1.26. Let f : X → (−∞,+∞] be a proper convex function. Then f
is continuous at x0 if and only if ∂f is a nonempty on some open neighborhood U of
x0 and ∂f (U ) is a bounded subset of X ∗ (when f is additionally lsc these conditions
occur if and only if x0 ∈ core dom f ). Moreover, ∂f is a nonempty weak∗-compact
convex subset of X ∗ at each point of continuity of f .

Proof. Exercise 4.1.40.

Exercises and further results

4.1.1 (Closed functions).�

(a) Prove Proposition 4.1.1.
(b) Suppose f : X → (−∞,+∞] is a proper convex function. Show that f is weakly

lsc on X if and only if its epigraph is weakly closed in X × R if and only if its
epigraph is norm closed in X × R if and only if f is lsc.

(c) Suppose f : X ∗ → (−∞,+∞] is a proper convex function. Show that f is
weak∗-lsc on X ∗ if and only if its epigraph is weak∗-closed in X ∗ ×R if and only
if its lower level sets are weak∗-closed.

Hint. For (b), suppose xα → x weakly but lim f (xα) = t < f (x). Then the epigraph
of f is not weakly closed. Conversely, if (xα , tα) converges weakly to (x, t) where
(xα , tα) ∈ epi f , but (x, t) �∈ epi f , then

lim inf f (xα) ≤ lim inf tα = t < f (x).

4.1.2 (Closures of functions).�

(a) Prove Proposition 4.1.2.
(b) In the following three cases determine whether (cl f )(x) = sup{α(x) : α ≤ f

and α : X → R is a continuous affine function}.
(i) f : R → [−∞,+∞] is convex.
(ii) f : X → (−∞,+∞] is a proper convex function where X is infinite-

dimensional.
(iii) f : X → (−∞,+∞] is convex and cl f is proper.

(c) Provide an example of a proper convex function f : X → (−∞,+∞] such that
cl f is not proper. Note that X must be infinite-dimensional (see Exercise 2.4.8).

Hint. (b) For (i), consider f (0) := −∞ and f (t) := +∞ otherwise. Show (ii) is false:
consider f such that f (x) := 0 for all x in a dense convex subset of BX and f (x) = +∞
otherwise. Show (iii) is true by using the epi-point separation theorem (4.1.21).
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(c) Let c00 be the nonclosed linear subspace of all finitely supported sequences in
c0. Consider, for example, f : c0 → (−∞,+∞] for which f (x) :=∑

xi if x ∈ c00,
and f (x) := +∞ otherwise. Then cl f ≡ −∞.

4.1.3.� Let f be a convex function on a Banach space. Show that for any a ∈ R, the
lower level set f −1(−∞, a] is convex.
4.1.4.� Let X be a Banach space and let f : X → (−∞,+∞] be an extended-valued
function. Verify that f is convex if and only if epi f is a convex subset of X × R.
4.1.5 (Stability properties).� (a) Show that the intersection of a family of arbitrary
convex sets is convex.

(b) Conclude that f (x) := sup{ fα(x) : α ∈ A} is convex (and lsc) when { fα}α∈A

is a collection of convex (and lsc) functions.
(c) Suppose ( fα) is a net of convex functions on a Banach space X . Show that

lim supα fα and lim fα (if it exists) are convex functions.
(d) Show by example that min{ f , g} need not be convex when f and g are convex

(even linear).

4.1.6 (Midpoint convexity). A function f : X → (−∞,+∞] is midpoint convex if
f ( x+y

2 ) ≤ 1
2 f (x) + 1

2 f (y) for all x, y ∈ X . Show that f is convex if it is midpoint
convex and lsc. Provide an example of a measurable function f : R → (−∞,+∞]
that is midpoint convex but not convex. (Note that there is nothing very special about
the midpoint.)

Hint. Let f (t) := 0 if t is rational and f (t) := ∞ otherwise.

4.1.7 (Midpoint convexity, II). Show that a midpoint convex and measurable real-
valued function is convex.

Hint. If f is measurable then it is bounded above on some interval.

4.1.8.� Let C be a convex subset of a Banach space. Show that dC and δC are convex
functions.
4.1.9.� Show by example that separation may fail in c0 and �p for 1 ≤ p <∞ for a
closed convex cone and a ray.

Hint. For c0 let A = c+0 , that is A := {(xi) ∈ c0 : xi ≥ 0, i ∈ N}. Let B be the ray
{tx − y : t ≥ 0} where x = (4−i) and y = (2−i). Check that A ∩ B = ∅ and suppose
φ ∈ �1 \ {0} is bounded below on A, say φ = (si). Verify that si ≥ 0 for all i ∈ N
and si > 0 for at least one i and so φ(x) > 0. Thus φ(tx − b)→∞ as t →∞, so φ
cannot separate A and B. Similarly for �p.

4.1.10.�

(a) Suppose X is a vector space, and let f , f1, f2, . . . , fn be linear functionals on X . If⋂n
i=1 f −1

i (0) ⊂ f −1(0), then f is a linear combination of f1, f2, . . . , fn.
(b) Prove Theorem 4.1.22.

Hint. (a) See [199, Lemma 3.9].
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(b) Suppose C is weak∗-closed in X ∗ and that φ ∈ X ∗ \ C. Find a weak∗-open
neighborhood U of the form

U = {x∗ ∈ X ∗ : |x∗(xi)| < ε for i = 1, . . . , n}

for some x1, . . . , xn ∈ X and ε > 0. Then φ �∈ C + U and so by the separation
theorem (4.1.17) there exists F ∈ X ∗∗ so that

sup
C

F < sup
C+U

F ≤ F(φ).

Using (a) show that F is a linear combination of the xi; see [199, Theorem 3.18] for
full details.

4.1.11 (Separating family).� Let S ⊂ X ∗. Then S is a separating family for X (or S
separates points of X ) provided for any x, y ∈ X with x �= y there exists φ ∈ S such
that φ(x) �= φ(y). We shall say S total if for each x ∈ X \ {0}, there exists φ ∈ S
such that φ(x) �= 0.

(a) Suppose S ⊂ X ∗. Show that S is a separating family for X if and only if it is
total.

(b) Suppose X is separable, show that there is a countable subset of X ∗ that separates
points of X . (Hint: take a supporting functional of BX at each point of a countable
dense subset of SX .)

(c) Show there is a countable separating family for �∞(N) in its predual �1(N), or
more generally, when X is separable there is a countable S ⊂ X that is separating
for X ∗.

4.1.12 (Krein–Milman theorem). Suppose X is a Banach space. If K ⊂ X is convex
and weakly compact, then K is the closed convex hull of its extreme points. If K ⊂ X ∗
is convex and weak∗-compact, then K is the weak∗-closed convex hull of its extreme
points.

Hint. Suppose H is a supporting hyperplane for K . Show that H contains an extreme
point of K . Then use a separation theorem to deduce the conclusion. See, for example,
[199, Theorem 3.37] for more details.

4.1.13 (Goldstine’s theorem).� Show that the weak∗-closure of BX in X ∗∗ is BX ∗∗ .

Hint. Alaoglu’s theorem (4.1.6) ensures BX ∗∗ is weak∗-compact. Thus, the weak∗-
closure of BX must be contained in it. Should that containment be proper, then a
contradiction would be obtained from the weak∗-separation theorem (4.1.22).

4.1.14 (Bounded above but non-Lipschitz convex functions). (a) Let φ =
(1, 1, 1, . . .) ∈ �∞ and define f : �1 → (−∞,+∞] by

f (x) := sup
n∈N

{φ(x)+ n|x(n)| − n2}

where x ∈ �1 and x(n) denotes the n-th coordinate of x. Show that f is a continuous
convex function. Let C := {x : φ(x)+n|x(n)|−n2 ≤ −n for all n ∈ N}. Show that f
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is bounded above on C+B�1 , but that f is not Lipschitz on C (hence the boundedness
assumption on C in Lemma 4.1.3 is necessary). (b) Suppose X is a Banach space and
f : X → (−∞,+∞] is convex. Suppose C is convex and f is bounded (both above
and below) on C + δBX for some δ > 0. Show that f is Lipschitz on C.

Hint. For (a), f is a supremum of lsc convex functions and is real-valued. Verify
that f is bounded above by 1 on C + B�1 . To show that f is not Lipschitz on C,
fix m ∈ N, m > 1, and consider x̄ = −mem − m2em2 . For n ∈ N \ {m, m2},
φ(x̄)+n|x(n)|−n2 = −m−m2−n2 ≤ −n, while φ(x̄)+m|x(m)|−m2 = −m−m2

and φ(x̄) + m2|x(m2)| − m4 = −m − m2. Thus x̄ ∈ C and f (x̄) = −m − m2. Now
consider ȳ := x̄ − em, verify that ȳ ∈ C and f (ȳ) = −1 − m2 and hence f is not
Lipschitz on C. Part (b) follows from the proof of Lemma 4.1.3.

4.1.15. The Hilbert cube in �2 is defined by

H := {
x = (x1, x2, . . . ) ∈ �2 : |xi| ≤ 1/2i, i = 1, 2, . . .

}
.

Show that the Hilbert cube is a symmetric compact convex set of �2 satisfying
core H = ∅ and span(H ) = �2.
4.1.16.� Prove that the function f defined in Example 4.1.11 is convex and has the
property that for any s ∈ R and c ∈ C, f (c + sx̄) = −s.
4.1.17. With some additional work we can also construct a convex function whose
subdifferential is empty on a dense subset of its domain. Let X = �2 and H be the
Hilbert cube defined in Exercise 4.1.15 and define f : X → (−∞,+∞] by

f (x) :=
{
−∑∞

i=1

√
2−i + xi if x ∈ H ,

+∞ otherwise.

Show that f is lsc and ∂f (x) = ∅ for any x ∈ H such that xi > −2−i for infinitely
many i.

Hint. See [349, Example 3.8].

4.1.18 (Domain of subdifferential).� Suppose the function f : R2 → (−∞,+∞] is
defined by

f (x1, x2) :=
{

max{1−√x1, |x2|} if x1 ≥ 0,
+∞ otherwise.

Prove that f is convex but that dom ∂f is not convex.
4.1.19 (Recognizing convex functions). Let X be a normed linear space, U ⊂ X be
an open convex set, and f : U → R.

(a) Suppose ∂f (x̄) �= ∅ for each x̄ ∈ U . Show that f is a convex function.
(b) Is the converse of (a) true when X is a Banach space?

Hint. (a) See the proof of Proposition 2.1.15. (b) The answer is yes when X is finite-
dimensional. However, when X is an infinite-dimensional Banach space, the converse
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is true if f is also lsc. Otherwise the converse may fail; for example, consider a
discontinuous linear functional on X .

4.1.20 (Core versus interior).�

(a) Supply the full details for the proof of Proposition 4.1.5.
(b) A convex set S in a normed linear space is said to be absorbing if

⋃
t≥0 tS is the

entire space. Suppose C is a closed convex subset of a Banach space X . Show
that 0 ∈ core C if and only if 0 ∈ int C if and only if

⋃∞
n=1 nC = X . Hence,

0 ∈ core C if and only if C is absorbing.
(c) Let F ⊂ R2 be defined by F := {(x, y) : y = 0 or |y| ≥ x2}. Show that 0 ∈ core F

but 0 �∈ int F .

4.1.21 (Example of a discontinuous linear functional).

(a) Let � : c0 → R be the linear functional �(x) := ∑
xi where x = (xi) ∈ c00.

Verify that � is a discontinuous linear functional on the normed space c00.
(b) Extend � to a discontinuous linear functional on c0, by extending an algebraic

basis of c00 to c0.

4.1.22 (Discontinuous linear functionals).� Let X be a normed space. Show that the
following are equivalent

(a) X is finite-dimensional.
(b) Every linear function f is continuous on X .
(c) Every absorbing convex set has zero in its interior.

Hint. (c)⇒ (b): f −1(−1, 1) is absorbing and convex and symmetric.
(b)⇒ (a): use the existence of an infinite linearly independent set {ei} to define a

discontinuous everywhere finite linear functional with f (ei/‖ei‖) = i.
(a)⇒ (c) is obvious.

4.1.23 (Convex series closed sets). A set C ⊂ X is called convex series closed if
x̄ ∈ C whenever x̄ =∑∞

i=1 λixi where λi ≥ 0,
∑∞

i=1 λi = 1, xi ∈ C.

(a) Show that open and closed convex sets in a Banach space are convex series closed
(this remains true for convex Gδ-sets).

(b) Show that every convex set in a Euclidean space is convex series closed.
(c) Let C be convex series closed in a Banach space. Show int C = int C.
(d) (Open mapping theorem) Show that a continuous (or just closed) linear mapping

T between Banach spaces is onto if and only if it is open.

Hint. For (c), see the proof that 0 ∈ int S in the proof of the sandwich theorem (4.1.18).
For (d), it is easy that an open map is onto, for the converse, use part (c), and show,
for example, that 0 ∈ core T (BX ). For more information on convex series closed sets,
see [121, p. 113ff].

4.1.24 (Convexity of p-norm). Recall that the space �p := �p(N) is defined to be
the vector space of all sequences (xk)

∞
k=1 for which

∑∞
k=1 |xk |p is finite. Show for
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1 ≤ p <∞, that the p-norm defined on �p(N) by ‖x‖p := (∑∞
k=1 |xk |p

)1/p
, is indeed

a norm on the complete space �p .

Hint. Both methods suggested in Exercise 2.3.4 to show the function is a norm are
applicable, and also apply to the Lebesgue integral analog on Lp(
,µ) for a positive
measure µ: ‖x‖p

p := ∫


|x(t)|p µ(dt) . Completeness is left to the reader.

4.1.25 (Reflexive Banach spaces).� Recall that a Banach space is reflexive if the
canonical mapping of X into X ∗∗ is onto; see [199, p. 74]. Show that a Banach space
X is reflexive if and only if BX is weakly compact. Deduce that a Banach space is
reflexive if and only if each closed bounded convex set is weakly compact.

A much deeper and extremely useful characterization of weakly compact sets is
James’ theorem which we state as follows, and refer the reader to [199, Theorem
3.55] and [182] for its proof.

Theorem 4.1.27 (James). Let C be a closed convex subset of a Banach space X .
Then C is weakly compact if and only if every φ ∈ X ∗ attains it supremum on C.
Consequently, a Banach space X is reflexive if and only if every φ ∈ X ∗ attains its
supremum on BX .

Hint. If BX = BX ∗∗ , then BX is weak∗-compact in X ∗∗, and thus weakly compact in
X . For the other direction, if BX is weakly compact, then it is weak∗-closed in X ∗∗.
Now use Goldstine’s theorem (Exercise 4.1.13). For the remaining parts, recall that
a closed convex set is weakly closed (Corollary 4.1.13).

4.1.26 (Superreflexive Banach spaces).� Let X and Y be Banach spaces. We say Y is
finitely representable in X if for every ε > 0 and every finite-dimensional subspace
F of Y , there is a linear isomorphism T of F onto a subspace Z in X such that
‖T‖‖T−1‖ < 1 + ε. A Banach space X is said to be superreflexive if every Banach
space finitely representable in X is reflexive. Obviously, a superreflexive Banach
space is reflexive, however, the following are more subtle to show.

(a) Every Banach space is finitely representable in c0.
(b) Let X be a Banach space, then X ∗∗ is finitely representable in X .
(c) (

∑
�n∞)2 is reflexive but not superreflexive.

(d) Show that the Banach spaces of Exercise 4.1.24 are superreflexive for
1 < p <∞.

Hint. See [199, p. 291–294] for these facts and more; note that part (b) follows
from the stronger property known as the principle of local reflexivity – see [199,
Theorem 9.15].

4.1.27 (Hilbert spaces).� An inner product on a real or complex vector space X is a
scalar-valued function 〈·, ·〉 on X × X such that:

(i) for every y ∈ X , the function x 
→ 〈x, y〉 is linear;
(ii) 〈x, y〉 = 〈y, x〉 where the left-hand side denotes the complex conjugate;
(iii) 〈x, x〉 ≥ 0 for each x ∈ X ;
(iv) 〈x, x〉 = 0 if and only if x = 0.
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A Banach space X is called a Hilbert space if there is an inner product 〈·, ·〉 on X such
that ‖x‖ = √〈x, x〉.
(a) Show the parallelogram equality holds on a Hilbert space H , that is

‖x + y‖2 + ‖x − y‖2 = 2‖x‖2 + 2‖y‖2 for all x, y ∈ H .

(b) Show that 〈x, y〉 = 1
4

(‖x − y‖2 − ‖x − y‖2
)

for all x, y in a Hilbert space over
the real scalars.

Hint. See [199] for these and further properties of Hilbert spaces.

4.1.28 (Lipschitz convex functions).� Suppose f : X → R is convex and satisfies
f (x) ≤ K‖x‖ for all x ∈ X . Show that f has Lipschitz constant K .

Hint. For ‖h‖ > 0,
f (x + h)− f (x)

‖h‖ ≤ lim sup
n→∞

f (x + nh)− f (x)

n‖h‖ ≤ K .

4.1.29. Calculate the gauge function for C := epi(1/x) ∩ R2+ and conclude that a
gauge function is not necessarily lsc.
4.1.30.� Let C be a nonempty convex subset of a Banach space X and let γC be the
gauge function of C.

(a) Show that γC is convex and when 0 ∈ C it is sublinear. Is it necessary to assume
0 ∈ C?

(b) Show that if x ∈ core C then dom γC−x = X .
(c) Suppose � is a discontinuous linear functional on X (Exercise 4.1.22) and let

C = {x : |�(x)| ≤ 1}. Show 0 ∈ core C and γC is not continuous. Is C ⊂
{x : γC(x) ≤ 1}?

(d) Suppose 0 ∈ core C and C is closed. Show that C = {x ∈ X : γC(x) ≤ 1},
int C = {x ∈ X : γC(x) < 1} and that γC is Lipschitz.

Hint. No, for the last question in (c), otherwise�would be continuous. For (d), show
0 ∈ int C and use Exercise 4.1.28.

4.1.31. Let C1 and C2 be closed convex subsets of a Banach space X . Then C1 ⊂ C2

if and only if, for any x∗ ∈ X ∗, σC1(x
∗) ≤ σC2(x

∗). Thus, a closed convex set is
characterized by its support function.
4.1.32. Interpret the sandwich theorem (4.1.18) geometrically in the case when T is
the identity map.
4.1.33 (Normal cones). Let C be a closed convex subset of X . We define the normal
cone of C at x̄ ∈ C by NC(x̄) := ∂δC(x̄). Sometimes we will also use the notation
N (C; x̄). Show that x∗ ∈ N (C; x) if and only if 〈x∗, y − x〉 ≤ 0 for all y ∈ C,
4.1.34.� Prove Corollary 4.1.20.
4.1.35. Let X be a Banach space and let f : X → (−∞,+∞] be a convex function.
Suppose that x̄ ∈ core(dom f ). Show that for any d ∈ X , t → g(d; t) := ( f (x̄ +
td)− f (x̄))/t is a nondecreasing function.
4.1.36.� Supply any additional details needed to prove Proposition 4.1.23.
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4.1.37. Provide an example of convex functions f : R → (−∞,+∞] and g : R →
(−∞,+∞] such that f ≥ −g, dom f ∩ dom g �= ∅ but there is no affine function
α : R → R such that −g ≤ α ≤ f .

Hint. Let f := −√x for x ≥ 0 and g := δ(−∞,0].

4.1.38.� Prove Proposition 4.1.8.
4.1.39.� Prove the subdifferential of a convex function at a given point is a weak∗-
closed convex set.
4.1.40.� Prove Proposition 4.1.26.
4.1.41. Prove the following functions x ∈ R 
→ f (x) are convex and calculate ∂f :

(a) |x|;
(b) δR+ ;

(c)
{−√x if x ≥ 0,
∞ otherwise;

(d)


0 if x < 0,
1 if x = 0,
∞ otherwise.

4.1.42. (Subgradients of norm) Calculate ∂‖·‖. Generalize your result to an arbitrary
sublinear function.
4.1.43 (Subgradients of maximum eigenvalue). Denote the largest eigenvalue of an
N by N symmetric matrix by λ1. Prove that ∂λ1(0) is the set of all N by N symmetric
matrices with trace 1.
4.1.44 (Subdifferential of a max-function). Let X be a Banach space and suppose that
gi : X → (−∞,+∞], i ∈ I are lsc convex functions where I is a finite set of integers.
Let gM := max{gi : i ∈ I} and for each x, let I(x) := {i ∈ I : gi(x) = gM (x)}. Note
that Exercise 2.2.6 holds in Banach space in the weak∗-topology.

(a) Suppose x̄ ∈ dom gM . Show that

convw∗
 ⋃

i∈I(x̄)

∂gi(x̄)

 ⊂ ∂gM (x̄).

(b) Suppose gi is continuous at x̄ for each i ∈ I , show that

convw∗
 ⋃

i∈I(x̄)

∂gi(x̄)

 = ∂gM (x̄).

Can the weak∗-closure be dropped on the left-hand side?
(c) Provide an example showing the inclusion in (a) may be proper if just one of the

functions gi is discontinuous at x̄.
(d) Suppose

dom gj ∩
⋂

i∈I(x̄)\{j}
cont gi �= ∅
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for some index j in I(x̄). Show the result of (b) actually remains correct if one
uses the convention

0 ∂gi(x̄) := ∂(0 gi)(x̄) = Ndom gi (x̄).

which changes things at most for the index j.

Hint. (a) It is clear that ∂gi(x̄) ⊂ ∂gM (x̄) for each i ∈ I(x), and ∂gM (x̄) is
a weak∗-closed convex set. For (b), suppose φ ∈ ∂gM (x̄) \ C where C :=
convw∗

(⋃
i∈I(x̄) ∂gi(x̄)

)
. By the weak∗-separation theorem (4.1.23), choose h ∈ X

such that φ(h) > supC h. According to the max formula (4.1.10) we have g′M (x̄, h) ≥
φ(h) > g′i(x̄; h) for each i ∈ I(x). Using this and the fact gi(x̄) < gM (x̄) for i ∈ I \I(x)
deduce the contradiction: gM (x̄ + δh) > maxi gi(x̄ + δh) for some δ > 0. In order
to drop the weak∗-closure, observe that what remains on the left-hand side is the
convex hull of a finite union of weak∗-compact convex sets. For (c), let X = R,
g1(t) := t and g2(t) := −√t for t ≥ 0 and g2(t) := +∞ otherwise. Observe that
∂g1(0) ∪ ∂g2(0) = {1} and ∂gM (0) = (−∞, 1]. For (d), in the harder containment,
one may assume 0 belongs to the set on the left and consider inf {t : gi(x) ≤ t, i ∈ I(x̄)}.

4.1.45 (Failure of convex calculus).

(a) Find convex functions f , g : R → (−∞,∞] with

∂f (0)+ ∂g(0) �= ∂( f + g)(0).

(b) Find a convex function g : R2 → (−∞,∞] and a linear map A : R → R2 with
A∗∂g(0) �= ∂(g ◦ A)(0).

4.1.46 (DC functions). Let X be a Banach space and C be a nonempty convex subset
of X . A function f : C → R is a DC function if it can be written as the difference of
two continuous convex functions.

(a) Prove that a DC function is locally Lipschitz and directionally differentiable at
any x in the interior of its domain.

(b) Show that in a Hilbert space, f (·) = 1
2‖ · ‖2 − 1

2d2
F (·) is convex for any closed

set F .
(c) For f as in (b), show that f ∗(x) = ‖x‖2/2 if x ∈ F and f ∗(x) = +∞ otherwise.

There is a wide array of work on DC functions. In this direction let us also note the
broader paper [424] and then [148, 284] concerning the representation of Lipschitz
functions as differences of convex functions on superreflexive and Hilbert spaces,
see Theorem 5.1.25. The paper [425] shows that the infinite-dimensional version of
Hartman’s theorem (see Exercise 3.2.11 and [250, 422]) fails, but does provide some
positive results in particular cases. In [259] it is shown that on each nonreflexive
space there is a positive continuous convex function f such that 1/f is not DC which
leads to a characterization of such spaces.
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Hint. For (b) and then (c), observe that

f (x) = 1

2
sup{‖x‖2 − ‖x − y‖2 : y ∈ F}

= sup

{
〈x, y〉 − 1

2
‖y‖2 : y ∈ F

}
,

where the second equality follows easily from the first.

4.1.47. Show that for x ∈ R, the function x 
→ ∫ x
0 t sin(1/t), dt is continuously

differentiable, hence locally Lipschitz, but is not locally DC in any neighbourhood
of zero. Construct a similar everywhere twice differentiable example.

Hint. The integrand is not of bounded variation in any neighborhood of zero.

4.1.48. Suppose f is a proper lsc convex function on a Banach space X . Show that

f ′(x; h) = lim
ε→0+

sup{φ(h) : φ ∈ ∂εf (x)}

for any x ∈ dom f .

Hint. See [349, Proposition 3.16].

4.1.49 (Pshenichnii–Rockafellar conditions). Let X be a Banach space, let C be a
closed convex subset of X and let f : X 
→ (−∞,+∞] be a convex function. Suppose
that C ∩ cont f �= ∅ or int C ∩ dom f �= ∅ and f is bounded below on C. Show that
there is an affine function α ≤ f with inf C f = inf C α. Moreover, x̄ is a solution to

minimize f (x) subject to x ∈ C ⊂ X (4.1.5)

if and only if it satisfies 0 ∈ ∂f (x̄)+NC(x̄), where NC := ∂δC(·) is the normal cone.

Hint. Use the sandwich theorem (4.1.18) on f and m− δC where m := inf C f . Then
apply the subdifferential sum rule (4.1.19) to f + δC at x̄.

4.1.50 (Constrained optimality). Let C ⊆ X be a convex subset of a Banach space X
and let f : X 
→ (−∞,+∞] be convex. Consider characterizing min{ f (x) : x ∈ C}.
Although in most settings we can apply the Pshenichnii–Rockafellar conditions for
optimality it is worth recording the following: x̄ minimizes f over C if and only if
f ′(x̄; h) ≥ 0 for all h ∈ R+(C − x̄).
4.1.51. Apply the Pshenichnii–Rockafellar conditions to the following two cases:

(a) C a single point {x0} ⊂ X ,
(b) C a polyhedron {x : Ax ≤ b}, where b ∈ RN = Y .

4.1.52 (Hahn–Banach extension theorem for operators [64]).�� Let Y be a vector space
and suppose Y is ordered by a convex cone S. We say (Y , S) has the Hahn–Banach
extension property if given any vector spaces M ⊆ X and a linear map T : M → Y
and S-sublinear operator p : X → Y such that Tx ≤S p(x) for all x in M there is
always a dominated linear extension T : M → Y such that T

∣∣
M = T and Tx ≤S p(x)

for all x in X . Recall that (Y , S) is order-complete if every set in Y with an upper
bound has a supremum. (As discussed briefly in Exercise 2.4.32.)
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(a) Follow the proof for (R, R+) to show that if (Y , S) is order-complete then it has
the Hahn–Banach extension property.

(b) Show the converse.

Hint. Let A ⊂ Y be set with an upper-bound and let B be the set of all upper bounds
in Y for A. Let I index these sets with repetition as need be: A := {a(i) : i ∈ I}
and B := {b(i) : i ∈ I}. Let X be the functions of finite support on I and define
a sublinear map by p(x) :=∑

i∈I x(i)+b(i)− x(i)−a(i). Take M := {x ∈ X : =∑
i∈I x(i) = 0}. Let T be a p-dominated extension of 0 from the hyperplane M

and let e(i) denote the i-th unit vector. Show that c := T (e(i)) is independent
of i ∈ I and is the least upper bound of A – so the ability to extend just from a
hyperplane already forces order-completeness!

(c) Suppose that X := C(
) with the sup norm is order-complete in the usual
ordering induced by S := C(
)+. Show that for every Banach space Y such that
(isomorphically) Y ⊇ X there is a norm-one linear projection of Y onto X (or its
isomorph). Such a Banach space X is called injective [266]. This is certainly the
case for �∞.

Hint. Let e be the unit function in X . Define an order-sublinear operator Q : Y →
X by Q(y) := ‖y‖e and let ι be injection of X into Y . Then ι(x) ≤S Q(x) on X .
Any linear dominated extension produces a norm-one projection.

4.1.53 (Ageneral sup formula).�� In [249, Theorem 4] the authors make a very careful
study the subdifferential of the pointwise supremum

f (x) := sup
t∈T

ft(x) (4.1.6)

of extended-real-valued convex functions { ft : t ∈ T } for x ∈ X a locally convex
space, and T a nonempty index set. For ε > 0, denote Tε(x) := {t ∈ T : ft(x) ≥
f (x)− ε} and Fz := {F ⊆ X : F is linear, dim F <∞, z ∈ F}. In Banach space the
result is:

Theorem 4.1.28. Let X be a Banach space. Suppose convex functions f and ft , t ∈ T
as above are given such that for all x ∈ X (4.1.6) holds and cl f (x) = supt∈T cl ft(x).
Then for any α > 0

∂f (x) =
⋂

L∈Fε ,ε>0

cl

conv

 ⋃
t∈Tε(x)

∂αεft(x)

+ NL∩dom f (x)


for every x ∈ X .

Note that Theorem 4.1.28 makes no additional assumptions on the index set or
the underlying functions. Many simpler special cases arise: if X is Euclidean, if all
functions are lsc, or if interiority conditions are imposed. The results are especially
elegant when each ft is continuous and affine.
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(a) Deduce, in particular, for the support function σA(x) of A ⊂ X ∗ that

∂σA(x) =
⋂

L∈Fε ,ε>0

cl
{
conv (Aε)+

(
conv

(
L⊥ ∪ A

))
∞ ∪ {x}

⊥}
for every x ∈ X . Here Aε := {x∗ ∈ A : 〈x, x∗〉 > σA(x) − ε}, and C∞ is the
recession cone of C.

(b) Compare the compact maximum formula of Exercise 2.2.6.
(c) Recover the max-function result of Exercise 4.1.44.

Finally, convex calculus formulae such as (4.1.19) are then rederivable in a very
natural and original fashion.
4.1.54 (Relaxation of sum rule [297]).�� Let ε > 0 be given. Let f and g be convex
functions on a Banach space and suppose that x ∈ dom f ∩ dom g. Show that

∂ε( f + g)(x) ⊇
⋃
{∂αf (x)+ ∂βg(x) : α > 0,β > 0,α + β ≤ ε}. (4.1.7)

Determine an interiority condition for equality in (4.1.7).

4.2 Differentiability of convex functions

A function f : X → [−∞,+∞] is said to be Fréchet differentiable at x0 ∈ dom f if
there exists φ ∈ X ∗ such that for each ε > 0 there exists δ > 0 so that

|f (x0 + h)− f (x0)− φ(h)| ≤ ε‖h‖ if ‖h‖ < δ.

In this case, we say that φ is the Fréchet derivative of f at x0. Notice that f is Fréchet
differentiable at x0 if and only if for some f ′(x0) ∈ X ∗ the following limit exists
uniformly for h ∈ BX

lim
t→0

f (x0 + th)− f (x0)

t
= 〈f ′(x0), h〉.

If the above limit exists for each h ∈ SX , but not necessarily uniformly, then f is
said to be Gâteaux differentiable at x0. In other words, f is Gâteaux differentiable at
x0 ∈ dom f if for each ε > 0 and each h ∈ SX , there exists δ > 0 so that

|f (x0 + th)− f (x0)− φ(th)| ≤ εt if 0 ≤ t < δ and where φ ∈ X∗

In either of the above cases, we may write φ = f ′(x0) or φ = ∇f (x0).
A bornology on X is a family of bounded sets whose union is all of X , which

is closed under reflection through the origin and under multiplication of positive
scalars, and the union of any two members of the bornology is contained in some
member of the bornology. We will denote a general bornology by β, but our attention
will focus mainly on the following three bornologies: F the Gâteaux bornology of
all finite sets; W the weak Hadamard bornology of weakly compact sets; and B
the Fréchet bornology of all bounded sets. Because β contains all points in X , the
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topology on X ∗ of uniform convergence on β sets is a Hausdorff topology which we
denote by τβ .

Given a bornology β on X , we will say a real-valued function is β-differentiable
at x ∈ X , if there is a φ ∈ X ∗ such that for each β-set S, the following limit exists
uniformly for h ∈ S

lim
t→0

f (x + th)− f (x)

t
= φ(h).

In particular, f is Gâteaux differentiable at x if β is the Gâteaux bornology. Similarly
for the weak Hadamard and Fréchet bornologies.

Observe that when f is Fréchet differentiable, then it is continuous, irrespective of
whether it is convex. If f is Fréchet differentiable, then it is Gâteaux differentiable.
When f is Gâteaux differentiable, then the derivative is unique. Further, as is standard
terminology, we will say a norm on X is Gâteaux (resp Fréchet) differentiable if it is
Gâteaux (resp. Fréchet) differentiable at every point of X \ {0}.
Example 4.2.1. There exists a function f : R2 → R such that f is Gâteaux
differentiable everywhere, but f is not continuous at (0, 0).

Proof. Let f (x, y) := x4y
x8+y2 if (x, y) �= (0, 0) and let f (0, 0) := 0. Then f is C∞-

smooth on R2 \ {(0, 0)}, one can check that the Gâteaux derivative of f is 0 at (0, 0),
but f is not continuous at (0, 0).

Proposition 4.2.2. Suppose f : X → (−∞,+∞] is lsc convex and Gâteaux
differentiable at x, then f is continuous at x.

Proof. This follows because x is in the core of the domain of f (see Proposition 4.1.5).

Actually, the existence of the limit forces the point to be in the interior of the
domain, the lower-semicontinuity of the function was crucial in that respect. See
Exercise 4.2.3 for a convex function on a Banach space that is Gâteaux differentiable
at 0 but 0 is not in the interior of the domain of the function.

Example 4.2.3. On any infinite-dimensional Banach space there is a convex function
that is Gâteaux differentiable at 0, lsc at 0, but discontinuous at 0.

Proof. Let φ be a discontinuous linear functional on X and let f = φ2. Then f is
discontinuous, f is Gâteaux differentiable at 0 with f ′(0) = 0.

Fact 4.2.4. Suppose f : X → (−∞,+∞] is convex. If f is Gâteaux differentiable
at x0, then f ′(x0) ∈ ∂f (x0).

Proof. The expression in the limit 〈f ′(x0), h〉 = limt→0+
f (x0+th)−f (x0)

t is nondecreas-
ing as t → 0+ by the three slope inequality (2.1.1). Therefore

〈f ′(x0), th〉 ≤ f (x0 + th)− f (x0) for all h ∈ SX and all t ≥ 0.
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Consequently, 〈f ′(x0), y〉 ≤ f (x0 + y)− f (x0) for all y ∈ X .

Corollary 4.2.5 (Unique subgradients). Suppose a convex function f is continuous
at x0. Then f is Gâteaux differentiable at x0 if and only if ∂f (x0) is a singleton.

Proof. Suppose f is Gâteaux differentiable at x0. Then by Fact 4.2.4, f ′(x0) ∈ ∂f (x0).
Suppose � ∈ ∂f (x0) and � �= f ′(x0), then �(h) > 〈f ′(x0), h〉 for some h ∈ SX .
The subdifferential inequality then implies the contradiction f ′(x0; h) > 〈f ′(x0), h〉.
For the converse, suppose ∂f (x0) = {�}. Then, the max formula (4.1.10) implies
f ′(x0; h) = �(h) and f ′(x0;−h) = −�(h) for all h ∈ SX . It then follows that
f ′(x0) = � as a Gâteaux derivative.

The next example shows that the previous corollary may fail if the function is
merely lsc.

Example 4.2.6. Let X be a separable infinite-dimensional Banach space, then there
is a lsc convex function on X such that ∂f (0) is a singleton, but f is not Gâteaux
differentiable at 0.

Proof. Let {xn}∞n=1 ⊂ SX be norm dense in X . Let

C := conv

({
1

n
xn

}∞
n=1

∪ {0}
)

.

Now let f be the indicator function of C. Then 0 ∈ ∂f (0). Suppose φ ∈ ∂f (0). Then
φ( 1

nxn) ≤ f ( 1
nxn)−f (0) = 0 for all n. Because the collection {xn}∞n=1 is norm dense in

SX , this means φ(x) ≤ 0 for all x ∈ X , i.e., φ = 0. Therefore, ∂f (0) = {0}. Because
C has empty interior, f is not continuous at 0, and according to Proposition 4.2.2
cannot be Gâteaux differentiable at 0.

When f is a convex function that is continuous at x0 one can describe the differentia-
bility of convex functions without mentioning the derivative. This is because the max
formula (4.1.10) ensures that there are candidates for ∇f (x0) in the subdifferential.

Proposition 4.2.7 (Symmetric Fréchet differentiability). Suppose f : X → (−∞,
+∞] is a convex function that is continuous at x0. Then the following are equivalent.

(a) f is Fréchet differentiable at x0.
(b) For each ε > 0, there exists δ > 0 such that

f (x0 + h)+ f (x0 − h)− 2f (x0) ≤ ε‖h‖ whenever ‖h‖ ≤ δ.

(c) For each ε > 0, there exists δ > 0 such that

f (x0 + h)+ f (x0 − h)− 2f (x0) < εδ whenever ‖h‖ ≤ δ.
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Proof. (a) ⇒ (b): Suppose f is Fréchet differentiable at x0. Given ε > 0, choose
δ > 0 such that

|f (x0 + h)− f (x0)− 〈f ′(x0), h〉| ≤ ε

2
‖h‖ whenever ‖h‖ ≤ δ.

Using the previous inequality with h and −h we obtain

f (x0 + h)+ f (x0 − h)− 2f (x0) = f (x0 + h)− f (x0)− 〈f ′(x0), h〉
+ f (x0 − h)− f (x0)− 〈f ′(x0),−h〉 ≤ ε‖h‖.

(b)⇒ (c) is straightforward, so we prove (c)⇒ (a) by contraposition. Suppose f is
not Fréchet differentiable at x0. According to the max formula (4.1.10), ∂f (x0) is not
empty, so we let φ ∈ ∂f (x0). Then for some ε > 0, there exist un ∈ SX and tn → 0+
so that

f (x0 + tnun)− f (x0)− φ(tnun) > εtn.

Let hn = tnun; now φ(hn) ≥ f (x0)− f (x0 − hn) and so

f (x0 + hn)+ f (x0 − hn)− 2f (x0) > ε‖hn‖

for all n. The convexity of f ensures that no δ > 0 exists as needed for (c).

We leave it to the reader to check that the following characterization of Gâteaux
differentiability can be proved analogously.

Proposition 4.2.8 (Symmetric Gâteaux differentiability). Suppose f : X →
(−∞,+∞] is a convex function that is continuous at x0. Then f is Gâteaux dif-
ferentiable at x0 if and only if for each ε > 0, and each h ∈ SX there exists δ > 0
depending on ε and h such that

f (x0 + th)+ f (x0 − th)− 2f (x0) ≤ εt whenever 0 ≤ t < δ.

A nice application of Proposition 4.2.7 is the following result.

Proposition 4.2.9. Suppose that f is continuous and convex on the nonempty open
convex set V of a Banach space X . Then the set of points of Fréchet differentiability
of f is a possibly empty Gδ .

Proof. Let

Gn :=
{

x ∈ V : ∃δ > 0 such that sup
‖h‖≤δ

f (x + h)+ f (x − h)− 2f (x) <
δ

n

}
.

It follows from Proposition 4.2.7 that G = ⋂
n∈N Gn is the set of points of Fréchet

differentiability of f . One need only check that Gn is open for each n ∈ N, and this
is a straightforward consequence of the local Lipschitz property of f .
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The points of Gâteaux differentiability of a continuous convex function need not
contain a Gδ , but on many Banach spaces they do; see for example Theorem 4.6.3
and Remark 4.6.4 in Section 4.6. The following is a version of Šmulian’s theorem
[404] that is an extremely useful test for differentiability.

Theorem 4.2.10 (Šmulian’s theorem). Suppose the convex function f is continuous
at x0. Then, the following are equivalent.

(a) f is Fréchet differentiable at x0.
(b) For each sequence xn → x0 and φ ∈ ∂f (x0), there exist n0 ∈ N and φn ∈ ∂f (xn)

for n ≥ n0 such that φn → φ.
(c) φn → φ whenever φn ∈ ∂f (xn), φ ∈ ∂f (x0) and xn → x0.
(d) (φn − �n) → 0 whenever φn ∈ ∂εn f (xn), �n ∈ ∂εn f (yn) and (xn) and (yn)

converge to x0 and εn → 0+.
(e) φn → φ whenever φn ∈ ∂εn f (x0), φ ∈ ∂f (x0) and εn → 0+.

Proof. (a) ⇒ (e): Suppose that (e) does not hold, then there exist εn → 0+, φn ∈
∂εn f (x0), φ ∈ ∂f (x0) and ε > 0 such that

‖φn − φ‖ > ε for all n.

Now choose hn ∈ SX such that (φn − φ)(hn) ≥ ε and let tn = 2εn/ε. Then

tnε

2
≤ tnε − εn ≤ φn(tnhn)− φ(tnhn)− εn

≤ f (x0 + tnhn)− f (x0)− φ(tnhn)

and so (a) does not hold.
(e) ⇒ (d): Because f is continuous at x0, we know that f has Lipschitz constant,

say M , on B2r(x0) for some r > 0 (Proposition 4.1.4). In the case ‖xn− x0‖ ≤ r, one
can check that ‖φn‖ ≤ M + εn/r. Consequently, φn(xn) − φn(x0) → 0. Thus, for
y ∈ X , one has

φn(y)− φn(x0) = φn(y)− φn(xn)+ φn(xn)− φn(x0)

≤ f (y)− f (xn)+ εn + φn(xn)− φn(x0)

≤ f (y)− f (x0)+ εn + |f (xn)− f (x0)| + |φn(x0)− φn(x0)|.

Consequently, φn ∈ ∂ε′n f (x0) where ε′n = εn + |f (xn) − f (x0)| + |φn(xn) − φn(x0)|
and ε′n → 0. According to (e), φn → φ. Similarly, �n → φ and so (d) holds.

(d)⇒ (c): Letting �n = φ and yn = x0, we see that (c) follows directly from (d).
(c)⇒ (b): This follows because the continuity of f at x0 implies f is continuous in

a neighborhood of x0 (Proposition 4.1.4), and so by the max formula (4.1.10), ∂f (xn)

is eventually nonempty whenever xn → x0.
(b) ⇒ (a) Let us suppose (a) fails. Then there exist tn ↓ 0, hn ∈ BX and ε > 0

such that

f (x0 + tnhn)− f (x0)− φ(tnhn) > εtn where φ ∈ ∂f (x0).
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Let φn ∈ ∂f (x0 + tnhn) (for sufficiently large n). Now,

φn(tnhn) ≥ f (x0 + tnhn)− f (x0) ≥ φ(tnhn)+ εtn

and so φn �→ φ. Thus (b) fails.

For Gâteaux differentiability, norm convergence of the functionals is replaced with
weak∗-convergence.

Theorem 4.2.11 (Šmulian’s theorem). Suppose the convex function f is continuous
at x0. Then, the following are equivalent.

(a) f is Gâteaux differentiable at x0.
(b) For each sequence xn → x and φ ∈ ∂f (x0), there exist n0 ∈ N and φn ∈ ∂f (xn)

for n ≥ n0 such that φn →w∗ φ.
(c) φn →w∗ φ whenever φn ∈ ∂f (xn), φ ∈ ∂f (x0) and xn → x0.
(d) (φn − �n) →w∗ 0 whenever φn ∈ ∂εn f (xn), �n ∈ ∂εn f (yn) and (xn) and (yn)

converge to x0 and εn → 0+.
(e) φn →w∗ φ whenever φn ∈ ∂εn f (x0), φ ∈ ∂f (x0) and εn → 0+.

A more general bornological version of Šmulian’s theorem is given in Exer-
cise 4.2.8. The following is an immediate consequence of two versions of Šmulian’s
theorem that were just presented. In Section 6.1 we will re-cast Šmulian’s theorem in
terms of selections of set-valued mappings.

Corollary 4.2.12 (Continuity of derivative mapping). Suppose the convex function
f : U → R is continuous. Then f is Fréchet (resp. Gâteaux) differentiable on U if
and only if x → f ′(x) is norm-to-norm continuous (resp. norm-to-weak∗-continuous)
on U.

It is often useful to know if the gauge of the lower level set of a differentiable
convex function shares the same differentiability properties as the original function.
This is usually done by applying the implicit function theorem; when the differen-
tiability is merely Gâteaux but not C1-smooth, a restriction to finite dimensions
can be used because in finite dimensions, Gâteaux differentiability implies C1-
smoothness for convex functions. Below, we give an alternate argument for this type of
situation.

Theorem 4.2.13 (Implicit function theorem for gauges). Suppose f : X →
(−∞,+∞] is a lsc convex function and that C := {x : f (x) ≤ α} where f (0) < α

and 0 ∈ int C. Suppose f is β-differentiable at all x ∈ bdry(C). Then γC, the gauge
of C, is β-differentiable at all x where γC(x) > 0.

Proof. First, fix x0 ∈ bdry(C) and let φ = f ′(x0)
〈f ′(x0),x0〉 . Then φ(x0) = 1, and so it is the

natural candidate for being the β-derivative γ ′C(x0). This is precisely, what we will
prove. In what follows, we let H = {h : φ(h) = 0}.

We now show that φ ∈ ∂γC(x0). Observe that if φ(u) = 1, then u = x0 + h
for some h ∈ H , and so 〈f ′(x0), h〉 = 0. Now f (u) ≥ f (x0) + 〈f ′(x0), h〉 by the
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subgradient inequality. Consequently f (u) ≥ α and so γC(u) ≥ 1 = φ(u). Because
γC is positively homogeneous, this shows γC(x) ≥ φ(x) for all x ∈ X . Therefore,

φ(x)− φ(x0) = φ(x)− 1 ≤ γC(x)− 1 = γC(x)− γC(x0) for all x ∈ X ,

which shows that φ ∈ ∂γC(x0). Moreover, φ is the only subgradient of γC at x0.
Indeed, supposeψ ∈ ∂γC(x0). Then the subdifferential inequality impliesψ(x0) = 1.
Also, if h ∈ H , then ψ(h) = ψ(x0) − ψ(x0 − h) ≤ γC(x0) − γC(x0 − h) ≤ 0
which implies ψ(h) = 0 for all h ∈ H . Consequently, the kernels of ψ and φ

are the same, and ψ(x0) = φ(x0) = 1, and so φ = ψ . Therefore ∂γC(x0) =
{φ}. According to Corollary 4.2.5, γC is Gâteaux differentiable at x0 with Gâteaux
derivative φ.

Because bothφ and γC are positively homogeneous, it follows thatφ is the Gâteaux
derivative of γC at λx0 for each λ > 0. Finally, the derivative mapping x → f ′(x)
is norm to τβ -continuous on bdry(C) (Exercise 4.2.8), and because γ ′C(x) = f ′(x)

〈f ′(x),x〉
for all x in the boundary of C, it follows that x → γ ′C(x) is norm-to-τβ continuous
at all x where γC(x) �= 0. According to Exercise 4.2.8, γC is β-differentiable at all x
where γC(x) �= 0.

The next two results provide a version of Šmulian’s theorem for uniformly
continuous derivatives.

Proposition 4.2.14 (Uniform Fréchet differentiability). Suppose f : X → R is a
continuous convex function. Then the following are equivalent.

(a) x → f ′(x) is a uniformly continuous mapping on X , i.e. if xn, yn ∈ X and
‖xn − yn‖ → 0, then ‖f ′(xn)− f ′(yn)‖ → 0.

(b) ‖φn −�n‖ → 0 whenever φn ∈ ∂εn f (xn), �n ∈ ∂εn f (yn), xn, yn ∈ X , εn → 0+
and ‖xn − yn‖ → 0.

(c) f is uniformly smooth; that is for each ε > 0, there exists δ > 0 such that

f (x + h)+ f (x − h)− 2f (x) ≤ ε‖h‖ whenever ‖h‖ < δ and x ∈ X .

(d) f is uniformly Fréchet differentiable on X . That is,

lim
t→0

f (x + th)− f (x)

t
= 〈f ′(x), h〉

uniformly for h ∈ SX and x ∈ X .

Proof. (a) ⇒ (d): Suppose that (d) does not hold. Then there exist tn → 0, hn ∈ SX

and xn ∈ X and ε > 0 such that

|f (xn + tnhn)− f (xn)− 〈f ′(xn), tnhn〉| ≥ ε|tn| for all n ∈ N.

According to the mean value theorem, there exist 0 < λn < 1 such that

|〈f ′(xn + λntnhn), tnhn〉 − 〈f ′(xn), tnhn〉| ≥ ε|tn| for n ∈ N.
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Consequently, f ′ is not uniformly continuous.
(d)⇒ (c): Suppose (d) is true. Given ε > 0, we choose δ > 0 so that |f (x+ ty)−

f (x)− 〈f ′(x), ty〉| ≤ ε
2 |t| for all |t| ≤ δ, x ∈ X , y ∈ SX . Then,

f (x + ty)+ f (x − ty)− 2f (x) ≤ εt for all 0 ≤ t < δ, x ∈ X , y ∈ SX .

Now, any h can be written h = ty for some y ∈ SX with ‖h‖ = t and so (c) holds.
(c) ⇒ (b): Suppose (b) doesn’t hold. Then there exist sequences (xn), (yn) with

‖xn−yn‖ → 0, and εn → 0+ with φn ∈ ∂εn f (xn),�n ∈ ∂εn f (yn)where ‖φn−�n‖ >
ε for all n. Now choose hn such that 〈φn−�n, hn〉 > ε‖hn‖, ‖hn‖ → 0, ‖hn‖ε > 4εn,
and ‖hn‖ ≥ ‖xn − yn‖. Then

ε

4

∥∥∥∥hn + xn − yn

2

∥∥∥∥ < ε

2
‖hn‖ < ε‖hn‖ − 2εn ≤ (φn −�n)(hn)− 2εn

≤ f (xn + hn)+ f (yn − hn)− f (xn)− f (yn)

≤ f (xn + hn)+ f (yn − hn)− 2f

(
xn + yn

2

)
= f

(
xn + yn

2
+
[
hn + xn − yn

2

])
+ f

(
xn + yn

2
−
[
hn + xn − yn

2

])
− 2f

(
xn + yn

2

)
.

Thus condition (c) doesn’t hold.
(b) ⇒ (a): First, f is Fréchet differentiable by Šmulian’s theorem (4.2.10). Thus

condition (b) implies the uniform continuity of the derivative.

From the proof of the previous result, we obtain a relevant bounded set version of
the above.

Proposition 4.2.15 (Uniform smoothness on bounded sets). Suppose f : X → R is
a continuous convex function. Then the following are equivalent.

(a) x → f ′(x) is a uniformly continuous mapping on bounded sets.
(b) ‖φn − �n‖ → 0 whenever φn ∈ ∂εn f (xn), �n ∈ ∂εn f (yn), where (xn) and (yn)

are bounded, εn → 0+ and ‖xn − yn‖ → 0.
(c) f is uniformly smooth on bounded sets; that is, for each K > 0 and ε > 0, there

exists δ > 0 such that f (x + h)+ f (x − h)− 2f (x) ≤ ε‖h‖ whenever ‖x‖ ≤ K
and ‖h‖ ≤ δ.

Finally, we state a directional variant of Proposition 4.2.14.

Proposition 4.2.16 (Uniform Gâteaux differentiability). Suppose f : X → R is a
continuous convex function. Then the following are equivalent.

(a) For each h ∈ SX , x 
→ 〈f ′(x), h〉 is a uniformly continuous mapping on X , i.e.
given h ∈ SX , then |〈f ′(xn), h〉 − 〈f ′(yn), h〉| → 0 whenever xn, yn ∈ X and
‖xn − yn‖ → 0.



4.2 Differentiability of convex functions 157

(b) (φn − �n) → 0 weak∗ whenever φn ∈ ∂εn f (xn), �n ∈ ∂εn f (yn) xn, yn ∈ X ,
εn → 0 and ‖xn − yn‖ → 0.

(c) For each ε > 0 and h ∈ SX , there exists δ > 0 such that

f (x + th)+ f (x − th)− 2f (x) ≤ εt whenever 0 < t < δ and x ∈ X .

(d) f is uniformly Gâteaux differentiable on X . That means, for each h ∈ SX

lim
t→0

f (x + th)− f (x)

t
= 〈f ′(x), h〉

uniformly for x ∈ X .

Proof. It is left for the reader to check that an appropriate directional modification of
the proof of Proposition 4.2.14 works.

Exercises and further results

4.2.1. (a) Let C := {x ∈ c0 : |xn| ≤ n−2}, and let f be the indicator function of C.
As in Example 4.2.6, show that ∂f (0) = {0}, but show directly that f is not Gâteaux
differentiable by showing limk→∞ f (0+ 1

k h)− f (0) = ∞ where h := (n−1) ∈ c0.
(b) Let C be as in (a). Is dC Gâteaux differentiable at 0?
4.2.2. Use the definition of Gâteaux differentiability to show that the function f in
Example 4.2.3 satisfies f ′(0) = 0. Is the function f lsc everywhere?

Hint. Let h ∈ X , Then φ(h) = α. Now

lim
t→0
[ f (0+ th)− f (0)]/t = lim

t→0
(t2α2)/t = 0.

No, f is not lsc, otherwise f would be continuous at 0.

4.2.3. Let X be an infinite-dimensional Banach space. Find an example of a convex
function f : X → [0,∞] that is Gâteaux differentiable at 0, but 0 is not in the interior
of the domain of f .

Hint. Modify Example 4.2.3. Take the function f given therein, and let g(x) := f (x)
if f (x) ≤ 1 and g(x) := ∞ otherwise.

4.2.4.� Let C be a closed convex subset of a Banach space X such that 0 ∈ C. Prove
that the following are equivalent.

(a)
⋃∞

n=1 nC is norm dense in X .
(b) ∂δC(0) = {0}.
(c) ∂f (0) = {0} where f := dC(·).

Hint. (a) ⇒ (b): Let D ⊂ X be dense in X such that D ⊂ ⋃∞
n=1 nC. Given h ∈ D,

then 1
nh ∈ C for some n ∈ N. Now

φ

(
1

n
h

)
− φ(0) ≤ δC

(
1

n
h

)
− δC(0) = 0.
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Therefore, φ(x) ≤ 0 for all x in some dense subset of X . Therefore φ = 0.
(b)⇒ (c): 0 ∈ ∂f (0) ⊂ ∂δC(0) = {0}.
(c) ⇒ (a): Proceed by contraposition. Suppose

⋃∞
n=1 nC is not dense in X , then

choose h ∈ X and δ > 0 such that (h+ δBX )∩ (⋃∞
n=1 nC) = ∅. Then 1

k (h+ δBX )∩(⋃∞
n=1 nC

) = ∅ for all k ∈ N, and so dC
( 1

k h
) ≥ 1

k δ for all k ∈ N. Now conclude
that ∂f (0) �= {0}.

See [77, Proposition 2] for a different approach to a related result.

4.2.5. Generalize Example 4.2.6 by proving that the following are equivalent for a
Banach space X .

(a) X admits a closed convex set K with 0 ∈ K \ int K and
⋃

nK is dense in X .
(b) There is a lsc proper convex f : X → (−∞,+∞] such that ∂f (0) is a singleton,

but f is not Gâteaux differentiable at 0.

Hint. (a) ⇒ (b): Let K be as given, and let f (x) = δK (x), the indicator function of
K . Then f is not continuous at 0 since 0 is not in the interior of the domain of f .
However, ∂f (0) = {0} by Exercise 4.2.4

(b) ⇒ (a): Let f be a function as given in (b), and let φ ∈ ∂f (0). By replacing
f with f − φ, we may assume that ∂f (0) = {0} and f (x) ≥ f (0) = 0 for all
x ∈ X . Now f is not continuous at 0, because f is not Gâteaux differentiable at 0.
Let C := {x ∈ BX : f (x) ≤ 1}. Then 0 ∈ C, but 0 �∈ int C. Let C1 := {x ∈
BX : limt→0+ f (th)/t ≤ 1}. One can check that C1 is convex, and if h ∈ C1, then
th ∈ C for some t > 0. Now let C2 = {h ∈ C : limt→0+ f (th)/t ≤ 1}. Then C2 is
convex. Now the desired set is K , the norm closure of C2. Check that f (x) ≥ dK (x) if
x ∈ BX \K since limt→0+ f (th)/t > 1 for h ∈ BX \K . Therefore, 0 ≤ dK (x) ≤ f (x)
for all x ∈ BX . Therefore, when g(x) = dK (x), one has ∂g(0) = {0} and so

⋃∞
n=1 nK

is norm dense in X by Exercise 4.2.4.
Note [77, p. 1126] asks whether every Banach space admits such a set K as in (a).

4.2.6.� Suppose C is a closed convex set with empty interior in a Banach space.

(a) Prove that f := dC(·) is not Fréchet differentiable at any x ∈ C.
(b) Find an example of f as in (a) where f is Gâteaux differentiable at some

point(s) in C.

Hint. (a) Translate C so that 0 ∈ C. Because 0 ∈ ∂f (0), it is a candidate for the
derivative. Suppose f is Fréchet differentiable at 0. Then there exists n ∈ N so that
f (h) ≤ ‖h‖/4 whenever ‖h‖ ≤ 1/n. Now consider the closed convex set nC which
also has empty interior. For each h ∈ SX , deduce that there exists x ∈ nC so that
‖x−h‖ < 1/3. Because nC has empty interior, we choose y0 with ‖y0‖ < 1/3 so that
y0 �∈ nC. Use the basic separation theorem (4.1.12) to show that there exists φ ∈ SX ∗
so that supnC φ < φ(y0) < 1/3. This contradicts the property that dnC(h) < 1/3 for
each h ∈ SX .

(b) See Exercise 4.2.4.
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4.2.7.� Prove Šmulian’s theorem for Gâteaux differentiability (Theorem 4.2.11).

Hint. This follows from the following more general exercise.

4.2.8 (Šmulian’s theorem for β-differentiability).� Suppose the proper convex
function f is continuous at x0. Then, the following are equivalent.

(a) f is β-differentiable at x0.
(b) For each sequence xn → x and φ ∈ ∂f (x0), there exist n0 ∈ N and φn ∈ ∂f (xn)

for n ≥ n0 such that φn →τβ φ.
(c) φn →τβ φ whenever φn ∈ ∂f (xn), φ ∈ ∂f (x0) and xn → x0.
(d) (φn − �n)→τβ 0 whenever φn ∈ ∂εn f (xn), �n ∈ ∂εn f (yn), xn → x0, yn → x0

and εn → 0+.
(e) φn →τβ φ whenever φn ∈ ∂εn f (x0), φ ∈ ∂f (x0) and εn → 0+.
(f) Given any β-set W and any ε > 0, there exists δ > 0 depending on ε and W

such that f (x + th)+ f (x − th)− 2f (x0) ≤ tε whenever 0 ≤ t ≤ δ.

Hint. (a) ⇒ (f): Given W and ε > 0, by the definition of β-differentiability, choose
δ > 0 so that |f (x0+ th)− f (x0)− f ′(x0)(th)| ≤ ε

2 |t| for all |t| ≤ δ and h ∈ W . Now
(e) follows directly from this.

(f)⇒ (e): Suppose that (e) does not hold, then there exist εn → 0+, φn ∈ ∂εn f (x0),
φ ∈ ∂f (x0) and ε > 0 such that

sup
W
|φn − φ| > ε for all n and some β-set W .

Now choose hn ∈ W such that (φn − φ)(hn) ≥ ε and let tn = 2εn/ε. Then

tnε

2
≤ tnε − εn ≤ φn(tnhn)− φ(tnhn)− εn

≤ f (x0 + tnhn)− f (x0)+ f (x0 − tnhn)− f (x0)

and so (f) does not hold.
(e)⇒ (d): As in the proof of Theorem 4.2.10 (e)⇒ (d) we have φn,�n ∈ ∂ε′n(x0)

where ε′n → 0. Thus φn →τβ φ and �n →τβ φ and so (d) follows.
(d) ⇒ (c) and (c) ⇒ (b) are straightforward. To prove (b) ⇒ (a) we suppose f is

not β-differentiable at x0. Then there exist tn ↓ 0 and hn ∈ W where W is a β-set and
ε > 0 such that

f (x0 + tnhn)− f (x0)− φ(tnhn) ≥ εtn where φ ∈ ∂f (x0).

For sufficiently large n, there exist φn ∈ ∂f (x0 + tnhn). Now,

φn(tnhn) ≥ f (x0 + tnhn)− f (x0) ≥ φ(tnhn)+ εtn

and so φn �→τβ φ.

4.2.9.�

(a) Suppose f : X ∗ → R is convex and weak∗-lsc (hence continuous as a finite
valued convex function). Is it true that ∂f (x∗) ∩ X �= ∅ for each x∗ ∈ X ∗?
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(b) Suppose f : X ∗ → (−∞,+∞] is convex and weak∗-lsc. Is it true that ∂εf (x∗)∩
X �= ∅ for each ε > 0, and each x∗ ∈ dom( f )?

Hint. (a) No, for f := ‖ · ‖1 the usual norm on �1, consider x∗ := (2−i).
(b) Yes, use the weak∗ epi-separation theorem (4.1.23).

4.2.10 (Šmulian’s theorem β-differentiability weak∗-lsc functions).� Suppose the
weak∗-lsc convex function f : X ∗ → (−∞,+∞] is continuous at φ0. Then, the
following are equivalent.

(a) f is β-differentiable at φ0.
(b) (xn − yn) →τβ 0 whenever xn ∈ ∂εn f (φn) ∩ X , yn ∈ ∂εn f (�n) ∩ X , φn → φ0,

�n → φ0 and εn → 0+.
(c) xn →τβ � whenever xn ∈ ∂εn f (φ0), � ∈ ∂f (φ0) and εn → 0+.

Hint. The point of this exercise is that one need only consider ε-subgradients from
X . Clearly (a)⇒ (c) follows from Šmulian’s theorem as in Exercise 4.2.8, and (c)⇒
(b) is proved as in the Exercise 4.2.8.

Now suppose f is not β-differentiable at φ0. Then there is a β-set W ⊂ X ∗ with
wn ∈ W and tn → 0+ and ε > 0 such that

f (φ0 + tnwn)+ f (φ0 − tnwn)− 2f (φ0) ≥ εtn.

Choose xn ∈ ∂εn f (φ0 + tnwn) and yn ∈ ∂εn f (φ0 − tnwn) where εn = tnε/4. Then

(xn − yn)(tnwn) ≥ εtn/2

and so (xn − yn)n does not converge τβ to 0.

4.2.11.� (a) Suppose f : X ∗ → R is weak∗-lsc and convex, and that f is Fréchet
differentiable at x∗0 ∈ X ∗. Show that f ′(x∗0) ∈ X . What if f is only Gâteaux or weak
Hadamard differentiable?
(b) Suppose X is weakly sequentially complete and f : X ∗ → (−∞,+∞] is weak∗-
lsc and convex. Suppose f is Gâteaux differentiable at x∗0 ∈ X ∗. Show that f ′(x∗0) ∈ X .

Hint. (a) Let� = f ′(x∗0). Choose xn ∈ ∂1/nf (x∗0)∩X . By Šmulian’s theorem (4.2.10),
xn → � in norm, and so � ∈ X . This need not be true if f is weak Hadamard
differentiable, see hint for Exercise 4.2.9(a).

(b) Let � and xn be as in the proof of (a). Then by Šmulian’s theorem (4.2.11)
xn →w∗ �. Thus (xn) is weakly Cauchy. Thus xn →w x for some x ∈ X . Necessarily,
x = �.

4.2.12 (Monotone gradients and convexity).� Suppose f : U → R is Gâteaux differ-
entiable and U is an open convex subset of a Banach space. Show that f is convex
if and only if 〈∇f (x) − ∇f (y), x − y〉 ≥ 0 for all x, y ∈ U . Moreover, f is strictly
convex if and only if the preceding inequality is strict.

Hint. See the proof of Theorem 2.2.6.
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4.2.13 (Gâteaux differentiability spaces). Suppose X is a Banach space such that
each continuous convex function on X has a point of Gâteaux differentiability. Prove
that BX ∗ is weak∗-sequentially compact.

Hint. We follow [199, Theorem 10.10]. Let (φn)n≥1 ⊂ BX ∗ , and let An = (φi)i≥n
w∗

and let A = ∩n≥1An. Define p : X → R by p(x) = sup{φ(x) : φ ∈ A}. Then p is a
continuous convex function, and therefore, is Gâteaux differentiable at some x0 ∈ X .
Now x0 attains its supremum on A, and so φ0(x0) = p(x0) for some φ0 ∈ A. Now, it
is easy to verify that φ0 ∈ ∂p(x0). Now φ0 ∈ An for each n, and so for each j ∈ N,
there is a φnj with nj ≥ n such that |φnj (x0)−φ0(x0)| < 1

j , now one can easily verify

φnj ∈ ∂p 1
j
(x0). Thus by Šmulian’s theorem (4.2.11), φnj →w∗ φ0.

4.3 Variational principles

We begin with Ekeland’s variational principle.

Theorem 4.3.1 (Ekeland’s variational principle). Let (X , d) be a complete metric
space and let f : X → (−∞,+∞] be a lsc function bounded from below. Suppose
that ε > 0 and z ∈ X satisfy

f (z) < inf
X

f + ε.

Suppose λ > 0 is given, then there exists y ∈ X such that

(a) d(z, y) ≤ λ,
(b) f (y)+ (ε/λ)d(z, y) ≤ f (z), and
(c) f (x)+ (ε/λ)d(x, y) > f (y), for all x ∈ X \ {y}.

Proof. We prove this in the case λ = 1, and note the general case follows by replacing
d(·, ·) with λ−1d(·, ·). Define a sequence (zi) by induction starting with z0 := z.
Suppose that we have defined zi. Set

Si := {x ∈ X : f (x)+ εd(x, zi) ≤ f (zi)}

and consider two possible cases: (i) inf Si f = f (zi). Then we define zi+1 := zi.
(ii) inf Si f < f (zi). We choose zi+1 ∈ Si such that

f (zi+1) < inf
Si

f + 1

2
[ f (zi)− inf

Si
f ] = 1

2
[ f (zi)+ inf

Si
f ] < f (zi). (4.3.1)

We show that (zi) is a Cauchy sequence. In fact, if (i) ever occurs, then zi is stationary
for i large. Otherwise,

εd(zi, zi+1) ≤ f (zi)− f (zi+1). (4.3.2)

Adding (4.3.2) up from i to j − 1 > i we have

εd(zi, zj) ≤ f (zi)− f (zj). (4.3.3)
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Observe that the sequence ( f (zi)) is decreasing and bounded from below by inf X f ,
and therefore convergent. We conclude from (4.3.3) that (zi) is Cauchy. Let y :=
limi→∞ zi. We show that y satisfies the conclusions of the theorem. Setting i = 0 in
(4.3.3) we have

εd(z, zj)+ f (zj) ≤ f (z). (4.3.4)

Taking limits as j → ∞ yields (b). Since f (z) − f (y) ≤ f (z) − inf X f < ε, (a)
follows from (b). It remains to show that y satisfies (c). Fixing i in (4.3.3) and taking
limits as j →∞ yields y ∈ Si. That is to say

y ∈
∞⋂

i=1

Si.

On the other hand, if x ∈⋂∞
i=1 Si then, for all i = 1, 2, . . . ,

εd(x, zi+1) ≤ f (zi+1)− f (x) ≤ f (zi+1)− inf
Si

f . (4.3.5)

It follows from (4.3.1) that f (zi+1) − inf Si f ≤ f (zi) − f (zi+1), and therefore
limi[ f (zi+1)− inf Si f ] = 0. Taking limits in (4.3.5) as i →∞we have εd(x, y) = 0.
It follows that

∞⋂
i=1

Si = {y}. (4.3.6)

Notice that the sequence of sets (Si) is nested, i.e. for any i, Si+1 ⊂ Si. In fact, for
any x ∈ Si+1, f (x)+ εd(x, zi+1) ≤ f (zi+1) and zi+1 ∈ Si yields

f (x)+ εd(x, zi) ≤ f (x)+ εd(x, zi+1)+ εd(zi, zi+1)

≤ f (zi+1)+ εd(zi, zi+1) ≤ f (zi), (4.3.7)

which implies that x ∈ Si. Now, for any x �= y, it follows from (4.3.6) that when i
sufficiently large x �∈ Si. Thus, f (x)+ εd(x, zi) ≥ f (zi). Taking limits as i →∞ we
conclude f (x)+ εd(x, y) ≥ f (y); now observe the inequality can be made strict for
all x �= y because the argument works for any ε > 0 such that f (z) < inf X f + ε.

Theorem 4.3.2 (Brøndsted–Rockafellar). Suppose f is a proper lsc convex function
on the Banach space X . Then given any x0 ∈ dom f , ε > 0, λ > 0 and x∗0 ∈ ∂εf (x0),
there exist x ∈ dom f and x∗ ∈ X ∗ such that

x∗ ∈ ∂f (x), ‖x − x0‖ ≤ ε/λ and ‖x∗ − x∗0‖ ≤ λ.

In particular, the domain of ∂f is dense in the domain of f .

Proof. First, 〈x∗0, x− x0〉 ≤ f (x)− f (x0) for all x ∈ X . Now define the function g by
g(x) := f (x)− 〈x∗0, x〉 for x ∈ X . Then g is proper and lsc and has the same domain
as f . Observe that g(x0) ≤ inf X g + ε, and so Ekeland’s variational principle (4.3.1)
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implies that there exists y ∈ dom f such thatλ‖y−x0‖ ≤ ε, λ‖x−y‖+g(x) ≥ g(y) for
all x ∈ X . Now define the function h by h(x) := λ‖x−y‖−g(y). Then g(x) ≥ −h(x)
for all x and g(y) = −h(y). According to the sandwich theorem (4.1.18) there is an
affine separator α + φ where φ ∈ X ∗ and α ∈ R such that

−h(x) ≤ α + φ(x) ≤ g(x) for all x ∈ X ,

and moreover φ ∈ ∂g(y) and φ ∈ ∂h(y). Let x := y and x∗ := φ+x∗0. Then ‖φ‖ ≤ λ

and x∗ ∈ ∂f (x) as desired.

Corollary 4.3.3. Suppose f is a proper lsc convex function on the Banach space X .
Given any x0 ∈ dom f and ε > 0 then there is an x ∈ dom ∂f so that |f (x)−f (x0)| < ε

and ‖x − x0‖ < ε.

Proof. Let ε > 0 and x0 ∈ dom f . Fix x∗0 ∈ ∂ε/2f (x0) and let K := max{‖x∗0‖, 1}.
According to the Brøndsted-Rockafellar theorem (4.3.2) there exist x ∈ dom f and
x∗ ∈ X ∗ such that

x∗ ∈ ∂f (x), ‖x − x0‖ ≤ ε

2K
and ‖x∗ − x∗0‖ ≤ K .

Because x∗0 ∈ ∂ε/2f (x0), we have

f (x)− f (x0) ≥ x∗0(x − x0)− ε/2 ≥ −K(ε/2K)− ε/2 = −ε.

Also, ‖x∗‖ ≤ 2K , and the subdifferential inequality implies

f (x0)− f (x) ≥ x∗(x0 − x) ≥ −2K‖x0 − x‖ = −ε.

Together, the previous two inequalities imply |f (x)− f (x0)| ≤ ε as desired.

We now present the Bishop-Phelps theorem in the classical setting of norm-
attaining functionals. An important more general version is given in Exercise 4.3.6.

Theorem 4.3.4 (Bishop–Phelps). Suppose X is a Banach space, then the set of
functionals that attain their norms on BX is dense in X ∗.

Proof. Given φ0 ∈ X ∗, and ε ∈ (0, 1), choose x0 ∈ SX such that φ0(x0) > ‖φ0‖− ε.
Consider the function f defined by f (x) := ‖φ0‖‖x‖. Then φ0 ∈ ∂εf . According to
the Brøndsted–Rockafellar theorem (4.3.2) with λ = √

ε there is an x1 ∈ X with
‖x1 − x0‖ < √ε and ‖φ − φ0‖ < √ε such that φ ∈ ∂f (x1). Then φ attains its norm
at x1/‖x1‖.

The following lemma provides a unified approach to several important classes of
variational principles including smooth variational principles. Exercise 4.3.4 outlines
how Lemma 4.3.5 can be used to obtain versions of Ekeland’s variational principle
and the Brøndsted–Rockafellar theorem. For this, we shall say a function f : X →
(−∞,+∞] attains its strong minimum at x0 if f (x) > f (x0) for all x �= x0 and
xn → x0 whenever f (xn)→ f (x0).



164 Convex functions on Banach spaces

Lemma 4.3.5. Let X be a Banach space, and let f : X → (−∞,+∞] be lsc,
bounded below with dom f �= ∅. Let (Y , ‖ · ‖Y ) be a Banach space of bounded
continuous real valued functions on X such that:

(a) for every g ∈ Y , ‖g‖Y ≥ ‖g‖∞;
(b) for every g ∈ Y and every u ∈ X , ‖τug‖Y = ‖g‖Y where τug(x) = g(x + u) for

each x ∈ X ;
(c) for every g ∈ Y and every a > 0, the function h : X → R defined by h(x) :=

g(ax) belongs to Y ;
(d) there exists b ∈ Y such that b has bounded nonempty support in X .

Then the set of all g ∈ Y such that f + g attains its strong minimum on X is a dense
Gδ-subset of Y .

Proof. Consider the sets

Un = {g ∈ Y : there exists x0 ∈ X such that

( f + g)(x0) < inf
{
( f + g)(x) : x ∈ X \ B(x0, 1/n)}}.

First, because ‖ · ‖Y ≥ ‖ · ‖∞, it follows that Un is an open set in Y . Next we will
show that Un is dense in Y .

Let g ∈ Y and ε > 0. We will find h ∈ Y and x0 ∈ X such that ‖h‖Y < ε and

( f + g + h)(x0) < inf {( f + g + h)(x) : x ∈ X \ B(x0, 1/n)}.

Conditions (b) and (d) ensure that there is a bump function b ∈ Y such that b(0) �= 0.
Replacing b(x) with α1b(α2x) using appropriately chosen α1,α2 ∈ R we assume that
b(0) > 0, ‖b‖Y < ε and b(x) = 0 whenever ‖x‖ ≥ 1/n. Because f + g is bounded
below, we select x0 ∈ X such that

( f + g)(x0) < inf {( f + g)(x) : x ∈ X } + b(0).

Let h(x) = −b(x − x0). According to (b), h ∈ Y and ‖h‖Y < ε. Additionally,

( f + g + h)(x0) = ( f + g)(x0)− b(0) < inf
X
( f + g).

If x ∈ X \ B(x0, 1/n), then

( f + g + h)(x) = ( f + g)(x) ≥ inf
X
( f + g).

Therefore, g + h ∈ Un which in turn implies Un is dense in Y . Consequently, G =⋃∞
n=1 Un is a dense Gδ-subset of Y .
We show for g ∈ G that f + g attains its strong minimum on X . Indeed, for each

n ≥ 1, let xn ∈ X be such that

( f + g)(xn) < inf {( f + g)(x) : x ∈ X \ B(xn, 1/n)}.
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Now xp ∈ B(xn, 1/n) for p ≥ n. Otherwise, by the choice of xn we have ( f +g)(xp) >

( f + g)(xn). Then since ‖xn − xp‖ ≥ 1/n ≥ 1/p, by the choice of xp we have
( f + g)(xn) > ( f + g)(xp) which is a contradiction.

Thus (xn) is a Cauchy sequence in X , and so it must converge to some x∞ ∈ X .
The lower-semicontinuity of f then implies

( f + g)(x∞) ≤ lim inf ( f + g)(xn)

≤ lim inf
[
inf {( f + g)(x) : x ∈ X \ B(xn, 1/n)}]

≤ inf
{
( f + g)(x) : x ∈ X \ {x∞}

}
.

Therefore, f + g attains its minimum at x∞, and we now show that this is a strong
minimum. To this end, suppose ( f + g)(yn)→ ( f + g)(x∞) but that (yn) does not
converge to x∞. By passing to a subsequence if necessary, we assume that‖yn−x∞‖ ≥
ε for all n and some ε > 0. It follows that there is an integer p such that ‖xp−yn‖ > 1/p
for all n. Consequently,

( f + g)(x∞) ≤ ( f + g)(xp) < inf {( f + g)(x) : ‖x − xp‖ > 1/p}
≤ ( f + g)(yn) for all n.

This contradiction shows that ( f + g) attains its strong minimum at x0

To conclude that the set of g ∈ Y such that f + g attains its strong minimum on X
is a dense Gδ-set (rather than residual as has just been shown), one need only observe
that if ( f + g) attains its strong minimum at some x0 ∈ X , then g ∈ Un for each n
where Un is as defined above.

Theorem 4.3.6 (Smooth variational principle). Let X be a Banach space that admits
a Lipschitz function with bounded nonempty support that is Fréchet differentiable
(resp. Gâteaux differentiable). Then for every proper lsc bounded below function f
defined on X and every ε > 0, there exists a function g which is Lipschitz and Fréchet
differentiable (resp. Gâteaux differentiable) on X such that ‖g‖∞ ≤ ε, ‖g′‖∞ ≤ ε

and f + g attains its strong minimum on X .

Proof. Consider the space Y of functions that are bounded, Lipschitz and Fréchet
differentiable (resp. Gâteaux differentiable) on X , where ‖ · ‖Y is defined by ‖g‖Y =
‖g‖∞+‖g′‖∞. Then Y is a Banach spaces satisfying the conditions of Lemma 4.3.5.

Definition 4.3.7 (Fréchet subdifferential [121]). Let f : X → (−∞,+∞] be a proper
lsc function on a Banach space X . We say f is Fréchet-subdifferentiable and x∗ is a
Fréchet-subderivative of f at x if x ∈ domf and

lim inf
‖h‖→0

f (x + h)− f (x)− 〈x∗, h〉
‖h‖ ≥ 0. (4.3.8)

The set of all Fréchet-subderivatives of f at x is denoted by ∂F f (x). This object is the
Fréchet subdifferential of f at x. We set ∂F f (x) = ∅ if x �∈ domf .
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Figure 4.1 An ε-subdifferential at 0 and a Fréchet subdifferential at 3/2 for (1− |x|)2.

Recall, that the lower directional derivative from above is defined by

f −(x; h) := lim inf
t→0+

f (x + th)− f (x)

t
. (4.3.9)

Fréchet subdifferentials are enormously useful and while much can be done with
their Gâteaux analogs we shall not do so herein, see [122, 121]. We do record that
∂F f (x) ⊆ ∂Gf (x) := {x : 〈x∗, h〉 ≤ f −(x; h) for all h ∈ X }.

We say a Banach space is Fréchet smooth provided that it has an equivalent norm
that is differentiable, indeed C1-smooth, for all x �= 0. The following ‘approximate
mean value theorem’ encodes a great deal of variational information in terms of
Fréchet subdifferentials. It will be used to good effect several times later in the book.

Theorem 4.3.8 (Limiting approximate mean value theorem [121]). Let f : X →
(−∞,+∞] be a lsc function on a Fréchet smooth Banach space X . Suppose a �= b ∈
X with f (a) <∞ and that−∞ < r ≤ ∞ satisfies r ≤ f (b)− f (a). Then there exist
c ∈ [a, b) and a sequence (xi) with (xi, f (xi)) → (c, f (c)) and x∗i ∈ ∂F f (xi) such
that (i) lim inf i→∞〈x∗i , c − xi〉 ≥ 0; (ii) lim inf i→∞〈x∗i , b− a〉 ≥ r; and (iii) f (c) ≤
f (a)+ |r|.

Exercises and further results

4.3.1. Show that Ekeland’s variational principle holds if and only if the metric space
(X , d) is complete.

Hint. The ‘if’ part was done; for the converse consider the function f (x) :=
limi→∞ d(xi, x) where (xi) is a Cauchy sequence in X . For ε ∈ (0, 1), choose y ∈ X
such that f (y) ≤ ε and f (y) ≤ f (x)+εd(x, y) for all x ∈ X . Show that y = limi→∞ xi.
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4.3.2 (Banach’s fixed point theorem). Let (X , d) be a complete metric space and let
φ : X → X . Suppose there exists 0 < k < 1 such that d(φ(x),φ(y)) ≤ kd(x, y) for
all x, y ∈ X . The there is a unique fixed point y ∈ X such that φ(y) = y.

Hint. Let f (x) := d(x,φ(x)).Apply Theorem 4.3.1 to f with λ = 1 and 0 < ε < 1−k .
Show that the y ∈ X such that f (x) + εd(x, y) ≥ f (y) for all x ∈ X is the desired
fixed point.

Banach’s theorem holds on any incomplete space with the fixed point property for
continuous self-maps such as the set consisting of the diameters of the closed unit
disk in the plane with rational slope. Thus, Ekeland’s principle is in many ways a
more refined tool.
4.3.3.�� (Diametral sets, approximate fixed points and nonexpansive mappings [400])
One of the most longstanding questions in geometric fixed point theory is whether a
nonexpansive self-map T of a closed bounded convex subset C of a reflexive space
X must have a fixed point. Here we sketch the convex geometry underlying much
current research. We will have use for the radius function, also called the farthest
point function defined by

rC(x) := sup
y∈C
‖x − y‖.

Note that rC = rconvC is convex and continuous if C is bounded.

(a) (Approximate fixed points) A sequence (xn) in C is an approximate fixed point
sequence for T if ‖xn − T (xn)‖ →n 0. Apply the Banach fixed point theorem
(Exercise 4.3.2) to show that approximate fixed points exist for nonexpansive
mappings when C is closed, bounded and convex in a Banach space. Deduce in
Euclidean space that T has fixed point.

Hint. Consider Tn := (1− 1/n) T + 1/n c0 for some c0 ∈ C.

(b) (Diametral sets) A general strategy is to appeal to weak-compactness and Zorn’s
lemma to show that T must have a minimal invariant weakly-compact convex
subset C0 and to look for conditions to force it to be singleton. (Note that C0 =
convT (C0) is forced by minimality.) Prove the following useful result:

Lemma 4.3.9 (Convex invariance). Let C be a minimal invariant weakly com-
pact convex set for a nonexpansive mapping mapping T on a Banach space.
Suppose (i) ψ : C → R is lsc and convex; and (ii) satisfies ψ(T (x)) ≤ ψ(x) for
x ∈ C. Then ψ is constant on C.

(c) Apply Lemma 4.3.9 to ψ := rC to prove:

Theorem 4.3.10 (Brodskii–Milman). Let C be a minimal invariant weakly
compact convex set for a nonexpansive T . Then for every x ∈ C one has
rC(x) ≡ diam(C).

Such a set is called diametral. Show that the set C := convn∈N{en} in c0(N) is
weakly-compact convex and diametral (since en ⇀ w0).

(d) Let C be minimal with (an) be an approximate fixed point sequence. Let (xk) be
an arbitrary subsequence of (an). Apply Lemma 4.3.9 to ψ := lim supk ‖x− xk‖
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to prove a result of Goebel and Karlovitz, namely that limn ‖x− an‖ = diam(C)
for all x ∈ C. So nontrivial minimal sets are quite peculiar geometrically.

(e) (Normal structure) A space has normal structure if all diametral weakly compact
convex sets are singleton. Show that every uniformly convex Banach space has
normal structure (see Section 5.1 for some basic properties of uniformly convex
spaces). Hence in a uniformly convex Banach space every nonexpansive self-map
of a closed bounded convex subset has a fixed point. We thus recover classical
results of Browder – the UC case – and of Kirk. Much more can be followed
up in [400].

4.3.4. This exercise provides an alternate approach to Ekeland’s variational principle
and some of its consequences using Lemma 4.3.5.

(a) Use Lemma 4.3.5 to prove the following version of Ekeland’s variational
principle:

Theorem 4.3.11 (Ekeland’s variational principle). Let X be a Banach space and
let f : X → (−∞,+∞] be lsc, bounded below with dom f �= ∅. Given ε > 0,
there exists x0 ∈ dom f such that for all x ∈ X one has

f (x) ≥ f (x0)− ε‖x − x0‖ and f (x0) ≤ inf
X

f + ε.

(b) Use Theorem 4.3.11 to prove Theorem 4.3.1 when X is assumed to be a Banach
space, and the starting assumption on z is that f (z) < inf X f + ε/4.

(c) Use (b) do derive the conclusion of the Brøndsted–Rockafellar theorem under
the stronger assumption x∗0 ∈ ∂ε/4f (x0).

(d) Use (c) to derive the Bishop–Phelps theorem and Corollary 4.3.3.

Hint. (a) The Banach space of all bounded Lipschitzian functions on X equipped with
the norm

‖g‖Y := ‖g‖∞ + sup

{ |g(x)− g(y)|
‖x − y‖ : x �= y

}
satisfies the conditions required in Lemma 4.3.5. Accordingly, there exist g ∈ Y and
x0 ∈ X such that ‖g‖Y ≤ ε/2 and f + g attains its minimum at x0. Consequently,

f (x) ≥ f (x0)+ g(x0)− g(x) ≥ f (x0)− ε‖x − x0‖ for all x ∈ X .

Additionally, because ‖g‖Y ≤ ε/2, one has

f (x) ≥ f (x0)+ g(x0)− g(x) ≥ f (x0)− ε.

Thus we conclude that f (x0) ≤ inf X f + ε.
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(b) Let g(x) = f (x)+ λ
2‖x− z‖; then f and g have the same domain, and according

to Theorem 4.3.11 there exists y ∈ dom g such that

g(x) ≥ g(y)− λ

2
‖x − y‖ and g(y) ≤ inf

X
g + ε

4
.

(c) and (d) follow from straightforward modifications of the given proofs.

4.3.5. Let X be a Banach space, x0 ∈ SX , ε > 0 and φ0 ∈ SX with φ0(x0) > 1−ε2/2.
Use the Brøndsted–Rockafellar theorem (4.3.2) to show there exist x̄ ∈ SX and
φ̄ ∈ SX ∗ such that ‖x0 − x̄‖ < ε, ‖φ0 − φ̄‖ < ε and φ̄(x̄) = 1.

Hint. Note φ0 ∈ ∂ε2/2‖x0‖, after applying the Brøndsted–Rockafellar theorem, find
an appropriate x̄ ∈ SX . A proof that does not use the Brøndsted–Rockafellar theorem
may be found in [60].

4.3.6 (Another Bishop–Phelps theorem).� Suppose C is a nonempty closed convex
subset of a Banach space X . Show that

(a) The support points of C are dense in its boundary.
(b) The support functionals of C are dense in the cone of all those functionals that

are bounded above on C.

Hint. Let f := δC . For (a), let 0 < ε < 1 and x1 ∈ X \C be such that ‖x0 − x1‖ < ε.
By the basic separation theorem (4.1.12) find x∗0 ∈ SX ∗ such that σC(x∗0) < 〈x∗0, x1〉.
Apply the Brøndsted–Rockafellar theorem (4.3.2) to f with λ = √ε . For (b), suppose
σC(x∗0) < ∞. Choose x0 ∈ C with 〈x∗0, x0〉 > σC(x∗0) − ε where 0 < ε < ‖x∗0‖2.
Apply the Brøndsted–Rockafellar theorem (4.3.2) as in (a). See [350, Theorem 3.18]
for further details.

4.3.7. Note that for a convex function f one has ∂f = ∂F f = ∂Gf . Show that for
a concave function g one has rather {∇Fg} = ∂Fg and {∇Gg} = ∂Gg. (∇F f (x) and
∇Gf (x) denote Fréchet and Gâteaux derivatives respectively).
4.3.8.�� Use Ekeland’s variational principle (4.3.1) to show that a Banach space with
a Fréchet differentiable bump function is an Asplund space.

Hint. See the paper [194].

4.3.9.� Show that if a Banach space has a Fréchet differentiable (resp. Gâteaux
differentiable) norm, then it has a Lipschitz C1-smooth (resp. Lipschitz Gâteaux
differentiable) bump function.

Hint. Construct a smooth Lipschitz bump function from the norm by composing it
with an appropriate real-valued function.

4.3.10.� Show that if a Banach space has a Fréchet differentiable (resp. Gâteaux
differentiable) bump function that is Lipschitz, then every continuous convex function
on X is Fréchet (resp. Gâteaux) differentiable on a dense subset of its domain. Deduce
the same respective conclusions when X has an equivalent Fréchet (resp. Gâteaux)
differentiable norm.

Hint. For the first part use the smooth variational principle (4.3.6), deduce the second
part from Exercise 4.3.9.
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4.3.11. Suppose f is a proper lsc convex function on X . Show that

f (x) = sup{φ(x − y)+ f (y) : φ ∈ ∂f (y), y ∈ dom(∂f )}

for any x ∈ dom f .

Hint. One proof is similar to the proof of Corollary 4.3.3.

4.3.12.�� (a) (Supporting hyperplane lemma). Let X be a Banach space, and let
f : X → (−∞,+∞] be a proper lsc convex function. Suppose that C is a closed
bounded convex set so that the distance between epi f and C is positive. Show that
there exist x0 ∈ dom ∂f and φ0 ∈ ∂f (x0) so that C lies below the graph of

x 
→ f (x0)+ φ0(x − x0)− ε.

(b) Let f be a proper lsc convex function defined on a Banach space X . For each
y ∈ X ∗ with f ∗(y) < ∞, show that there exists a sequence (yn) in range(∂f )
strongly convergent to y with f ∗(y) = limn→∞ f ∗(yn).

Hint. Part (a) was shown in [44, Lemma 4.10] using the comprehensive variational
principle stated below in Theorem 4.3.12. Warning: we do not know of a simple
direct proof using the separation techniques and variational principles proved from
this chapter. Use the supporting hyperplane lemma of part (a) to deduce (b); see [20,
Proposition 4.3] for further details. Note also the conjugate function f ∗ is introduced
with basic properties in Section 4.4 below.

The following comprehensive result from [63] is useful for showing many results
on convex functions, of which Exercise 4.3.12 is just one such example.

Theorem 4.3.12 (Borwein’s variational principle). Suppose that f is a proper lsc
convex function on a Banach space X , that ε > 0, β ≥ 0 and that x0 ∈ dom f .
Suppose, further, that x∗0 ∈ ∂fε(x0). Then there exist points xε ∈ dom f and x∗ε ∈ X ∗
such that

(a) x∗ε ∈ ∂f (xε) and ‖xε − x0‖ ≤ √ε;
(b) |f (xε)− f (x0)| ≤ √ε(√ε + 1/β) where by convention 1/0 = +∞;
(c) ‖x∗ε − x∗0‖ ≤

√
ε(1+ β‖x∗0‖);

(d) |〈x∗ε , y〉 − 〈x∗0, y〉| ≤ √ε(‖y‖ + β|〈x∗0, y〉|) for all y ∈ X ; and
(e) x∗ε ∈ ∂2εf (x0).

The key results needed in the proof of Theorem 4.3.12 are Ekeland’s variational
principle, and the sum rule for subdifferentials (4.1.19); see [349, Chapter 3] for a
proof and several applications illustrating the utility of this result. Indeed, a vigorous
reader can provide the proof given those hints and the advice to apply Ekeland’s
variational principle to the function g := f−x∗0 in the renorm‖x‖β := ‖x‖+β|〈x∗0, x〉|.

For now, we are content to mention a powerful subdifferential formula whose
proof as given in [35] relies on careful application of Borwein’s variational
principle (4.3.12).
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Theorem 4.3.13 (Subdifferential formula [35]). Let E be a Banach space. Suppose
int dom f �= ∅ and x ∈ E. Define a set S(x) in E∗ by requiring x∗ ∈ S(x) if and only
if there exist bounded nets (xα) in int dom f and (x∗α) in X ∗ such that for every α,
x∗α ∈ ∂f (xα), xα → x, x∗α →w∗ x∗, and f (xα)→ f (x). Let N (x) = Ndom f (x). Then
letting clw∗ represent the weak∗-closure:

∂f (x) = clw∗
(
N (x)+ clw∗ conv S(x)

)
.

Furthermore, if dom∇f is dense in dom ∂f , then define G(x) by y∗ ∈ G(x) precisely
when there exists a bounded net (yα) in dom∇f such that (∇f (yα)) is bounded,
yα → x, ∇f (yα)→w∗ y∗, f (yα)→ f (x). In this case,

∂f (x) = clw∗
(
N (x)+ clw∗ conv G(x)

)
.

Note that the assumption on denseness in the ‘Furthermore’part is always satisfied
in a Gâteaux differentiability space (GDS) and thus in all separable and all Euclidean
spaces. Moreover, when E is a GDS this construction can be performed with sequences
because the dual ball is weak∗-sequentially compact, see Exercise 4.2.13.

4.4 Conjugate functions and Fenchel duality

We begin this section by developing basic properties of the Fenchel conjugate of
a functions. The section concludes with a sketch Fenchel duality theory which
can be covered any time after the definition of conjugate functions and the basic
Proposition 4.4.1.

4.4.1 Properties of conjugate functions

Let X be a Banach space. The Fenchel conjugate of a function f : X → [−∞,+∞]
is the function f ∗ : X ∗ → [−∞,+∞] defined by

f ∗(x∗) := sup
x∈X
{〈x∗, x〉 − f (x)}.

The function f ∗ is convex and if the domain of f is nonempty then f ∗ never takes
the value −∞. We can consider the conjugate of f ∗ called the biconjugate of f and
denoted by f ∗∗. This is a function on X ∗∗.

We refer the reader to Table 2.1 on p. 45 for some basic examples of Fenchel
conjugates, and to Table 2.2 on p. 46 for some properties on transformed conjugates.

The following is an elementary but important result concerning conjugate func-
tions; part (a) is the famous Fenchel–Young inequality.

Proposition 4.4.1. Let f : X → [−∞,+∞], x ∈ X , x∗ ∈ X ∗ and ε > 0. Then

(a) f (x)+ f ∗(x∗) ≥ 〈x∗, x〉, and equality holds if and only if x∗ ∈ ∂f (x).
(b) x∗ ∈ ∂εf (x) if and only if f (x)+ f ∗(x∗) ≤ 〈x, x∗〉 + ε.
(c) If f ≤ g, then g∗ ≥ f ∗.
(d) f ∗∗|X ≤ f .
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Proof. To prove (b), observe that x∗ ∈ ∂εf (x) if and only if x∗(y)− x∗(x) ≤ f (y)−
f (x)+ ε for all y ∈ X , if and only if x∗(y)− f (y) ≤ x∗(x)− f (x)+ ε for all y ∈ X ,
if and only if f ∗(x∗) ≤ x∗(x) − f (x) + ε, if and only if f (x) + f ∗(x∗) ≤ x∗(x) + ε.
This proves (b).

Now the definition of f ∗ implies f ∗(x∗) ≥ x∗(x)− f (x) for all x ∈ X and x∗ ∈ X ∗.
Consequently, f (x)+ f ∗(x∗) ≥ x∗(x) for all x ∈ X , x∗ ∈ X . Applying the proof of (b)
with ε = 0 implies f (x)+ f ∗(x∗) ≤ x∗(x) if and only if x∗ ∈ ∂f (x). Thus (a) is true.

The definition of the conjugate immediately implies (c), while using the definition
and then (a) we obtain f ∗∗(x) = sup{〈x, x∗〉 − f ∗(x∗) : x∗ ∈ X ∗} ≤ f (x).

We next explore how properties such as boundedness and continuity are related
with a convex function and its conjugate. We begin by addressing when the second
conjugate of a function is equal to the original function.

Proposition 4.4.2. (a) Suppose f : X → (−∞,+∞] is convex and proper. Then
f ∗∗(x) = f (x) at x ∈ X if and only if f is lsc at x. In particular, f is lsc if and only if
f ∗∗|X = f .
(b) Suppose f : X ∗ → (−∞,+∞] is convex, proper and lsc. Then ( f ∗|X )∗ = f if
and only if f is weak∗-lsc.

Proof. (a) First, if f ∗∗(x0) = f (x0), then f is lsc at x0 because f ∗∗ is lsc and f ∗∗ ≤ f
[Proposition 4.4.1(d)]. For the converse, let x0 be a point where f is lsc. By Propo-
sition 4.4.1(d), f ∗∗(x0) ≤ f (x0) and so it suffices to show f ∗∗(x0) ≥ α whenever
f (x0) > α. So suppose f (x0) > α. Using the epi-separation theorem (4.1.21), choose
φ ∈ X such that φ(x)−φ(x0) ≤ f (x)−α for all x ∈ X . Thus φ(x)−f (x) ≤ φ(x0)−α
for all x ∈ X , and so f ∗(φ) ≤ φ(x0)− α. Thus f ∗∗(x0) ≥ φ(x0)− [φ(x0)− α] = α.

(b) Is left as an exercise which can be similarly derived using the weak∗-epi
separation theorem (4.1.23).

Proposition 4.4.2(a) remains valid when f ≡ +∞ or f ≡ −∞. However, some
improper examples may fail. For example, let f : X → [−∞,+∞] be defined by
f (0) := −∞, f (x) := +∞ if x �= 0. Then f ∗ ≡ +∞ so f ∗∗ ≡ −∞. Examples
such as this provide a compelling reason why some sources define the closure of a
function that takes the value of −∞ at some point, as the function identically equal
to −∞; see for example [369, p. 52].

Notationally, we let cl f or f̄ denote the closure of f , and we let convf be the
function whose epigraph is the closed convex hull of the epigraph of f .

Proposition 4.4.3. Suppose f : X → [−∞,+∞]. Then

(a) f ∗= (cl f )∗ = (convf )∗.
(b) f ∗∗|X = convf if convf is proper.

Proof. (a) First f ∗ ≤ (cl f )∗ ≤ (convf )∗ by Proposition 4.4.1(c). It remains to prove
f ∗ ≥ (convf )∗. For this, let φ ∈ X ∗. If f ∗(φ) = +∞ there is nothing to do, so
we suppose f ∗(φ) ≤ α for some α ∈ R. Then φ(x) − f (x) ≤ α for all x ∈ X . Let
g := φ − α. Then g ≤ convf , consequently (convf )∗ ≤ g∗ (Proposition 4.4.1(c)).
Clearly, g∗(φ) = α and so (convf )∗(φ) ≤ α as desired.
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(b) Suppose convf is proper. Then (convf )∗∗|X = convf according to Proposi-
tion 4.4.2(a). By (a) of this proposition, we know ((convf )∗)∗ = ( f ∗)∗ from which
the conclusion now follows.

Fact 4.4.4. Let f : X → (−∞,+∞] be a proper lsc convex function. Then

(a) f is bounded on bounded sets if and only if f ∗∗ is bounded on bounded sets
in X ∗∗.

(b) f is continuous at x0 ∈ X if and only if f ∗∗ is continuous at x0.
(c) f is Fréchet differentiable at x0 ∈ X if and only if f ∗∗ is Fréchet differentiable

at x0.

Proof. (a) ⇒: Suppose f ≤ K on αBX . Then f ∗∗ ≤ f ≤ K on αBX . Because
f ∗∗ is weak∗-lsc, {u ∈ X ∗∗ : f ∗∗(x) ≤ k} is a weak∗-closed subset of X ∗∗, and it
contains αBX . According to Goldstine’s theorem (Exercise 4.1.13), it contains αBX ∗∗ .
Therefore, f ∗∗ ≤ K on αBX ∗∗ .
⇐: f ∗∗|X = f is bounded on bounded sets.
The details of (b) and (c) are outlined in Exercise 4.4.22.

The next result gives some useful information about the connection between the
subdifferential of a function and its conjugate.

Proposition 4.4.5. Let f : X → (−∞,+∞] be a function, and x0 ∈ dom f .

(a) Ifφ ∈ ∂f (x0), then x0 ∈ ∂f ∗(φ). Conversely, if additionally f is a convex function
that is lsc at x0 and x0 ∈ ∂f ∗(φ), then φ ∈ ∂f (x0).

(b) Suppose φ ∈ ∂εf (x0). Then x0 ∈ ∂εf ∗(φ). Conversely, if additionally f is a
convex function that is lsc at x0 and x0 ∈ ∂εf ∗(φ), then φ ∈ ∂εf (x0).

Proof. We first prove (b). Suppose φ ∈ ∂εf (x0). Then f ∗(φ) ≤ φ(x0) − f (x0) + ε

[by Proposition 4.4.1(b)], now for x∗ ∈ X ∗, f ∗(x∗) ≥ x∗(x0)− f (x0), therefore

f ∗(x∗)− f ∗(φ) ≥ [x∗(x0)− f (x0)] − [φ(x0)− f (x0)+ ε] = x∗(x0)− φ(x0)− ε.

Consequently, x0 ∈ ∂εf ∗(φ). This proves the first part of (b). Now suppose that f
is a convex function that is lsc at x0. By Propositions 4.4.2(a) and 4.4.1(d), f (x0) =
f ∗∗(x0) and f ∗∗|X ≤ f which together with φ ∈ ∂εf ∗∗(x0) imply φε ∈ ∂εf (x0). This
proves (b); we notice that (a) follows by letting ε = 0 in the preceding.

The following give useful criteria relating certain boundedness or Lipschitz
properties of a function to its conjugate.

Proposition 4.4.6. Suppose f : X → (−∞,+∞] is a proper lsc convex function.
Then f is Lipschitz with Lipschitz constant k ≥ 0 if and only if dom f ∗ ⊂ kBX ∗ .

Proof. ⇒: Suppose � ∈ X ∗, and ‖�‖ > k , then supx∈X �(x)− f (x) = +∞, and so
� �∈ dom f ∗.
⇐: Suppose f does not satisfy a Lipschitz condition with constant k . Then there

exist x, y ∈ X such that f (x)− f (y) > l‖x− y‖ where l > k (we allow f (x) = +∞).
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Then f (x) > f (y)+ l‖x− y‖ and so the epi-separation theorem (4.1.21) ensures that
there is a φ ∈ X ∗ such that φ(h)− φ(x) ≤ f (h)− [ f (y)+ l‖x − y‖] for all h ∈ X .
In particular, φ ∈ dom f ∗, and ‖φ‖ ≥ l because φ(y)− φ(x) ≤ −l‖x − y‖.

Remark 4.4.7. Observe that lower-semicontinuity is needed in Proposition 4.4.6
when X is infinite-dimensional. Indeed, consider f : X → (−∞,+∞] such that
f (x) := 0 for all x in a dense subspace of X , and f (x) := +∞ otherwise. Then
dom( f ∗) = {0}, but that f is not even lsc. However, in finite-dimensional spaces,
Proposition 4.4.6 is valid for proper convex functions on Rn (see Exercise 2.3.13).

A function f : X → (−∞,+∞] is said to be coercive if lim‖x‖→∞ f (x) = +∞; if

lim‖x‖→∞ f (x)
‖x‖ = +∞ then f is said to be supercoercive; whereas f is called cofinite

if its conjugate is defined everywhere on X ∗. Some relations among these notions
are developed in Exercise 4.4.23. An extremely useful fact is that supercoercive
convex functions are related in a dual fashion to convex functions that are bounded
on bounded sets.

Fact 4.4.8. Suppose f is a proper convex function that is lsc at some point in its
domain. Then the following are equivalent.

(a) f is coercive.
(b) There exist α > 0 and β ∈ R such that f ≥ α‖ · ‖ + β.
(c) lim inf ‖x‖→∞ f (x)/‖x‖ > 0.
(d) f has bounded lower level sets.

Proof. (a)⇒ (b): Suppose f is coercive. Assume first that 0 ∈ dom f , and f (0) = 0.
Then choose r > 0 such that f (x) ≥ 1 if ‖x‖ ≥ r. Now for ‖x‖ ≥ r we have

f

(
r

‖x‖x

)
≤ ‖x‖ − r

‖x‖ f (0)+ r

‖x‖ f (x).

Therefore, r
‖x‖ f (x) ≥ 1 and so f (x) ≥ ‖x‖

r if ‖x‖ ≥ r. Because f is lsc at some
point in its domain, there is an M > 0 such that f (x) ≥ −M on rBX . Therefore,
f ≥ α‖ · ‖ + β where α = 1/r and β = −M . Consequently (b) holds for a trans-
late of f , and it is easy to check that then holds for f as well with an appropriate
adjustment to β.

Now (b)⇒ (c)⇒ (d)⇒ (a) follow directly from the definitions.

The following fact thus relates the coercivity of f to a bound on its conjugate
function in a neighborhood of the origin.

Fact 4.4.9. Let α > 0 and β ∈ R. Then f ≥ α‖ · ‖ + β if and only if f ∗ ≤ −β
on αBX ∗ .

Proof. Observe that f ≥ α‖ · ‖ + β if and only if f ∗ ≤ (α‖ · ‖ + β)∗ if and only if
f ∗ ≤ δαBX ∗ − β.
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Because a convex function is continuous at a point if and only if it is bounded above
on a neighborhood of that point (Proposition 4.1.4), the previous two facts immediate
provide:

Theorem 4.4.10 (Moreau–Rockafellar). Let f : X → (−∞,+∞] be proper, con-
vex and lsc at some point in its domain. Then f is coercive if and only if f ∗ is
continuous at 0.

In fact, more generally, one has the following result.

Corollary 4.4.11 (Moreau–Rockafellar). Let f : X → (−∞,+∞] be convex,
proper and lsc, and let φ ∈ X ∗. Then f − φ is coercive if and only if f ∗ is continuous
at φ.

Proof. According to Theorem 4.4.10, f − φ is coercive if and only if ( f − φ)∗ is
continuous at 0. Now ( f − φ)∗(x∗) = f ∗(x∗ + φ) for x∗ ∈ X ∗, thus ( f − φ)∗ is
continuous at 0 if and only if f ∗ is continuous at φ.

Theorem 4.4.12 (Moreau–Rockafellar dual [325]). Let f : X → (−∞,+∞] be a lsc
convex proper function. Then f is continuous at 0 if and only if f ∗ has weak∗-compact
lower level sets.

Proof. Observe that f is continuous at 0 if and only if f ∗∗ is continuous at 0
(Fact 4.4.4(b)) if and only if f ∗ is coercive (Theorem 4.4.10) if and only if f ∗ has
bounded lower level sets (Fact 4.4.8) if and only if f ∗ has weak∗-compact lower level
sets (by Alaoglu’s theorem 4.1.6 and Exercise 4.1.1(c) which implies the lower level
sets of f ∗ are weak∗-closed).

Theorem 4.4.13 (Conjugates of supercoercive functions). Suppose f : X →
(−∞,+∞] is a lsc proper convex function. Then

(a) f is supercoercive if and only if f ∗ is bounded on bounded sets.
(b) f is bounded on bounded sets if and only if f ∗ is supercoercive.

Proof. (a) ⇒: Given any α > 0, there exists M such that f (x) ≥ α‖x‖ if ‖x‖ ≥ M .
Now there existsβ ≥ 0 such that f (x) ≥ −β if ‖x‖ ≤ M . Therefore f ≥ α‖·‖+(−β).
Thus, Fact 4.4.9 implies f ∗ ≤ β on αBX ∗ .
⇐: Let α > 0. Now there exists K such that f ∗ ≤ K on αBX ∗ . Then f ≥ α‖ ·‖−K

and so lim inf ‖x‖→∞ f (x)
‖x‖ ≥ α.

(b) According to (a), f ∗ is supercoercive if and only if f ∗∗ is bounded on
bounded sets which according to Fact 4.4.4(b) occurs if and only if f is bounded
on bounded sets.

Next we introduce infimal convolutions. Some of their many applications include
smoothing techniques and approximation.

Definition 4.4.14. Let f and g be proper extended real-valued functions on a normed
linear space X . The infimal convolution of f and g is defined by

( f g)(x) := inf
y∈X

f (y)+ g(x − y).
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Geometrically, the infimal convolution of f and g is the largest extended real-valued
function whose epigraph contains the sum of epigraphs of f and g, consequently it is a
convex function; see Exercise 2.3.14 for some further facts about infimal convolutions
that are also valid in Banach spaces. The following is a useful result concerning the
conjugate of the infimal convolution.

Lemma 4.4.15. Let X be a normed linear space and let f and g be proper functions
on X . Then ( f g)∗ = f ∗ + g∗.

Proof. Let φ ∈ X ∗. Using the definitions and then properties of infima’s and
suprema’s one obtains

( f g)∗(φ) = sup
x∈X

φ(x)− ( f g)(x)

= sup
x∈X

φ(x)− inf
y∈X
[ f (y)+ g(x − y)]

= sup
x∈X

sup
y∈Y

φ(y)− f (y)+ φ(x − y)− g(x − y)

= sup
y∈X

φ(y)− f (y)+ sup
v∈X

φ(v)− g(v)

= f ∗(φ)+ g∗(φ).

The following are basic approximation facts.

Lemma 4.4.16. Suppose f : X → R is a convex function bounded on bounded sets.
If fn ≤ f for each n, and f ∗n → f ∗ uniformly on bounded subsets of the domain of f ∗,
then fn → f uniformly on bounded subsets of X .

Proof. Let D ⊂ X be bounded and let ε > 0. Then ∂f (D) is bounded because f is
bounded on bounded sets (Proposition 4.1.25). Choose N ∈ N such that f ∗n (φ) ≤
f ∗(φ)+ ε for each φ ∈ ∂f (D), and n ≥ N . Now let x ∈ D, and let φ ∈ ∂f (x). Then
for each n ≥ N , one has

f ∗(φ) = φ(x)− f (x) ≥ f ∗n (φ)− ε ≥ φ(x)− fn(x)− ε.

Therefore, f (x)− ε ≤ fn(x) ≤ f (x) for all x ∈ D, and all n ≥ N .

Corollary 4.4.17 (Yosida approximation). Let f : X → R be convex and bounded
on bounded sets. Then both f n‖ · ‖2 and f n‖ · ‖ converge uniformly to f on
bounded sets.

Proof. This follows from Lemmas 4.4.15 and 4.4.16. Indeed,

( f n‖ · ‖2)∗ = f ∗ + 1

2n
‖ · ‖2∗ and ( f n‖ · ‖)∗ = f ∗ + h∗n,

where ‖ · ‖∗ denotes the dual norm and h∗n(φ) := 0 if ‖φ‖ ≤ n, and h∗n(φ) := ∞
otherwise.
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4.4.2 Fenchel duality theory

Conjugate functions are ubiquitous in optimization. Our next result is phrased in
terms of convex programming problems. The formulation is in many aspects similar
to the duality theory in linear programming.

The Fenchel duality theorem can be viewed as a dual representation of the sandwich
theorem (4.1.18).

Theorem 4.4.18 (Fenchel duality). Let X and Y be Banach spaces, let f : X →
(−∞,+∞] and g : Y → (−∞,+∞] be convex functions and let T : X → Y be a
bounded linear map. Define the primal and dual values p, d ∈ [−∞,+∞] by the
Fenchel problems

p := inf
x∈X
{ f (x)+ g(Tx)}

d := sup
x∗∈Y ∗

{−f ∗(T ∗x∗)− g∗(−x∗)}. (4.4.1)

Then these values satisfy the weak duality inequality p ≥ d. Suppose further that f ,
g and Tsatisfy either

0 ∈ core(dom g − T dom f ) (4.4.2)

and both f and g are lsc, or the condition

T dom f ∩ cont g �= ∅. (4.4.3)

Then p = d, and the supremum in the dual problem (4.4.1) is attained if finite.

Proof. The weak duality is left as Exercise 4.4.14. For the strong duality, follow the
proof given in finite-dimensional spaces (Theorem 2.3.4), noting that the continuity
of h given therein on infinite-dimensional spaces is established in the proof of the
sandwich theorem (4.1.18).

To relate Fenchel duality and convex programming with linear constraints, we let
g be the indicator function of a point, which gives the following particularly elegant
and useful corollary.

Corollary 4.4.19. (Fenchel duality for linear constraints) Given any function f : X →
(−∞,+∞], any bounded linear map T : X → Y , and any element b of Y , the weak
duality inequality

inf
x∈X
{ f (x) : Tx = b} ≥ sup

x∗∈Y
{〈b, x∗〉 − f ∗(T ∗x∗)}

holds. If f is lsc and convex and b belongs to core(T dom f ) then equality holds, and
the supremum is attained when finite.

Proof. Exercise 4.4.16.
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Fenchel duality can be used to conveniently calculate polar cones. Recall that for
a set K in a Banach space X , the (negative) polar cone of K is the convex cone

K− := {x∗ ∈ X ∗ : 〈x∗, x〉 ≤ 0, for all x ∈ K}.

Analogously, K+ = {x∗ ∈ X ∗ : 〈x∗, x〉 ≥ 0, for all x ∈ K} is the (positive)
polar cone. The cone K−− is called the bipolar – sometimes in the second dual
and sometimes in the predual, X . Here, we take it in X . An important example of
the polar cone is the normal cone to a convex set C ⊂ X at a point x ∈ C, since
NC(x) = (C − x)− (see Exercise 4.1.33).

The following calculus for polar cones is a direct consequence of the Fenchel
duality theorem (4.4.18).

Corollary 4.4.20. Let X and Y be Banach spaces, let K ⊂ X and H ⊂ Y be cones
and let T : X → Y be a bounded linear map. Then

K− + T ∗H− ⊂ (K ∩ T−1H )−.

Equality holds if H and K are closed and convex and satisfy H − TK = Y .

Proof. Observe that for any cone K , we have K− = ∂δK (0). The result follows
directly from Theorem 4.4.18.

Exercises and further results

4.4.1. Many important convex functions f on a reflexive Banach space equal their
biconjugate f ∗∗. Such functions thus occur as natural pairs, f and f ∗. Table 2.1 on
p. 45 shows some elegant examples on R, and Table 2.2 on p. 46 describes some
simple transformations of these examples. Check the calculation of f ∗ and check
f = f ∗∗ for functions in Table 2.1. Verify the formulas in Table 2.2.
4.4.2.� Suppose f : X → R is a proper lsc function. Suppose f ∗ is Fréchet differen-
tiable at φ0 ∈ X ∗. Suppose x0 = ∇( f ∗)(φ0). Show that x0 ∈ X , f ∗∗(x0) = f (x0) and
consequently φ0 ∈ ∂f (x0).

Hint. That x0 ∈ X is from Exercise 4.2.11. For notational purposes, let f̂ = f ∗∗|X .
Since f̂ (x0) ≤ f (x0), we will show f̂ (x0) ≥ f (x0). Now x0 ∈ ∂f ∗(φ). Also, f ∗ is
Fréchet differentiable at φ and so f ∗ is continuous at φ. Now choose xn ∈ X such that

φ(xn)− f (xn) ≥ f ∗(φ)− εn where εn → 0+.

Then φ(xn) − f̂ (xn) ≥ f ∗(φ) − εn and so xn ∈ ∂εn f ∗(φ) for all n. According to
Šmulian’s theorem (4.2.10) xn → x0. In particular, φ(xn)→ φ(x0). Therefore,

f̂ (x) = φ(x)− f ∗(φ)

= lim
n→∞φ(x)− [φ(xn)− f (xn)]

= lim
n→∞ f (xn).
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Moreover lim inf n→∞ f (xn) ≥ f (x0) because f is lsc. Therefore, f̂ (x0) ≥ f (x0) as
desired. It now follows immediately that φ0 ∈ ∂f (x0).

4.4.3.� Suppose f : X → (−∞,+∞] is such that f ∗∗ is proper. Show that f is convex
if f ∗ is Fréchet differentiable at all x ∈ dom(∂f ∗).

Hint. Use Exercise 4.4.2 and the dense graph consequence of the Brøndsted-
Rockafellar theorem (Corollary 4.3.3); see the proof of Theorem 4.5.1.

4.4.4. Calculate the conjugate and biconjugate of the function

f (x1, x2) :=


x2

1

2x2
+ x2 log x2 − x2 if x2 > 0,

0 if x1 = x2 = 0,

∞ otherwise.

4.4.5. Let X be a Hilbert space, and f : X → [−∞,+∞] be proper. Show that
f = f ∗ or f (x) ≥ f ∗(x) for all x if and only if f = ‖ · ‖2/2 where ‖ · ‖ is the inner
product norm.
4.4.6 (Maximum entropy example). (a) Let a0, a1, . . . , aN ∈ X . Prove the function

g(z) := inf
x∈RN+1

{ N∑
n=0

exp∗(xn) :
N∑

n=0

xn = 1,
N∑

n=0

xnan = z
}

is convex.
(b) For any point y in RN+1, prove

g∗(y) = sup
x∈RN+1

{ N∑
n=0

(xn〈an, y〉 − exp∗(xn)) :
N∑

n=0

xn = 1
}
.

(c) Deduce the conjugacy formula

g∗(y) = 1+ log
( N∑

n=0

exp 〈an, y〉
)
.

(d) Compute the conjugate of the function of x ∈ RN+1,

{∑N
n=0 exp∗(xn) if

∑N
n=0 xn = 1,

∞ otherwise.

4.4.7 (Conjugate of indicator function). Let X be a reflexive Banach space and let C
be a closed convex subset of X . Show that δ∗C = σC and δ∗∗C = δC .
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4.4.8 (Kernel average of convex functions [39]).�� Let f1, f2 and g be proper lsc convex
functions on X . Define P(λ1, f1, λ2, f2, g) : X → [−∞,+∞] at x ∈ X by

P(λ1, f1, λ2, f2, g) := inf
λ1y1+λ2y2=x

{λ1f1(y1)+ λ2f2(y2)+ λ1λ2g(y1 − y2)}

= inf
x=z1+z2

{
λ1f1

(
z1

λ1

)
+ λ2f

(
z2

λ2

)
+ λ1λ2g

(
z1

λ1
− z2

λ2

)}
.

This is called the g-average of f1 and f2.
With appropriate choices of g, f1, and f2, show how to recover the: (a) arithmetic

average; (b) epigraphical average; and (c) infimal convolution operation from the g-
average. See [39] for this, and for the development of conjugacy, subdifferentiability
and several other properties of these averaging operations.
4.4.9. Let K ⊂ X be a closed convex cone. Show that both dK and δK are convex
functions and, for any x ∈ X ,

∂dK (x) ⊂ ∂δK (0) ∩ BX ∗ ,

and

∂δK (x) ⊂ ∂δK (0).

4.4.10.† We consider an objective function pN involved in the coupon collection
problem given by

pN (q) :=
∑
σ∈SN

( N∏
i=1

qσ(i)∑N
j=i qσ(j)

)( N∑
i=1

1∑N
j=i qσ(j)

)
,

summed over all N ! permutations; so a typical term is

( N∏
i=1

qi∑N
j=i qj

)( N∑
i=1

1∑n
j=i qj

)
.

For example, with N = 3 this is

q1q2q3

(
1

q1 + q2 + q3

)(
1

q2 + q3

)(
1

q3

)(
1

q1 + q2 + q3
+ 1

q2 + q3
+ 1

q3

)
.

Show that pN is convex on the positive orthant. Furthermore show that 1/pN is
concave. This is the base case of Example 1.3.9.

Hint.

(a) Establish

pN (x1, . . . , xN ) =
∫ 1

0

(
1−

N∏
n=1

(1− txn)
) dt

t
. (4.4.4)
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(b) Use

1− e−txn = xn

∫ t

0
e−xnyn dyn,

to establish

1−
N∏

n=1

(1− e−txn) =
( N∏

n=1

xn

)( ∫
RN+

e−〈x,y〉 dy −
∫

SN
t

e−〈x,y〉 dy
)
,

where

SN
t = {y ∈ RN+ : 0 < yn ≤ t for n = 1, . . . , N }.

(c) Derive

∫ ∞

0

(
1−

N∏
n=1

(1− e−txn)
)

dt =
( N∏

n=1

xn

) ∫ ∞

0
dt
∫

RN+\SN
t

e−〈x,y〉 dy

=
( N∏

n=1

xn

) ∫ ∞

0
dt
∫

RN+
e−〈x,y〉χt(y) dy,

where

χt(y) =
{

1 if max(y1, . . . , yN ) > t,

0 otherwise.

(d) Show that the integral in (c) can be expressed as the joint expectation of Poisson
distributions. Explicitly, if x = (x1, . . . , xN ) is a point in the positive orthant
RN+, then

∫ ∞

0

(
1−

N∏
n=1

(1− e−txn)

)
dt =

(
N∏

n=1

xi

)∫
RN+

e−〈x,y〉max(y1, . . . , yN ) dy.

(e) Deduce that

pN (x1, . . . , xN ) =
∫

RN+
e−(y1+···+yN ) max

(y1

x1
, . . . ,

yN

xN

)
dy,

and hence that pN is positive, decreasing and convex, as is the integrand.
(f) To derive the stronger result that 1/pN is concave, let

h(a, b) := 2ab

a+ b
.

Then h is concave and show that the concavity of 1/pN is equivalent to

pN

(x + x′

2

)
≤ h(pN (x), pN (x

′)) for all x, x′ ∈ RN+. (4.4.5)

(g) Recover the full case of Example 1.3.9.
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The history of this problem and additional details can be found in Borwein, Bailey
and Girgensohn [74, p. 36]. This book and its sister volume by Borwein and Bailey
[73] also discuss how to use methods of experimental mathematics to gain insights
on this and other related problems.

4.4.11. As in the proof of the sandwich theorem (4.1.18), define

h(u) := inf
x∈X
{ f (x)+ g(Tx + u)}.

Prove that

dom h = dom g − T dom f .

4.4.12 (Normals to an intersection). Let C1 and C2 be two convex subsets of X and
let x ∈ C1 ∩ C2. Suppose that C1 and C2 are closed and 0 ∈ core(C1 − C2) or
C1 ∩ int C2 �= ∅. Show that

NC1∩C2(x) = NC1(x)+ NC2(x).

4.4.13. Let K(x∗, ε) := {x ∈ X : ε‖x∗‖‖x‖ ≤ 〈x∗, x〉} be a Bishop–Phelps cone.
Show that

N (K(x∗, ε); 0) = ∂δK(x∗,ε)(0) ⊂
⋃
r≥0

rBε‖x∗‖(−x∗).

4.4.14.� Prove the weak Fenchel duality in Theorem 4.4.18.

Hint. This follows immediately from the Fenchel-Young inequality (Proposition
4.4.1(a)).

4.4.15. Let X be a reflexive Banach space. Suppose that A : X → X ∗ is a bounded
linear operator, C a convex subset of X and D a nonempty closed bounded convex
subset of X ∗. Show that

inf
x∈C

sup
y∈D
〈y, Ax〉 = max

y∈D
inf
x∈C
〈y, Ax〉.

Hint: Apply the Fenchel duality theorem (4.4.18) to f = δC and g = δ∗D.
4.4.16 (Fenchel duality for linear constraints).∗ Prove Corollary 4.4.19. Deduce
duality theorems for the following separable problems.

inf
{ N∑

n=1

p(xn) : Ax = b
}
,

where the map A : RN → RM is linear, b ∈ RM , and the function p : R →
(−∞,+∞] is convex, defined as follows:

(a) (Nearest points in polyhedra) p(t) = t2/2 with domain R+.
(b) (Analytic center) p(t) = − log t with domain int R+.
(c) (Maximum entropy) p = exp∗. What happens if the objective function is replaced

by
∑N

n=1 pn(xn)?
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4.4.17 (Symmetric Fenchel duality). Let X be a Banach space. For functions
f , g : X → [−∞,+∞], define the concave conjugate g∗ : X → [−∞,+∞] by

g∗(x∗) := inf
x∈X
{〈x∗, x〉 − g(x)}.

Prove

inf ( f − g) ≥ sup(g∗ − f ∗),

with equality if f is lsc and convex, g is usc and concave, and

0 ∈ core(dom f − dom(−g)),

or f is convex, g is concave and

dom f ∩ cont g �= ∅.

4.4.18. Let X be a Banach space and let K ⊂ X be a cone. Show that δK− = δ∗K , and
therefore δK−− = δ∗∗K .
4.4.19 (Sum of closed cones). Let X be a Banach space (see Exercise 2.4.25).

(a) Prove that any cones H , K ⊂ X satisfy (H + K)− = H− ∩ K−.
(b) Deduce that if H and K are closed convex cones then they satisfy (H ∩ K)− =

cl (H− + K−). In R3, define sets

H := {x : x2
1 + x2

2 ≤ x2
3, x3 ≤ 0} and

K := {x : x2 = −x3}.

(c) Prove H and K are closed convex cones.
(d) Calculate the polar cones H−, K− and (H ∩ K)−.
(e) Prove (1, 1, 1) ∈ (H ∩ K)−\(H− + K−), and deduce that the sum of two closed

convex cones is not necessarily closed.

4.4.20 (Coercivity and minimization).� Let X be a Banach space.

(a) Show that every proper coercive lsc convex function attains its minimum on X
if and only if X is reflexive. In particular, when f : X → (−∞,+∞] is lsc
coercive and convex on a reflexive space X , conclude that 0 ∈ range ∂f .

(b) Suppose X is reflexive and f : X → (−∞,+∞] is proper, supercoercive lsc and
convex. Show that range ∂f = X ∗.

(c) Is (b) true if X is not reflexive?

Hint. (a) Suppose X is reflexive, then the properness and coercivity of f implies that
{x : f (x) ≤ M } is nonempty and bounded for some M > 0. This a weakly compact
set hence f attains its minimum on this set. Outside of the set f (x) > M , and so that
minimum is an absolute minimum for f .
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Conversely, suppose X is not reflexive. According to James’ theorem (4.1.27) there
is a functional φ ∈ SX ∗ that does not attain its norm on BX . Then f := φ + δBX does
not attain its minimum on X .

(b) For each φ ∈ X ∗, f − φ is supercoercive. Now f − φ attains its minimum at x̄
for some x̄ ∈ X . Then φ ∈ ∂f (x̄).

(c) No: for example let f be defined by f (x) := (supn∈N |x(n) − 1|)2 +∑∞
n=1

1
2n |x(n) − 1|2 where x = (x(n)) ∈ c0. Then f is a continuous and super-

coercive convex function that does not attain its minimum (observe that xn =
(1, 1, . . . , 1, 0, . . .) is a minimizing sequence) and so 0 �∈ range ∂f . More gener-
ally, in any nonreflexive space, consider f := ‖ · ‖2. Using James’ theorem (4.1.27),
one can show that the subdifferential map is not onto.

4.4.21 (Infimal convolutions and approximation). Suppose that f is convex, and
fn ≤ f for all n ∈ N.

(a) If f is Lipschitz convex on X , show that fn → f uniformly on X provided that
f ∗n → f ∗ uniformly on bounded subsets of the domain of f ∗.

(b) Suppose f : X → (−∞,+∞] is a proper lsc convex function. If f ∗n → f ∗
pointwise on the domain of f ∗, show that fn(x)→ f (x) for each x ∈ X .

(c) Conclude that f n‖ ·‖2 converges uniformly (resp. pointwise) to f provided that
f is Lipschitz (resp. lsc proper) and convex.

Hint. (a) Repeat the proof of Lemma 4.4.16 noting the domain of f ∗ is bounded.
(b) Let x0 ∈ X . Given ε > 0, and any number α < f (x0) it suffices to show that

there exists N such that fn(x0) > α − ε for all n ≥ N . Now choose φ ∈ X ∗ such that
φ(x)−φ(x0) ≤ f (x)−α for all x ∈ X . Then f ∗(φ) ≤ φ(x0)−α and so φ ∈ dom f ∗.
Now choose N ∈ N so that f ∗n (φ) ≤ f ∗(φ)− ε for n ≥ N . Now, for all n ≥ N ,

φ(x0)− α ≥ f ∗(φ) ≥ f ∗n (φ)− ε ≥ φ(x0)− fn(x0)− ε.

Therefore, fn(x0) ≥ α − ε.

4.4.22.� Prove Fact 4.4.4 (b), (c).

Hint. (b) Suppose f is continuous at x0, then there exist δ > 0 and M > 0 so
that f (x) ≤ M for x ∈ x0 + δBX (Proposition 4.1.4). Now suppose x∗∗ ∈ X ∗∗
and ‖x∗∗ − x0‖ ≤ δ. According to Goldstine’s theorem (Exercise 4.1.13) there is a
net (xα) ⊂ δBX with xα →w∗ (x∗∗ − x0). The weak∗-lower-semicontinuity of f ∗∗
implies that

f ∗∗(x∗∗) ≤ lim inf
α

f ∗∗(x0 + xα) = lim inf
α

f (x0 + xα) ≤ M .

Thus f ∗∗ is bounded above on a neighborhood of x∗∗, and thus it is continuous at x∗∗
(Proposition 4.1.4).

Conversely, if f ∗∗ is continuous at x0 ∈ X , then so is f because f ∗∗|X = f
(Proposition 4.4.2(a)).
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(c) Suppose f is Fréchet differentiable at x0. Let ε > 0, the according to
Proposition 4.2.7 there exists δ > 0 so that

f (x0 + h)+ f (x0 − h)− 2f (x0) ≤ ε‖h‖ if ‖h‖ < δ.

Now suppose h ∈ X ∗∗ and ‖h‖ < δ. Then there exist hα ∈ X with ‖hα‖ = ‖h‖ < δ

and hα →w∗ h by Goldstine’s theorem (Exercise 4.1.13). Using the weak∗-lower-
semicontinuity of f ∗∗ and the fact f ∗∗|X = f (Proposition 4.4.2(a)) we have

f ∗∗(x0 + h)+ f ∗∗(x0 − h)− 2f ∗∗(x0)

≤ lim
α

inf f ∗∗(x0 + hα)+ f ∗∗(x0 − hα)− 2f ∗∗(x0)

= lim
α

inf f (x0 + hα)+ f (x0 − hα)− 2f (x0) ≤ ε‖h‖.

Applying Proposition 4.2.7 we conclude that f ∗∗ is Fréchet differentiable at x0.
The converse, as in (b), follows from Proposition 4.4.2(a).

4.4.23 (Coercive versus cofinite functions).�

(a) Let f be a lsc proper convex function. Consider the following conditions:

(i) f is supercoercive;
(ii) f − y∗ is coercive for every y∗ ∈ X ∗;
(iii) dom f ∗ = X ∗.
Show that (i)⇒ (ii)⇔ (iii). If X is finite-dimensional, show that (ii)⇒ (i).

(b) Provide an example showing that (ii) need not imply (i) when X = �2.
(c) Given any normed linear space X , find a continuous function f such that

lim‖x‖→∞ f (x)/‖x‖ = 0 but f has bounded lower level sets.

Hint. For (a), see [35, Theorem 3.4]. For (b), define the conjugate function f ∗ by
f ∗(x) := ‖x‖2 +∑∞

n=1(xi)
2n, f ∗ is a continuous convex function and supercoercive.

However, f ∗ is not bounded on 2B�2 , since f (2en) = 22n. Therefore, f = f ∗∗ cannot
be supercoercive. For (c), consider f := √‖ · ‖.
4.4.24 (Risk function duality).† Let X be a linear space of measurable functions on

, containing the constants, in the a.e. pointwise ordering. Following Artzner et al.
[385], an extended real-valued function ρ is a coherent risk function if it satisfies:

A1. ρ is convex.
A2. ρ is monotone nondecreasing.
A3. ρ is translation equivariant: ρ(x + a) = ρ(x)+ a for all real a.
A4. ρ is positively homogeneous.

Denote A := dom ρ∗. Show that (A2) holds if and only if A consists only of non-
negative measures while (A3) holds if and only if A consists only for measures
with µ(
) = 1. Finally, it is obvious that (A4) coincides with being able to write
ρ(x) = supσ∈A

∫



x dσ .
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Let c > 0, p ≥ 1 and a probability measure µ be given. Determine under what
conditions on µ, c and p the following are coherent risk functions.

(a) (Mean-deviation) ρ(x) := ∫



x dµ+ c‖x − ∫



x dµ‖p.
(b) (Mean-semideviation) ρ(x) := ∫



x dµ+ c‖x − ∫



x+ dµ‖p.

(c) (Conditional value at risk, Rockafellar–Uryasev). Fix p = 1, ε1, ε2 > 0. Set
τ := ε2/(ε1 + ε2). Let G be the cumulative distribution function with respect to
µ, and define ρ(x) := (1− ε1)

∫



x dµ+ ε1CVaRτ (x) where

CVaRτ (x) := inf
z∈R

{
z +

∫ ∞

−∞
(x − z)+ dG

}
.

In each case sublinearity and continuity of ρ are clear, but only the third is
always a coherent risk function.

4.4.25 (von Neumann minimax theorem). Show that the minimax theorem of Exer-
cise 2.4.21 remains valid with the same proof if in (b)(i) ‘bounded’ is replaced by
‘compact’ – which is equivalent in the Euclidean case.
4.4.26 (The Krein–Šmulian theorem [379]).�� The normed space case of the Krein–
Šmulian or Banach–Dieudonné theorem asserts that a convex set C in a dual Banach
space X ∗ is weak∗-closed as soon as its intersection with all closed balls is. We sketch
a proof. Let Cn := C ∩ (n)BX ∗ .

(a) It suffices to show that if 0 /∈ C then 0 can be separated from C.
(b) Inductively, there exist sequences (xn)

∞
n=1, (yn)

∞
n=1 in X such that

‖yn‖ < 1/n, xn+1 ∈ conv{xn, yn} and min
c∈Cn+1

〈xn+1, c〉 > 1.

Hint. The inductive step for n− 1, implies that minc∈Cn+1〈xn, c〉 > 1. Let Dn :=
conv{xn, {y : ‖y‖ < 1/n}}. Consider any c ∈ Cn+1. If ‖c‖ ≤ n set x := xn;
otherwise there is a point y with ‖y‖ < 1/n, 〈y, c〉 > 1. In any event

sup
x∈Dn

min
c∈Cn+1

〈x, c〉 = min
c∈Cn+1

sup
x∈Dn

〈x, c〉 > 1

where the equality follows from the convex minimax theorem of Exercise 4.4.25
since Cn is weak∗-compact. Thus the inductive step holds for n.

(c) Observe that for all n > 0 we have xn ∈ conv{0, y1, y2, . . . , yn, . . .} which is a
norm-compact convex set. Any norm cluster point of (xn)

∞
n=1 separates C from

0 in the weak∗-topology.

4.5 Čebyšev sets and proximality

4.5.1 A sufficient condition for convexity of functions

This subsection develops a nice result for checking the convexity of a function using
the smoothness of its conjugate which is of independent interest, and which is useful
in the study of Čebyšev sets in Hilbert spaces. Given a bornology β on X ∗, we use
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τβ to denote the topology on X ∗∗ of uniform convergence on β-sets. We will say
f : X → (−∞,+∞] is sequentially τβ -lsc if for every sequence (xn) ⊂ X ⊂ X ∗∗,
and x ∈ X , lim inf f (xn) ≥ f (x) whenever xn →τβ x. Notice, that the τβ -topology
restricted to X is at least as strong as the weak topology on X .

Theorem 4.5.1. Suppose f : X → (−∞,+∞] is such that f ∗∗ is proper. If f ∗ is
β-differentiable at all x∗ ∈ dom(∂f ∗) and f is sequentially τβ -lsc, then f is convex.

Proof. First, f ∗∗ ≤ f , so it suffices to show that f (x) ≤ f ∗∗(x) for all x ∈ X . For
notational purposes, let f̂ = f ∗∗|X . If x �∈ dom f̂ then f̂ (x) = ∞, so f̂ (x) ≥ f (x).
So let x ∈ dom f̂ . We first handle the case x ∈ dom(∂ f̂ ). Indeed, for such x, let
φ ∈ ∂ f̂ (x). Then x ∈ ∂f ∗(φ). Also, f ∗ is lsc everywhere and β-differentiable at φ
and so f ∗ is continuous at φ. Now choose xn ∈ X such that

φ(xn)− f (xn) ≥ f ∗(φ)− εn where εn → 0+.

Then φ(xn) − f̂ (xn) ≥ f ∗(φ) − εn and so xn ∈ ∂εn f ∗(φ) for all n. According
to Šmulian’s theorem (Exercise 4.2.10) xn →τβ x. In particular, φ(xn) → φ(x).
Therefore,

f̂ (x) = φ(x)− f ∗(φ)

= lim
n→∞φ(x)− [φ(xn)− f (xn)]

= lim
n→∞ f (xn).

Now f is sequentially τβ -lsc, and so lim inf n→∞ f (xn) ≥ f (x). Therefore, f̂ (x) ≥
f (x) when x ∈ dom(∂ f̂ ).

Now suppose x ∈ dom f̂ \ dom(∂ f̂ ). The dense graph consequence of the
Brøndsted–Rockafellar theorem (Corollary 4.3.3) now asserts that there exists a
sequence xn → x such that xn ∈ dom(∂ f̂ ) and |f̂ (xn)− f̂ (x)| → 0. Consequently,

f (x) ≤ lim inf f (xn) = lim inf f̂ (xn) = f̂ (x).

Thus, for any x ∈ X , f (x) ≤ f̂ (x), and so f (x) is convex.

The important special cases of this are recorded as follows.

Corollary 4.5.2. Suppose f : X → (−∞,+∞] is such that f ∗∗ is proper.

(a) Suppose f ∗ is Fréchet differentiable at all x∗ ∈ dom(∂f ∗) and f is lsc. Then f is
convex.

(b) Suppose f ∗ is Gâteaux differentiable at all x∗ ∈ dom(∂f ∗) and f is sequentially
weakly lsc. Then f is convex.

Figure 4.2 neatly illustrates the ‘failure’ of Corollary 4.5.2 in one dimension.
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Figure 4.2 (1− 2x2)2 with second conjugate (L) and conjugate (R).

4.5.2 Čebyšev sets and proximality

Let C be a nonempty subset of a normed space. We define the nearest point
mapping by

PC(x) := {v ∈ C : ‖v − x‖ = dC(x)}.
Aset C is said to be a Čebyšev set if PC(x) is a singleton for every x ∈ X . If PC(x) �= ∅
for every x ∈ X , then C is said to be proximal; the term proximinal is also used. A
norm ‖ · ‖ is said to be strictly convex if ‖x + y‖ < 2 whenever ‖x‖ = ‖y‖ = 1 and
x �= y.

Fact 4.5.3. Let C be a nonempty closed convex subset of a Banach space X .

(a) If X is reflexive, then PC(x) �= ∅ for each x ∈ X .
(b) If X is strictly convex, then PC(x) is either empty or a singleton for each x ∈ X .

In particular, every closed convex set in a strictly convex reflexive Banach space is
Čebyšev.

Proof. See Exercise 4.5.2.

The following is deeper because of its connection to James’ theorem (4.1.27).

Theorem 4.5.4. A Banach space X is reflexive if and only if every closed convex
nonempty subset of X is proximal if and only if for every nonempty closed convex
subset C of X , PC(x) �= ∅ for at least one x �∈ C.

Proof. (Outline) Let X be reflexive and let C be a closed convex subset of X . For
x̄ ∈ X , define f (·) := ‖ · −x̄‖ + δC . Then f is coercive and convex, and therefore
attains its minimum on C (Exercise 4.4.20). Thus C is proximal.

Suppose X is not reflexive, then James’ theorem (4.1.27) ensures the existence of
φ ∈ SX ∗ such that φ(x) < 1 for all x ∈ BX . Let C := {x ∈ X : φ(x) = 0}; it is left
as Exercise 4.5.3 to show that PC(x) = ∅ for all x �∈ C.
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A norm is said to have the Kadec–Klee property if the weak and norm topologies
agree on its unit sphere (this is also known as the Kadec property). Before focusing
our attention on Čebyšev sets in Hilbert spaces, let us mention the following theorem.

Theorem 4.5.5 (Lau–Konjagin). Every closed set A in a Banach space densely
(equivalently generically) admits nearest points if and only if the norm has the
Kadec–Klee property and the space is reflexive.

A proof of the preceding theorem is outlined in [72] and the full proof can be found
in [80]. Theorem 4.5.5 implies in particular that every norm-closed set in a Hilbert
space has ‘a lot of’ nearest points – but not necessarily for a sufficiently odd set
in a sufficiently perverse renorm as discussed further in Exercise 8.4.6. Somewhat
relatedly, in Exercise 4.5.8 we describe a remarkable result of Odell and Schlumprecht
on distortion of the norm on a Hilbert space which shows how perverse an equivalent
renorm can be at least from some vantage points.

This leads us to mention a fundamental question of Klee’s [277] in 1961: Is every
Čebyšev set in a Hilbert space convex? At this stage, it is known that every weakly
closed Čebyšev set in a Hilbert space is convex; we will present a proof of this in
what follows. To begin, we establish a nice duality formula.

Fact 4.5.6. Let C be a closed nonempty subset of a Hilbert space. Let f := 1
2‖·‖2+δC.

Then d2
C = ‖ · ‖2 − 2f ∗.

Proof. Given f as defined, we compute

f ∗(y) = sup

{
〈x, y〉 − 1

2
‖x‖2 : x ∈ C

}
= sup

{
〈x, y〉 − 1

2
〈x, x〉 : x ∈ C

}
= sup

{
1

2
〈y, y〉 + 〈x, y〉 − 1

2
〈y, y〉 − 1

2
〈x, x〉 : x ∈ C

}
= 1

2
〈y, y〉 + sup

{
−1

2
〈x, x〉 + 〈x, y〉 − 1

2
〈y, y〉 : x ∈ C

}
= 1

2
〈y, y〉 − 1

2
inf {〈x, x〉 − 2〈x, y〉 + 〈y, y〉 : x ∈ C}

= 1

2
〈y, y〉 − 1

2
d2

C(y).

Therefore,

d2
C = ‖ · ‖2 − 2f ∗ (4.5.1)

as desired.

We next characterize closed convex sets via the differentiability of the distance
function in Hilbert spaces.
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Theorem 4.5.7. Let X be a Hilbert space and let C be a nonempty closed subset
of X . Then the following are equivalent.

(a) C is convex.
(b) d2

C is Fréchet differentiable.
(c) d2

C is Gâteaux differentiable.

Proof. (a)⇒ (c): If C is convex, then d2
C is Fréchet differentiable by Exercise 4.5.6.

(c) ⇒ (b): Let f := 1
2‖ · ‖2 + δC . Then f ∗ = (‖ · ‖2 − d2

C)/2 and so f ∗ is
Gâteaux differentiable. Thus the derivatives of f ∗ and ‖ · ‖2 are both norm-to-weak
continuous. Consequently the derivative of d2

C is norm-to-weak continuous. By the
Kadec–Klee property of the Hilbert norm, the derivative of d2

C is norm-to-norm
continuous (see Exercise 4.5.4). Consequently, so is the derivative of f ∗, and so f ∗ is
Fréchet differentiable according to Šmulian’s theorem (4.2.10). Therefore, d2

C is also
Fréchet differentiable.

(b) ⇒ (a): Suppose d2
C is Fréchet differentiable. With f as in the previous part,

we conclude that f ∗ is Fréchet differentiable. By Corollary 4.5.2(a), we know f is
convex. Therefore, C = dom f is convex.

Proposition 4.5.8. Suppose X is a reflexive Banach space, and let C be a weakly
closed Čebyšev subset of X . Then x 
→ PC(x) is norm-to-weak continuous. If, more-
over, the norm on X has the Kadec–Klee property, then x 
→ PC(x) is norm-to-norm
continuous.

Proof. Let x ∈ X and suppose xn → x. Then ‖xn−PC(xn)‖ → ‖x−PC(x)‖. Accord-
ing to the Eberlein–Šmulian theorem (see e.g. [199, p. 85]), there is a subsequence
(PC(xnk ))k∈N that converges weakly to some x̄ ∈ X . Then x̄ ∈ C because C is weakly
closed. Now

‖x − PC(x)‖ = lim
k→∞

‖xnk − PC(xnk )‖ ≥ ‖x − x̄‖.

Because x̄ ∈ C, we conclude that x̄ = PC(x). Thus PC(xnk ) →w PC(x). Standard
arguments now imply x 
→ PC(x) is norm-to-weak continuous.

Now suppose the norm on X has the Kadec–Klee property. Then in the previous
paragraph, we have xnk − PC(xnk ) →w x − PC(x), and hence xnk − PC(xnk ) →
x−PC(x)which implies PC(xnk )→ PC(x) from which we deduce the norm-to-norm
continuity.

Theorem 4.5.9. Let X be a Hilbert space and suppose C is a nonempty weakly closed
subset of X . Then the following are equivalent.

(a) C is convex.
(b) C is a Čebyšev set.
(c) d2

C is Fréchet differentiable.
(d) d2

C is Gâteaux differentiable.
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Proof. The implication (a)⇒ (b) follows from Proposition 4.5.3. We next prove (b)
⇒ (c). For this, again consider f := 1

2‖ · ‖2 + δC . We first show that

∂f ∗(x) = {PC(x)}, for all x ∈ X . (4.5.2)

Indeed, for x ∈ X , (4.5.1) implies

f ∗(x) = 1

2
‖x‖2 − 1

2
‖x − PC(x)‖2 = 〈x, PC(x)〉 − 1

2
‖PC(x)‖2

= 〈x, PC(x)〉 − f (PC(x)).

Consequently, PC(x) ∈ ∂f ∗(x) for x ∈ X . Now suppose y ∈ ∂f ∗(x), and define xn =
x + 1

n (y − PC(x)). Then xn → x, and hence PC(xn)→ PC(x) by Proposition 4.5.8.
Using the subdifferential inequality, we have

0 ≤ 〈xn − x, PC(xn)− y〉 = 1

n
〈y − PC(x), PC(xn)− y〉.

This now implies:

0 ≤ lim
n→∞〈y − PC(x), PC(xn)− y〉 = −‖y − PC(x)‖2.

Consequently, y = PC(x) and so (4.5.2) is established. Now f ∗ is continuous, and
Proposition 4.5.8 the ensures that the mapping x 
→ PC(x) is norm-to-norm contin-
uous. Consequently, Šmulian’s theorem (4.2.10) implies that f ∗ and d2

C are Fréchet
differentiable.

The implication (c) ⇒ (d) is trivial. Finally, (d) ⇒ (a) follows from Corol-
lary 4.5.2(b) because f is weakly lsc (use the fact that C is weakly closed).

Exercises and further results

4.5.1.� Suppose f : X → (−∞,+∞] is such that f ∗∗ is proper. Suppose f ∗ is Fréchet
differentiable at x∗ ∈ X ∗, and f is lsc and proper. Show that f (x) = f ∗∗(x) where
x = ∇f ∗(x∗).
Hint. First, show that x ∈ X (see Exercise 4.2.11). Then examine the proof of
Theorem 4.5.1. Another proof is given in [205, Lemma 3].

4.5.2.� Prove Fact 4.5.3.
4.5.3.� Let X be a nonreflexive Banach space, and let φ ∈ SX ∗ be a functional that
does not attain its norm on BX whose existence is ensured by James’ theorem (4.1.27).
Let C := {x ∈ X : φ(x) = 0}. Show that if φ(x) �= 0, then PC(x) = ∅.
4.5.4.� Let A be a nonempty closed subset of a Banach space X whose dual norm is
weak∗-Kadec (i.e. the weak∗ and norm topologies agree on its sphere). Suppose d2

A is
Gâteaux differentiable with derivative that is norm-to-weak∗-continuous. Show that
the derivative is norm-to-norm continuous.

Hint. Let x ∈ X , and let f := dA. Show that ‖f ′(xn)‖ → ‖f ′(x)‖ whenever xn → x,
and then use the weak∗-Kadec property.
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4.5.5.� Let X be a reflexive Banach space. Show that an equivalent norm on X is
Gâteaux differentiable if and only if its dual norm is strictly convex.

Hint. When the dual norm is strictly convex show for each x �= 0 that ∂‖x‖ is a
singleton. Conversely, suppose x, y ∈ SX ∗ are such that ‖x + y‖ = 2. Because of
reflexivity, we can choose φ ∈ SX so that φ(x + y) = 2. Thus x, y ∈ ∂‖φ‖. By
Gâteaux differentiability, x = y.

4.5.6. Let H be a Hilbert space with inner product norm ‖·‖. Suppose C ⊂ H is closed
and convex. Without using Theorem 4.5.9, show that dC is Fréchet differentiable at
each x �∈ C; conclude that d2

C is Fréchet differentiable everywhere.

Hint. Let x �∈ C. Because H is reflexive, there exists y ∈ C such that ‖y−x‖ = dC(x).
Choose φn ∈ ∂εndC(x) where εn → 0+, and let φ ∈ ∂dC(x). Verify that ‖φn‖ → 1
and ‖φ‖ = 1 and ‖φn+φ‖ → 2. By the parallelogram law, ‖φn−φ‖ → 0. Therefore
dC is Fréchet differentiable at x by Šmulian’s theorem (4.2.10). See Exercise 5.3.11
for stronger more general results.

4.5.7 (Making a hole in the space [230]).�� Let E be a nonreflexive Banach space
and let x∗ ∈ SX ∗ be a non-norm-attaining functional on the space whose existence is
ensured by James’ theorem (4.1.27). Define

�(x) := 1+ x∗(x)+max{2(‖x‖ − 1), 0}.

(a) Show that � is convex, continuous and coercive, but that 0 = inf x∈BX �(x) is
not attained. Moreover, �(BX ) = �(SX ) = (0, 2).

(b) Fix a > 0. We now construct an interesting mapping Ta. Select a sequence
(xn)

∞
n=0 on the unit sphere with x∗(xn) = 2−n and form a curve γ by connecting

the points by segments with x0 connected to ∞ by a radial ray. For x ∈ X and
y := γ (�(x)/2) there is a unique point z := Ta(x) on the ray extending [x, y]
with �(z) = �(x)+ a.

(c) Show that Ta maps X onto {x : �(x) > a}, is invertible and that Ta and T−1
a are

locally Lipschitz.
(d) Fix a = 2 and let p2(x) := inf {t > 0 : �(tx) ≥ 2} be the Minkowski gauge.

Define

TB(x) := p2(T2(x))
T2(x)

‖T2(x)‖ .

Show that TB removes the unit ball B = BX from the range.
(e) Show that

T (x) :=
(

1− 1

‖TB(x)‖
)

TB(x),

maps X onto X \ {0}.
(f) Finally, show that T0 is a fixed-point free locally Lipschitz involution (T 2

0 = I ).
It is an open question as to whether a fixed-point free uniformly continuous
involution exists.

4.5.8 (The distortion of Hilbert space [334, 335]).�� A Banach space (X , ‖·‖) is said
to be distortable if there exist an equivalent norm |·| on X and a λ > 1 such that,
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for all infinite-dimensional subspaces Y ⊆ X , sup{|y|/|x| : x, y ∈ Y , ‖x‖ = ‖y‖ =
1} > λ. If this holds for all λ > 1 then the space is arbitrarily distortable. Odell and
Schlumprecht prove that a separable infinite-dimensional Hilbert space is arbitrarily
distortable. Adding an earlier result of V. Milman, they prove that any space not
containing an isomorphic copy of �1 or c0 is distortable. (R. C. James proved �1 and
c0 are not distortable.)

Distortability of the Hilbert space �2 is equivalent to the existence of two separated
sets in the sphere of �2, each of which intersect every infinite-dimensional closed
subspace of �2 [334]. Indeed [335] yields a sequence of (asymptotically orthogonal)
subsets (Ci)

∞
i=1 of the unit sphere of �2 such that (a) each set Ci intersects each infinite-

dimensional closed subspace of �2, and (b) sup{|〈x, y〉| : x ∈ Ci, y ∈ Cj} → 0 as
min{i, j} → ∞.

The next exercise examines in greater generality the Euclidean argument given in
Section 3.5 as part of our discussion of the Čebyšev problem.
4.5.9.�� Let X be a normed space. As in Section 3.5, a subset C ⊂ X is said to be
approximately convex if for any norm ball D ⊂ X , there is a norm ball D′ ⊃ D
disjoint from C with arbitrarily large radius.

(a) Show that every convex set is approximately convex.
(b) Show that every approximately convex set in a Banach space is convex if and

only if the dual norm is strictly convex.
(c) Suppose C is a Čebyšev set in X and suppose x 
→ PC(x) is norm-to-norm

continuous. If the norm on X is such that its dual is strictly convex, show that C
is convex.

(d) Conclude that every weakly closed Čebyšev set is convex in a reflexive Banach
space whose norm is Gâteaux differentiable and has the Kadec–Klee property.

Hint. (a) follows from the separation theorem (4.1.15).
(b) is a result of Vlasov’s [428, p. 776] discussed in [229, Theorem 4, p. 244]. The

direction used in (c) is proved as in Exercise 3.5.2.
(c) First show for x �∈ C,

lim sup
y→x

dC(y)− dC(x)

‖y − x‖ = 1.

This will require a mean value theorem, and the continuity of the metric projection.
Now for α > dC(x), choose real numbers σ ∈ (0, 1) and ρ satisfying

α − dC(x)

σ
< ρ < α − β.

Now apply Ekeland’s variational principle (Theorem 4.3.1) to the function −dC +
δx+ρBX to show there is a point v ∈ X that satisfies both:

dC(x)+ σ‖x − v‖ ≤ dC(v)

dC(z)− σ‖z − v‖ ≤ dC(v) for all z ∈ x + ρBX .
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Conclude that ‖x− v‖ = ρ, and then show that C is approximately convex, and then
use (b).

(d) Use Proposition 4.5.8 for the continuity property of PC . Because the norm on
X is Gâteaux differentiable, the dual norm on X ∗ is strictly convex, and therefore we
may apply (c).

4.5.10 (Čebyšev suns). Another concept of interest in the study of Čebyšev sets is
that of a sun. A Čebyšev set S of a Hilbert space is called a sun if for x ∈ S every
point on the ray PS(x)+ t(x−PS(x)) where t ≥ 0 has nearest point PS(x). Show that
every Čebyšev sun is approximately convex.
4.5.11 (Convexity of Čebyšev suns [175]).�� For a Čebyšev set C of a Hilbert space
X , show that the following are equivalent.

(a) C is convex.
(b) C is a sun (as defined in Exercise 4.5.10).
(c) x 
→ PC(x) is a nonexpansive mapping.

Hint.Aproof based on the Brouwer fixed point theorem is given in [175] and sketched
in [72, Proposition 5]. Note that Exercises 4.5.10 and 4.5.9 show the equivalence of
(a) and (b). The equivalent of (a) and (c) is from [346], see also [229, Theorem 6,
p. 247].

4.5.12 (Bregman–Čebyšev sets).�� In [41] the authors provide an analysis inEuclidean
space that simultaneously recovers Theorem 4.5.9 for the Euclidean norm and the
Kullback–Leibler divergence. More precisely, let f be convex and let C ⊂ int dom f
be a closed set. Try to apply the ideas of Section 7.6 on zone consistency and of this
Section 4.5 to prove that:

A Bregman–Čebyšev set C – the associated Bregman projection is everywhere single-
ton – is convex provided the function f inducing the Bregman distance is Legendre and
supercoercive.

4.6 Small sets and differentiability

We have already seen several results that deal with the size of the set of points of (non)
differentiability of continuous convex functions on finite-dimensional spaces. In this
section, we will give an overview of some types of small sets in Banach spaces, then
we will discuss first-order differentiability of convex functions and locally Lipschitz
functions in relation to these notions. The section concludes with some observations
on second-order differentiability of convex functions.

4.6.1 Small sets

This section outlines five basic types of small sets. These classes of sets will be closed
under translation, countable unions and inclusion.

A. Countable sets. This is a familiar notion of smallness, and we have already seen
that when the domain of a convex function is an open interval in R, there are at most
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countably many points of nondifferentiability (Theorem 2.1.2(d)). However, by con-
sidering the function f (x, y) = |x|, this result is no longer valid in R2. Therefore, the
notion of countability is too small for differentiability results concerning continuous
convex function beyond R.

B. First category sets. This is a very powerful and widely used notion of smallness.
Let X be metric space. A subset S of X is nowhere dense if S has empty interior. A
subset F of X is of first category if it is a union of countably many nowhere dense
sets. A set is said to be of the second category if it is not of the first category. The
space X is called a Baire space if for any set F of first category, the complement
T \ F is everywhere dense. The complement of a set of first category is said to be
residual or fat. A first-category set is sometimes also said to be meager or thin. A set
containing a dense Gδ is said to be generic.

On finite-dimensional spaces, the set of points of differentiability of a convex
function is a dense Gδ (Corollary 2.5.2), and in infinite dimensions the set of points
of Fréchet differentiability of a continuous convex function is a possibly empty Gδ-
set (Proposition 4.2.9). Moreover, there are infinite-dimensional spaces where even
a norm can be nowhere Fréchet or indeed Gâteaux differentiable (Exercise 4.6.7).
Nevertheless, there are wide classes of spaces where the points of nondifferentiability
of a continuous convex function are of the first category.

In addition to its usefulness in questions of Fréchet differentiability of convex
functions, another attractive aspect of the notion of category is that the dimension
of the Banach space is not an issue in its definition. However, on the negative side,
recall that Remark 2.5.5 shows the points of a nondifferentiability of a Lipschitz
function on R may be of the second category and as a consequence Exercise 2.6.13
shows the points where a continuous convex function on the real line fails to be twice
differentiable can be a set of the second category. Hence another notion of smallness
is needed in this venue.

C. Null sets. We have already seen the almost everywhere differentiability of
continuous convex functions on Rn (Theorem 2.5.1) and its more difficult exten-
sion of Rademacher’s theorem (2.5.4) for locally Lipschitz functions; additionally,
Alexandrov’s theorem (2.6.4) asserts the continuous convex functions on Rn have
second-order Taylor expansions almost everywhere. In infinite-dimensional spaces,
care must be exercised in defining classes of null sets because there is no analog of
the Lebesgue measure on an infinite-dimensional Banach space. However, classes of
null sets can be defined to possess the following properties:

(N1) They are closed under inclusion, translation and countable unions.
(N2) No nonempty open set is null.
(N3) They coincide with the class of Lebesgue null sets in finite-dimensional spaces.

By a Borel measure on a topological space X we mean any measure defined onB(X )
the Borel subsets of X , which is the σ -algebra generated by the open sets. By a Radon
measure µ on X we mean any Borel measure on X which satisfies: (i) µ(K) < ∞
for each compact K ⊂ X ; (ii) µ(A) = sup{µ(K) : K ⊂ A, K compact} for each
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A ∈ B(X ). We will say that a Borel subset N of a Banach space X is Haar null if
there exists a (not necessarily unique) Radon probability measure p on X such that

p(x + N ) = 0 for each x ∈ X .

In such a case, we shall call the measure p a test-measure for N . More generally
we say that an arbitrary subset N ⊂ X is Haar-null if it is contained in a Haar-null
Borel set.

The following lists some of the basic properties of Haar-null sets.

Proposition 4.6.1. Let X be a Banach space. Then the following are true.

(a) Every subset of a Haar-null set in X is Haar-null.
(b) If A is Haar-null, so is x + A for every x ∈ X .
(c) If A is Haar-null, then there exists a test-measure for A with compact support.
(d) If A is Haar-null, then X \ A is dense in X .
(e) If {An}n∈N are Haar-null sets, then so is

⋃∞
n=1 An.

Proof. The proofs (a), (b) and (c) are left as an exercise. To prove (d) it is sufficient to
show that there are no nonempty open Haar-null sets. For this, let U be a nonempty
open subset of X and suppose by way of contradiction that there exists a test measure
p for U on X . Let A denote the support of p. As A is separable, for some x0 ∈ X ,
(x0 + U ) ∩ A �= ∅. Thus, p(x0 + U ) ≥ p((x0 + U ) ∩ A) > 0 which contradicts the
fact that p is a test measure for U .

(e) First observe that without loss of generality we may assume that each set Aj is
Borel. For each j ∈ N, let pj be a test measure for Aj on G. Let H be the smallest closed
subspace of X that contains the support of each pj . Since the support of each pj is
separable (see [105, Theorem 2.1(a)]), it is not too difficult to see that H is separable.
Next let p∗j denote the restriction of pj to H . It follows from [152, Theorem 1] that
there exists a Radon probability measure p∗ on H that is a test measure for each set
of the form

⋃{Bj : j ∈ N}, provided that Bj ∈ B(H ) and p∗j is a test measure for Bj .
Let p be the extension of p∗ to X . We claim that p is a test measure for

⋃{Aj : j ∈ N}.
To prove this, we must show that for each x ∈ X , p(x +⋃{Aj : j ∈ N}) = 0. Now
fix x ∈ X . Then

p

x +
∞⋃

j=1

Aj

 = p∗
x +

∞⋃
j=1

Aj

 ∩ H

 = p∗
∞⋃

j=1

(x + Aj) ∩ H

 .

However, each p∗j is a test measure for (x+Aj)∩H since pj is a test measure for Aj and
h+((x+Aj))∩H ) = ((h+x)+Aj))∩H ⊂ (h+x)+Aj for each h ∈ H . Therefore, p∗
is a test measure for

⋃{(x+Aj)∩H : j ∈ N}, and so p∗(
⋃{(x+Aj)∩H : j ∈ N}) = 0,

which implies that p(x +⋃{Aj : j ∈ N}) = 0.

Proposition 4.6.2. Suppose C is a closed convex set and d ∈ X \ {0} are such that
C contains no line segment in the direction d. Then C is Haar null.
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Proof. Indeed, µ(S) := λ{t ∈ [0, 1] : td ∈ S} where λ is the Lebesgue measure on
R defines a Borel probability measure µ such that µ(x + C) = 0 for all x ∈ X .

From this, it follows that compact sets in infinite-dimensional Banach spaces are
Haar null.

Another important class of negligible sets (the term is used in various contexts) is
defined follows. For each y ∈ X \ {0}, let A(y) denote the family of all Borel sets
A in X which intersect each line parallel to y in a set of one-dimensional Lebesgue
measure 0. If {xn} is an at most countable collection in Z \ {0}, we let A({xn}) denote
the collection of all Borel sets A that can be written as A =⋃

An, where An ∈ A(xn)

for every n. A set is Aronszajn null if for each nonzero sequence {xn} whose linear
span is dense in X , A can be decomposed into a union of Borel sets {An} such that
An ∈ A(xn) for every n.

It is known that an Aronszajn null set is Haar null, but there are Haar null sets that
are not Aronszajn null. In fact, there is another well known class, the Gaussian null
sets, which we will not define here, and moreover, they are known to coincide with
the Aronszajn null sets; see [52] for further information.

D. Porosity. A subset S of a Banach space X is called porous if there is a number
λ ∈ (0, 1) such that for every x ∈ S and every δ > 0 there is a y ∈ X such that
0 < ‖y − x‖ < δ and S ∩ Br(y) = ∅ where r = λ‖y − x‖. If S is a countable union
of porous sets, then we will say that S is σ -porous. The complement of a σ -porous
set is said to be a staunch set.

E. Angle small sets. Let X be a Banach space, for x∗ ∈ X ∗ and α ∈ (0, 1) consider
the cone

K(x∗,α) := {x ∈ X : α‖x‖‖x∗‖ ≤ 〈x∗, x〉}.
For a fixed α ∈ (0, 1), a subset S of X is said to be α-cone meager if for every x ∈ S
and ε > 0 there exists z ∈ Bε(x) and x∗ ∈ X ∗ \ {0} such that

S ∩ [z + int K(x∗,α)] = ∅.

The set S is said to be angle small if for every α ∈ (0, 1) it can be expressed as a
countable union of α-cone meager sets.

It is easy to see from the definition that both σ -porous and angle small sets are of
the first category.

4.6.2 First-order differentiability

A large amount of study has been directed at determining the extent to which The-
orem 2.5.1 on the almost everywhere differentiability of convex functions on Rn,
Rademacher’s theorem (2.5.4) and Alexandrov’s theorem (2.6.4) extend to more gen-
eral Banach spaces. Because these concepts may involve mappings between Banach
spaces, we include the following definitions. Let X and Y be Banach spaces, and let
U be an open subset of X . A function f : U → Y is said to be Fréchet differentiable at
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x̄ ∈ U if given ε > 0, there exists δ > 0 and a continuous linear mapping T : X → Y
so that

‖f (x̄ + h)− f (x̄)− Th‖ ≤ ε‖h‖ whenever ‖h‖ < δ.

If the limit exists directionally, that is for each ε > 0 and h ∈ SX , there exists δ > 0
(depending on ε and h) so that

‖f (x̄ + th)− f (x̄)− T (th)‖ ≤ εt whenever 0 < t < δ,

then f is said to be Gâteaux differentiable at x̄. In both cases, we will write T as f ′(x).
We begin with a classical result of Mazur.

Theorem 4.6.3 (Mazur [311]). Suppose X is a separable Banach space and f is a
continuous convex function defined on an open convex subset U of X . Then the set
of points at which f is Gâteaux differentiable is a dense Gδ-subset of U .

Proof. We provide a sketch of the proof, which like Theorem 2.5.1 reduces to a
one-dimensional argument. First, let {xn}n∈N be dense in SX . For each n, m ∈ N, let

An,m := {x ∈ U : there exist x∗, y∗ ∈ ∂f (x) with 〈x∗ − y∗, x〉 ≥ 1/m}.

Because f is Gâteaux differentiable at x if and only if ∂f (x) is a singleton (Corol-
lary 4.2.5), it follows that f fails to be Gâteaux differentiable at x if and only if
x �∈ ⋃

n,m An,m. Because X it separable, it follows that bounded subsets of X ∗ are
metrizable in the weak∗-topology, this along with Alaoglu’s theorem (4.1.6) can be
used to show An,m is closed. One can then use Theorem 2.1.2(d) to show that U \An,m

is dense in U .

Remark 4.6.4 (Extensions of Mazur’s theorem). (a) Mazur’s theorem has numer-
ous extensions. A Banach space X is called a weak Asplund space if every
continuous convex function defined on a nonempty convex open subset of X
is Gâteaux differentiable on a dense Gδ-subset of its domain. It was shown in
[355] a Banach space with a Gâteaux differentiable norm is a weakAsplund space
(a weaker result is given in Exercise 4.6.6); in particular, weakly compactly gen-
erated (WCG) Banach spaces are weak Asplund spaces; see [180] for renorming
of WCG spaces.

(b) Using a smooth variational principle, it is easy to check that a Banach space
with a Gâteaux differentiable norm is a Gâteaux differentiability space, that is,
every continuous convex function defined on a nonempty convex open subset of
is Gâteaux differentiable on a dense subset of its domain. However, the process
of obtaining a dense Gδ-subset as in (a) is nontrivial and often uses a topological
result called a Banach–Mazur game; see [355] and [350, p. 69ff]. Further, Moors
and Somasundaram [322] show that a Gâteaux differentiability space need not
be a weak Asplund space, thus solving a long-standing open question. However,
it had been known earlier that in contrast to the Fréchet differentiability case, a
continuous convex function could be Gâteaux differentiable on a dense set that
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is not residual [158]; further information on examples like this is provided in
Exercise 6.1.10.

(c) The classical example that the usual norm on �1 is nowhere Fréchet differentiable
(see Exercise 4.6.7(a)) shows that the Fréchet analog of Mazur’s theorem is not
valid.

(d) Mazur’s theorem does not extend to �∞; see Exercise 4.6.7(b).

Next, we state a Gâteaux differentiability version of Rademacher’s theorem (2.5.4)
for separable Banach spaces. This result uses the concept of a Banach space with the
Radon–Nikodým property (we will study some properties of this class of spaces in
Section 6.6); for now, let us mention that this class includes reflexive Banach spaces
and separable dual spaces.

Theorem 4.6.5. Let X be a separable Banach space and let Y be a space with the
Radon–Nikodým property. Let f be a Lipschitz function from an open subset U of
X into Y . Then the set of points in U at which f is not Gâteaux differentiable is
Aronszajn null.

A Banach space X is said to be an Asplund space if the points of differentiability of
every continuous convex function f : X → R are a dense (automatically Gδ) subset
of X ; see Exercise 4.6.11 for a common alternate formulation of the definition of
Asplund spaces. As noted in Remark 4.6.4(d), not every separable Banach space is
an Asplund space, however, those spaces with separable duals are Asplund spaces:

Theorem 4.6.6. Suppose that the Banach space X has a separable dual and f is
a continuous convex function on X . Then the points at which f fails to be Fréchet
differentiable on X is an angle small set.

Proof. According to Šmulian’s theorem (4.2.10), it suffices to show that the set

A := {x ∈ dom(∂f ) : lim
δ→0+

diam ∂f [B(x, δ)] > 0}

is angle small. First, we write A =⋃
n∈N An where

An := {x ∈ dom(∂f ) : lim
δ→0+

diam ∂f [B(x, δ)] > 1/n}.

Let {x∗k }∞k=1 be a dense subset in X ∗ and suppose 0 < α < 1. Now let

An,k := {x ∈ An : dist(x∗k , ∂f (x)) < α/4n}.

To complete the proof, it suffices to show that each An,k is α-cone meager. For this,
suppose that x ∈ An,k and ε > 0. Because x ∈ An, there exist 0 < δ < ε and
z1, z2 ∈ B(x, δ) and z∗i ∈ ∂f (zi) so that ‖z∗1 − z∗2‖ > 1/n. Consequently, for any
x∗ ∈ ∂f (x), one of ‖z∗i − x∗‖ > 1/2n. Because dist(x∗k , ∂f (x)) < α/4n, we can
choose x∗ ∈ ∂f (x) such that ‖x∗k − x∗‖ < α/4n. From this, one sees that there are
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points z ∈ B(x, ε) and z∗ ∈ ∂f (z) such that

‖z∗ − x∗k‖ ≥ ‖z∗ − x∗‖ − ‖x∗k − x∗‖ > 1/2n− α/4n > 1/4n.

Next we show that An,k ∩ (z + int K(z∗ − x∗k ,α) = ∅. That is,

An,k ∩ {y ∈ X : 〈z∗ − x∗k , y − z〉 > α‖z∗ − x∗k‖‖y − z‖} = ∅.

Now, if y ∈ dom(∂f ) and 〈z∗ − x∗k , y − z〉 > α‖z∗ − x∗k‖‖y − z‖ and if y∗ ∈ ∂f (y),
then

〈y∗ − x∗k , y − z〉 = 〈y∗ − z∗, y − z〉 + 〈z∗ − x∗k , y − z〉
≥ 〈z∗ − x∗k , y − z〉 > α‖z∗ − x∗k‖‖y − z‖
≥ α

4n
‖y − z‖.

Consequently, ‖y∗ − x∗k‖ ≥ α/4n and so y �∈ An,k .

It will be shown in Corollary 6.6.10 that a Banach space X is an Asplund space
if and only if each of its separable subspaces has a separable dual. The case of
Fréchet differentiability of locally Lipschitz functions is highly nontrivial, we state
the following result of Preiss.

Theorem 4.6.7 (Preiss [354]). Each locally Lipschitz real-valued function on an
Asplund space is Fréchet differentiable at the points of a dense set.

However, there is no guarantee that the set of points where the function is not
differentiable is small in any of the senses we have discussed. Indeed, a Lipschitz
function may fail to be differentiable at a set of second category (Remark 2.5.5).
Next, we mention examples on various Asplund spaces showing that the points of
nondifferentiability need not be a null set in the various notions introduced here. The
following is from [107].

Example 4.6.8. Let C = c+0 , i.e. C = {(xi) ∈ c0 : xi ≥ 0 for all i ∈ N}. Then C is
not Haar null. Moreover, C has empty interior, so dC is a Lipschitz convex function
that fails to be Fréchet differentiable at any x ∈ C.

Proof. This is outlined in Exercise 4.6.10.

Using the following theorem from [309] whose proof we omit, one can create
examples of the previous sort on any nonreflexive (Asplund) space.

Theorem 4.6.9. A separable Banach space is not reflexive if and only if there is
a closed convex set C with empty interior in X which contains a translate of any
compact set in E. In particular, C is not Haar null.

The next example sharpens the previous observations by showing that the points of
nondifferentiability may fail to lie in the more restrictive class of Aronszajn null sets.
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Example 4.6.10. On any separable space there is a Lipschitz convex function whose
points of nondifferentiability is not Aronszajn null.

Proof. (Outline) Let X be a separable Banach space and letµ be a finite Borel measure
on X . Becauseµ is regular, there exists an increasing sequence of compact convex sets
(Cn) such that µ(X \⋃∞

n=1 Cn) = 0. Now let fn := dCn , and let f := ∑∞
n=1 2−nfn.

Then f is a Lipschitz convex function and fails to be Fréchet differentiable at the
points of

⋃∞
n=1 Cn by Exercise 4.6.8. See [107, p. 53] for a proof that this set is not

Aronszajn null.

Finally, we state without proof a more striking example showing the points of
differentiability of a convex function can be small, even on a separable Hilbert space.
The reader is referred to [52, Example 6.46] for the construction and proof of this
example in the �2 case.

Example 4.6.11. There is a continuous convex function f : �2 → R such that set in
which f is Fréchet differentiable is an Aronszajn null set. In fact, there is such a norm
on any separable superreflexive space.

We mention one final result concerning sets where a continuous convex function
on a separable Banach space can fail to be differentiable. For this, a subset S of X is
said to be a hypersurface if it is the graph of a function defined on a hyperplane of X
which is the difference of two Lipschitz convex functions. The following theorem is
from Zajíček’s work [442]; see also [52, Theorem 4.20].

Theorem 4.6.12. Let D be a subset of a separable Banach space X . Then there exists
a continuous convex function on X which is nowhere differentiable on D if and only
if D is contained in a countable union of hypersurfaces.

4.6.3 Second-order differentiability on Banach spaces

We will say a real-valued function f : U → R is twice Gâteaux differentiable (resp.
twice Fréchet differentiable) at x̄ ∈ U if there is an open neighborhood V of x̄ such
that f is Gâteaux differentiable (resp. Fréchet differentiable) on V , and the mapping
f ′(x) : V → X ∗ is Gâteaux differentiable (resp. Fréchet differentiable). As in the
Euclidean space case, we denote the second derivative of f at x̄ by f ′′(x̄) or ∇2f (x̄),
and it is a continuous linear mapping from X to X ∗, that is ∇2f (x̄) ∈ L(X ; L(X ; R)).
The definitions above for both the Fréchet and Gâteaux cases, imply the following
limit exists in the norm sense for each h ∈ X

∇2f (x̄)(h) = lim
t→0

∇f (x̄ + th)− ∇f (x̄)

t
.

If the above limit is only known to exist in the weak∗-sense, we will say that f
has a weak∗-second-order Gâteaux (or Fréchet) derivative at x̄. In any of the above
cases, we may let f ′′(x̄)(h, k) := 〈h,∇2f (x̄)(k)〉. Thus, f ′′(x̄) identifies with a con-
tinuous bilinear mapping from X × X → R, that is f ′′(x̄) ∈ L2(X ; R); see [144,
Chapter 1, §1.9] for a formal development of the natural isometry of L2(X ; R) with



202 Convex functions on Banach spaces

L(X ; L(X ; R)) and more generally. With this notation, and the definitions just given,
one can check that

f ′′(x̄)(h, k) = lim
t→0

〈∇f (x̄ + tk), h〉 − 〈∇f (x̄), h〉
t

,

when f ′′(x̄) exists in any four senses above.
We leave it as Exercise 4.6.13 for the reader to verify that ∇2f (x̄) is symmetric in

each of the above cases. As in the finite-dimensional case, the second derivative can
be used to check convexity.

Theorem 4.6.13 (Second-order derivatives and convex functions). Let U be an open
convex subset of a Banach space X , and suppose that f : U → R has a weak∗-
second-order Gâteaux derivative at each x ∈ U. Then f is convex if and only if
∇2f (x̄)(h, h) ≥ 0 for all x̄ ∈ U, and h ∈ X . If∇2f (x̄)(h, h) > 0 for all x̄ ∈ U, h ∈ X ,
then f is strictly convex.

Proof. It is left for the reader to modify the finite-dimensional version (Theorem 2.2.8)
to the Banach space setting.

We now turn our attention to the generalized second derivatives and Taylor
expansions in Banach spaces.

Let X be a Banach space, U a nonempty open convex set and f : U → R be
a continuous convex function. Then f is said to have a weak second-order Taylor
expansion at x ∈ U if there exists y∗ ∈ ∂f (x) and a continuous linear operator
A : X → X ∗ such that f has a representation of the form

f (x + th) = f (x)+ t〈y∗, h〉 + t2

2
〈Ah, h〉 + o(t2) (t → 0), (4.6.1)

for each h ∈ X ; if more arduously,

f (x + h) = f (x)+ 〈y∗, h〉 + 1

2
〈Ah, h〉 + o(‖h‖2) (‖h‖ → 0) (4.6.2)

for h ∈ X , we say that f has a strong second-order Taylor expansion at x.
As in the finite-dimensional case, Taylor expansions will be related to generalized

second derivatives. However, the notions of strong and weak Taylor expansions are
different in the infinite-dimensional setting:

Example 4.6.14. Strong and weak second-order Taylor expansion are distinct
concepts in infinite-dimensional spaces.

Proof. See [107, Example 1, p. 50].

Let X be a Banach space, U a nonempty open convex set and f : U → R be a
continuous convex function. Then ∂f is said to have:
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(a) a generalized weak∗-Gâteaux derivative (resp. weak∗-Fréchet derivative) at x ∈
U if there exists a bounded linear operator T : X → X ∗ such that

lim
t→0

y∗t − y∗

t
= Th

in the weak∗-sense for any fixed h ∈ X and all y∗t ∈ ∂f (x+ th), y∗ ∈ ∂f (x) (resp.
uniformly for all h ∈ BX , y∗t ∈ ∂f (x + th) and y∗ ∈ ∂f (x);

(b) a generalized Gâteaux derivative (resp. Fréchet derivative) at x if (a) holds with
the respectively limits in the sense of the dual norm.

Given these notions, [107, Theorem 3.1] establishes the following result.

Theorem 4.6.15. Let X be a Banach space, U a nonempty open convex set, f : U →
R be a continuous convex function and x ∈ U. Then:

(a) f has a weak second-order Taylor expansion at x if and only if ∂f has a generalized
weak∗-Gâteaux derivative at x.

(b) f has a strong second-order Taylor expansion at x if and only if ∂f has a
generalized Fréchet derivative at x.

In both cases the linear mapping T : X → X ∗ is the same.

Next we examine whether there are infinite-dimensional spaces on which contin-
uous convex functions have generalized second-order derivatives, except at possibly
a small set; we already saw in Exercise 2.6.13 that even on R a continuous con-
vex function may have second-order derivatives at only a set of first category. In
other words, does Alexandrov’s theorem (2.6.4) work in infinite-dimensional Banach
spaces for any of the notions of null sets introduced here? The following obser-
vation, along with examples for first-order Fréchet differentiability show that it
does not.

Proposition 4.6.16. Let U be a nonempty open convex subset of a Banach space X ,
f : U → R be a continuous convex function, and x ∈ U. If f has a weak second-order
Taylor expansion at x, then f is Fréchet differentiable at x.

Proof. For each h ∈ SX , there exists Ch > 0, δh > 0 so that

f (x + th)− f (x)− 〈φ, th〉 ≤ Cht2, 0 ≤ t ≤ δh.

Now let Fn,m := {h ∈ BX : f (x + th) − f (x) − 〈φ, x〉 ≤ nt2, 0 ≤ t ≤ 1/m}. Then⋃
Fm = BX . According to the Baire category theorem, there exists an open U ⊂ BX ,

and n0, m0 ∈ N so that

f (x + th)− f (x)− 〈φ, th〉 ≤ n0t2, whenever 0 ≤ t ≤ 1/m0, h ∈ U .



204 Convex functions on Banach spaces

Now use the convexity of f to show there exists δ > 0, and K > 0 so that

f (x + th)− f (x)− 〈φ, th〉 ≤ Kt2, whenever 0 ≤ t ≤ δ, h ∈ BX . (4.6.3)

In particular, this shows f is Fréchet differentiable at x.

In fact, (4.6.3) is a property stronger than the Fréchet differentiability of f at x0.
Indeed, it is a condition that is equivalent to f being what is called Lipschitz smooth
at x0 (see Exercise 4.6.14), that is there exist δ > 0 and C > 0 so that

‖φx − ∇f (x0)‖ ≤ C‖x − x0‖ whenever ‖x − x0‖ < δ, and φx ∈ ∂f (x). (4.6.4)

Lipschitz smoothness and related notions will be discussed in more detail in
Section 5.5. For now, our main interest in the previous proposition is that a point
where a continuous convex function has a generalized second-order derivative,
is automatically a point of Fréchet differentiability. Consequently, we have the
following:

Remark 4.6.17 (Failure of Alexandrov’s theorem in infinite dimensions). (a) Let
C := { f ∈ L2[0, 1] : |f | ≤ 1 a.e.}. According to [216, Section 5], the near-
est point mapping PC : H → C is nowhere Fréchet differentiable. Moreover, PC

is the Fréchet derivative of the convex function

f (x) = 1

2
‖x‖2 − 1

2
‖x − PCx‖2; (4.6.5)

see [216] for details. Consequently, the function f : L2[0, 1] → R is nowhere
twice Fréchet differentiable.

(b) Let C be the positive cone in �2(�) where |�| > ℵ0. Then the nearest point
mapping PC is nowhere Gâteaux differentiable, therefore, f : �2(�)→ R as in
(4.6.5) is nowhere twice Gâteaux differentiable.

(c) Let C = c+0 , then dC fails to have a weak second-order Taylor expansion at each
point of the set C which is not Haar null; see Example 4.6.8.

(d) In any separable nonreflexive Banach space, there is a closed convex set C that
is not Haar null. Thus dC fails to have a weak second-order Taylor expansion at
each x ∈ C; see Theorem 4.6.9.

(e) On any separable Banach space, there is a Lipschitz convex function that fails to
have a second-order Taylor expansion at each point of a set that is not Aronszajn
null set; see Example 4.6.10.

(f) There is a continuous convex function f : �2 → R such that the points where f has
a weak second-order Taylor expansion is Aronszajn null; see Example 4.6.11. In
fact, such an example exists on any separable superreflexive space. In particular,
the set of points where f fails to have a weak second-order Taylor expansion is
not Haar null.

Exercises and further results

4.6.1. Give an example of a set in [0, 1] that is first category but has measure one.
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Hint. Find open sets On containing the rationals with measure less than 1/n. Then
look at the complement of G :=⋂

On.

4.6.2.� Prove Proposition 4.6.1 (a), (b) and (c).
4.6.3 (Angle small sets). (a) Show that any angle small set is of first category. (b)
Show that a subset of R is angle small if and only if it is countable.

Hint. For (b) show that an α-cone meager subset of R can contain at most two
points.

4.6.4 (Porosity). (a) Show that the Cantor set is porous, and conclude that there
are porous sets that are not angle small. (b) Is an angle small set always σ -porous.
(c) Show that a σ -porous set in Euclidean space has outer measure zero.

Hint. See [443] for more information on porous and σ -porous sets.

4.6.5.� Fill in the details to the proof of Mazur’s theorem.

Hint. See [350, p. 12] for the full details.

4.6.6 (Generalizing Mazur). Show that if a Banach space X has a norm whose dual
norm is strictly convex, then every continuous convex function on X is generically
Gâteaux differentiable. Note: a norm is strictly convex if ‖ x+y

2 ‖ < 1
2‖x‖ + 1

2‖y‖
whenever ‖x‖ = ‖y‖ > 0, and it is easy to renorm a separable Banach space so its
dual norm is strictly convex (Proposition 5.1.11).

Hint. Suppose f is a continuous convex function, and defineψ(x) := inf {‖x∗‖ : x∗ ∈
∂f (x)}where ‖·‖ is a strictly convex dual norm. Show thatψ is lsc and then conclude
thatψ is continuous at each point of a residual subset, say G. Use the strict convexity
of the dual norm to show that at any x there is at most one x∗ ∈ φ(x)with ‖x∗‖ = ψ(x).
Now suppose x ∈ G and ∂f (x) is not a singleton, then there exists y∗ ∈ ∂f (x) with
‖y∗‖ > ψ(x). Choose h with‖h‖ = 1 so that y∗(h) > ψ(x). Now let xn := x+ 1

ny. Use
the subdifferential inequality to show that ψ(xn) ≥ y∗(h) for all n. This contradicts
the continuity of ψ at x.

4.6.7.� (a) Show the usual norm ‖ · ‖1 is nowhere Fréchet differentiable on �1.
Conclude that �1 has no equivalent Fréchet differentiable norm.
(b) Show that f (x) := lim supn→∞ |xn| is nowhere Gâteaux differentiable on �∞.
Conclude that there is a norm on �∞ that is nowhere Gâteaux differentiable.

Hint. (a) Let x := (xn) ∈ �1. Let δn → 0+ where δn ≥ |xn|. Choose points hn ∈ �1

where hn = 3δnen. Then ‖hn‖ → 0, but

‖x + hn‖1 + ‖x − hn‖1 − 2‖x‖1 ≥ 4δn > ‖hn‖
and so ‖ · ‖1 is not Fréchet differentiable at x. Use a smooth variational principle to
conclude there is no equivalent Fréchet differentiable norm on �1.

4.6.8.� Show that the function f in the proof of Example 4.6.10 fails to be Fréchet
differentiable at each point of

⋃
Cn. Can the same be said about the Gâteaux

differentiability of f ?

Hint. First dCn is not Fréchet differentiable at any point of Cn; see Exercise 4.2.6.
Then the same is true of the sum of kdCn for any k > 0 with any convex function. For
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the Gâteaux question, see Exercise 4.2.4 for an example of how dC could be Gâteaux
differentiable at certain points of the boundary of C.

4.6.9. Let C be the positive cone in c0. For any compact set K ⊂ c0, show that a
translate of K is contained in C. Hence this is a concrete case of Theorem 4.6.9. (See
also Exercise 4.6.16.)
4.6.10.� Verify Example 4.6.8.

Hint. We follow [107, Example 2, p. 53]. Use the regularity of Borel measures to
deduce that c+0 is not Haar null because Exercise 4.6.9 shows it contains a translate of
each compact subset of c0. It is easy to show that c+0 has empty interior. Then apply
Exercise 4.2.6 to deduce the distance function dc+0

is not Fréchet differentiable at any

points of c+0 .

4.6.11.� Show that X is an Asplund space if and only if for every open convex set
U ⊂ X , and every continuous convex function f : U → R, f is Fréchet differentiable
on a dense Gδ-subset of U .

Hint. Use local Lipschitz property of f , i.e. given x ∈ U , there exists V ⊂ U such
that x ∈ V , and f |V is Lipschitz. Now extend f to a Lipschitz convex function f̃ on
X that agrees with f on V . Use fact that X is Asplund to deduce that f̃ is Fréchet
differentiable at some point in V . Then note that points of Fréchet differentiability
are always Gδ .

4.6.12 (Locally residual implies residual). Recall that a subset R is residual if it
contains as a subset the intersection of countably many dense open sets. Show that
a subset R of X is residual if, and only if, it is locally residual (i.e. for each x ∈ X
there exists an open neighbourhood U of x such that R∩U is residual in U ). Actually
something less than this is sufficient: it suffices to be be locally residual at the points
of a dense subset of X .

Hint. See, for example [201, Proposition 1.3.2, p. 16].

4.6.13.� Let X be a Banach space, U an open convex subset of X and f : U → R
convex. Suppose f has a weak∗ second-order Gâteaux derivative at x̄ ∈ U . Show that
f ′′(x̄) is symmetric.

Hint. For any h, k ∈ X , let g(s, t) = f (x̄ + sh+ tk). By the symmetry result in finite
dimensions (Theorem 2.6.1), deduce gst(0) = gts(0), and conclude that f ′′(x̄)(h, k) =
f ′′(x̄)(k , h).

4.6.14 (Lipschitz smooth points). Show that the condition in (4.6.3) is equivalent to
the defining condition (4.6.4) for a point of Lipschitz smoothness.

Hint. See Theorem 5.5.3 and its hint for a more general result.

4.6.15.�� Prove Theorem 4.6.15.

Hint. Full details can be found in [107, Theorem 3.1]. Can the equivalence in finite
dimensions be used to produce another proof, at least for some parts of the theorem?

4.6.16 (Further results on boundaries of closed convex sets).�� We collect some
striking results relating to Theorem 4.6.9.
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(a) It is shown in [309] that a separable Banach space X is nonreflexive if and only
if there is a convex closed subset Q of X with empty interior which contains
translates of all compact sets K ⊂ X (Q may also be required to be bounded and
K a compact subset of the unit ball).

(b) Consider the space C(K) of continuous functions on a compact set K containing
a nonisolated point p in K . Then Q can be the subset of K whose members attain
their minima at p. In particular the nonnegative cone in c0 is not Haar null but
has empty interior.

(c) Determine the differentiability properties of dQ for such a convex Q.
(d) In [308] the following is shown. Let X be a reflexive Banach space, and let

C ⊂ X be a closed, convex and bounded set with empty interior. Then, for every
δ > 0, there is a nonempty finite set F ⊂ X with an arbitrarily small diameter,
such that C contains at most δ·|F | points of any translation of F .

(e) Deduce that the boundary of a closed convex subset of a separable reflexive
Banach space is Haar null if and only if it has empty interior.

Hint. All Borel measures on a separable space are tight:

µ(C) = sup{µ(K) : K ⊂ C, K compact}.

(f) Deduce that this property characterizes reflexive spaces amongst separable
spaces.

4.6.17.�� Suppose that X is a separable Banach space that admits a differentiable
norm whose derivative is (locally) Lipschitz on the unit sphere. Show that X admits
a twice Gâteaux differentiable norm whose first derivative is (locally) Lipschitz on
the unit sphere.

Hint. This requires significant computations which we omit. Let f0(x) := ‖x‖2, and
then let

fn+1(x) :=
∫

Rn+1
f0

(
x −

n∑
i=0

tihi

)
φ0(t0)φ1(t1) · · ·φn(tn) dt0 dt1 · · · dtn

for n = 0, 1, 2, . . ., where φ0 : R → R is a C∞-function, φ0 ≥ 0, φ0 is even,
φ0(t) = 0 if |t| > 1/2 and

∫ +∞
−∞ φ0 = 1; φn(t) = 2nφ0(2nt) for t ∈ R and {hi}∞n=1 is

dense in the unit sphere of X . Then each fn is a continuous convex function, and the
crucial step is that ( fn) converges uniformly on bounded sets to a continuous convex
function f that is twice Gâteaux differentiable with locally Lipschitz first derivative,
in fact

f ′(x)(h) = lim
n

∫
Rn+1

f ′0

(
x −

n∑
i=0

tihi

)
(h) ·�n

i=0φi(ti)dt0 · · · dtn for x, h ∈ X .
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and then show

f ′′(x)(h, hi) = lim
n

∫
Rn+1

f ′0

(
x −

n∑
i=0

tihi

)
(h)φ0(t0) · · ·φ′i(ti) · · ·φn(tn) dt0 dt1 · · · dtn

Use the density of {hi}∞i=1 in SX and the local Lipschitz property of f ′ to obtain
f ′′(x)(h, k) is a bounded symmetric bilinear map. Finally, an implicit function theorem
is used on an appropriate lower level set of f to obtain the equivalent norm. See [203]
for the full details.

Note: an analog of this exercise for bump functions, that is, functions with bounded
nonempty support is given in [206, Theorem 6].

We conclude this section by stating some interesting related results.

Remark 4.6.18 (A staunch Rademacher theorem). Recall that the complement of a
σ -porous set is said to be staunch. In [55] Bessis and Clarke recover Rademacher’s
theorem (2.5.4) as a byproduct of a study of the staunchness of sets on which the partial
Dini-subdifferentials exist in Rn and produce the Dini-subdifferential of a Lipschitz
function – and much more. In particular, they show that if the gradient exists on a
staunch set then the points of Fréchet differentiability are staunch.

Remark 4.6.19 (Convex functions on small sets [84]). Let X be a Banach space, C
a Gδ-subset of X , and f : C → R a locally Lipschitz convex function. One may
show that if X is a space of class (S) as defined in [84, 201] (respectively, an Asplund
space), then f is Gâteaux (respectively, Fréchet) differentiable on a dense Gδ-subset
of C. The results unify earlier ones which assume that C has nonsupport points or
that C is not contained in a closed hyperplane. Indeed the nonsupport points N (C)
are a Gδ-subset of X when X is separable. Class (S) spaces include all WCG spaces
and much more.

By contrast, in [306] it is shown that there is a convex locally Lipschitz function
on a closed subset C of �2 which is Fréchet differentiable on a dense subset D of the
nonsupport points N (C) but every selection for ∂f is discontinuous at each point on D.

Remark 4.6.20 (Frećhet points of Lipschitz functions). In stark distinction to the
behavior of convex functions, a very recent result Kurka [281] shows that the sets
of Fréchet subdifferentiability of Lipschitz functions on a Banach space are always
Borel sets if and only if the space is reflexive.



5

Duality between smoothness and
strict convexity

[Banach] would spend most of his days in cafés, not only in the company of others but also
by himself. He liked the noise and the music. They did not prevent him from concentrating
and thinking. There were cases when, after the cafés closed for the night, he would walk
over to the railway station where the cafeteria was open around the clock. There, over a
glass of beer, he would think about his problems. (Andrzej Turowicz)1

5.1 Renorming: an overview

This section presents some classical results concerning norms on Banach spaces. We
focus on some constructions on separable spaces as well as basic duality results for
smoothness and convexity. Material in later sections concerning the duality between
exposed points and smooth points, and between convexity and smoothness for convex
functions is motivated by the corresponding duality in the classical case of norms.
A familiarity with the more concrete case of norms can make the general convex
function case much more transparent.

For a subset A ⊂ X , the polar of A denoted by A◦ is the subset of X ∗ defined by

A◦ := {x∗ ∈ X ∗ : 〈a, x∗〉 ≤ 1 for all a ∈ A}.
Given a subset B ⊂ X ∗, the prepolar of B denoted by B◦ is the subset of X defined by

B◦ := {x ∈ X : 〈x, b∗〉 ≤ 1 for all b ∈ B}.
The following is a basic fundamental result concerning polars of sets in Banach

spaces.

Theorem 5.1.1 (Bipolar theorem). Let X be a Banach space, and let A ⊂ X and
B ⊂ X ∗. Then

(a) (A◦)◦ is the closed balanced convex hull of A.
(b) (B◦)◦ is the weak∗-closed balanced convex hull of B.

Proof. See Exercise 5.1.1.

The bipolar theorem can be used to recognize dual norms.

1 Turowicz, another Lvov mathematician, quoted in R. Kaluza, The Life of Stefan Banach, Boston, 1996.
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Fact 5.1.2. Let |||·||| be a norm on X ∗ that is equivalent to the dual norm of the original
norm on X . Then the following are equivalent:

(a) ||| · ||| is a dual norm on X ∗;
(b) ||| · ||| is weak∗-lsc;
(c) the unit ball B of ||| · ||| is weak∗-closed.

Proof. (a)⇒ (b): Suppose ||| · ||| is a dual norm. Then |||x∗||| = sup{〈x, x∗〉 : |||x||| ≤ 1}.
As a supremum of weak∗-lsc functions, ||| · ||| is weak∗-lsc.

(b)⇒ (c) is immediate since B = {x∗ ∈ X ∗ : |||x∗||| ≤ 1} is the lower level set of a
weak∗-lsc function.

(c) ⇒ (a): According to the bipolar theorem (5.1.1), B = (B◦)◦ and so ||| · ||| is the
dual norm of the norm that is the gauge, γB◦ .

Recall that Gâteaux and Fréchet differentiability for convex functions were intro-
duced in Section 4.2. A norm ‖ · ‖ is said to be Gâteaux differentiable (resp. Fréchet
differentiable) if ‖·‖ is Gâteaux differentiable (resp. Fréchet differentiable) as a func-
tion on X \ {0}. Because of the positive homogeneity of norms, this is equivalent to
‖ · ‖ being Gâteaux differentiable (resp. Fréchet differentiable) on SX . Also, because
derivatives of convex functions are subgradients, one can readily verify when a norm
‖ · ‖ is differentiable at x ∈ X \ {0}, its derivative will be the unique linear functional
φ ∈ SX ∗ satisfying φ(x) = ‖x‖.
Proposition 5.1.3 (Symmetric differentiability of norms). Let (X , ‖ · ‖) be a Banach
space.

(a) The norm ‖ · ‖ is Fréchet differentiable at x ∈ X \ {0} if and only if for each
ε > 0, there exists δ > 0 so that

‖x + h‖ + ‖x − h‖ − 2‖x‖ ≤ ε‖h‖ whenever ‖h‖ ≤ δ.

(b) The norm ‖ · ‖ is Gâteaux differentiable at x ∈ X \ {0} if and only if for each
ε > 0 and h ∈ SX , there exists δ > 0 so that

‖x + th‖ + ‖x − th‖ − 2‖x‖ ≤ ε|t| whenever |t| ≤ δ.

Proof. Part (a) is a restatement of Proposition 4.2.7, whilst part (b) is a restatement
of Proposition 4.2.8.

Proposition 5.1.4 (Šmulian). Let (X , ‖ · ‖) be a normed space, and x ∈ SX . Then the
following are equivalent.

(a) ‖ · ‖ is Fréchet differentiable at x.
(b) (φn −�n)→ 0 whenever φn(xn)→ 1, �n(yn)→ 1 and xn → x, yn → x and

φn,�n ∈ BX ∗ .
(c) (φn − φ)→ 0 whenever φn,φ ∈ BX ∗ and φn(x)→ φ(x) = 1.
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Proof. (This is similar to convex function case inTheorem 4.2.10.) (a)⇒ (c): Suppose
(c) is not true. Let φ ∈ SX ∗ be a supporting linear functional of x. Then there exist
φn ∈ BX such that φn(x)→ 1, and ε > 0 and hn ∈ BX ∗ such that (φ − φn)(hn) ≥ ε.
Now choose tn → 0+ such that 1− φn(x) ≤ tnε

2 . Then

‖x + tnhn‖ + ‖x − tnhn‖ − 2‖x‖ ≥ φn(x + tnhn)+ φ(x − tnhn)− 2‖x‖
≥ φn(x)+ φ(x)+ tn(φn − φ)(hn)− 2

≥ tnε + φn(x)− 1 ≥ tnε

2
.

Consequently, ‖ · ‖ is not Fréchet differentiable at x by Proposition 5.1.3(a).
(c)⇒ (b): Let �n,φn, xn, yn be as in (b). Choose a supporting functional φ ∈ SX ∗

with φ(x) = 1. Now φn(x) → 1 and �n(x) → 1 since xn → x and yn → x.
According to (c) φn → φ and �n → φ and so (φn −�n)→ 0 as desired.

(b) ⇒ (a): Suppose ‖ · ‖ is not Fréchet differentiable at x. Then for φ ∈ SX ∗ with
φ(x) = 1, there exist tn → 0+, hn ∈ SX and ε > 0 such that

‖x + tnhn‖ − ‖x‖ − φ(tnhn) > εtn

for all n. Choose φn ∈ SX ∗ so that φn(x+ tnhn) = ‖x+ tnhn‖. The previous inequality
implies φn(tnhn)− φ(tnhn) > εtn and so φn �→ φ which shows (b) is not true.

The analogous version for Gâteaux differentiability is listed as follows.

Proposition 5.1.5 (Šmulian). Let (X , ‖ · ‖) be a normed space, and x ∈ SX . Then the
following are equivalent.

(a) ‖ · ‖ is Gâteaux differentiable at x.
(b) (φn − �n) →w∗ 0 whenever φn(xn) → 1, �n(yn) → 1 and xn → x, yn → x

and φn,�n ∈ BX ∗ .
(c) (φn − φ)→w∗ 0 whenever φn,φ ∈ BX ∗ , φn(x)→ φ(x) = 1.

Proof. See Exercise 5.1.2.

Let C be a closed convex subset of a Banach space X . A point x ∈ C is an extreme
point of C, if C \ {x} is convex. We say that x ∈ C is an exposed point of C if there
is a φ ∈ X ∗ such that φ(x) = supu∈C φ(u) and φ(x) > φ(u) for all u ∈ C \ {x};
alternatively, we say φ exposes x ∈ C. We say x ∈ C is a strongly exposed point of
C, if there is a φ ∈ X ∗ such that φ(x) = supu∈C φ(u) and xn → x whenever xn ∈ C
and φ(xn)→ φ(x); alternatively, we say φ strongly exposes x ∈ C.

Proposition 5.1.6. Let (X , ‖ · ‖) be a Banach space, x0 ∈ SX and φ0 ∈ SX ∗ . Then
x0 exposes (resp. strongly exposes) φ0 ∈ BX ∗ if and only if ‖ · ‖ is Gâteaux (resp.
Fréchet) differentiable at x0 with ∇‖x0‖ = φ0.

Proof. We prove only the Gâteaux case; the other case is similar. (⇒) Suppose
(φn) ⊂ BX ∗ satisfies φn(x)→ 1. Suppose that φn �→w∗ φ0. According to Alaoglu’s
theorem (4.1.6), there is a subnet φnα →w∗ φ̄ ∈ BX ∗ where φ̄ �= φ0. Now φ̄(x0) < 1
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since x0 exposes BX ∗ at φ0. This contradiction shows φn →w∗ φ0. According to
Proposition 5.1.5, ‖ · ‖ is differentiable at x0.

The converse follows immediately from Proposition 5.1.5.

Corollary 5.1.7. The norm ‖ · ‖ on X is Gâteaux differentiable at x0 ∈ SX if and
only if there exists a unique support functional φ ∈ SX ∗ .

Proof. Suppose‖·‖ is Gâteaux differentiable at x0 ∈ SX . Then by Proposition 5.1.6, x0

exposesφ ∈ BX ∗ whereφ = ∇‖x0‖. Henceφmust be the unique support functional of
x0. Conversely, suppose φ ∈ SX ∗ is a unique support functional for x0 ∈ SX , it follows
that x0 exposes φ ∈ BX ∗ , and so ‖ · ‖ is differentiable at x0 with φ = ∇‖x0‖.

A norm ‖ · ‖ on X is said to be strictly convex (or rotund) if x = y whenever
‖x + y‖ = 2, and ‖x‖ = ‖y‖ = 1. The usual norm on a Hilbert space is the classic
example of a strictly convex norm.

Fact 5.1.8. Suppose (X , ‖ · ‖) is a normed space. Then:

(a) 2‖x‖2 + 2‖y‖2 − ‖x + y‖2 ≥ 0 for all x, y ∈ X .
(b) If 2‖xn‖2 + 2‖yn‖2 − ‖xn + yn‖2 → 0, then (‖xn‖ − ‖yn‖)→ 0.

Proof. Both (a) and (b) follow from the inequality

2‖x‖2 + 2‖y‖2 − ‖x + y‖2 ≥ 2‖x‖2 + 2‖y‖2 − (‖x‖ + ‖y‖)2
= (‖x‖ − ‖y‖)2

which is a consequence of the parallelogram law in R.

The next fact provides some basic reformulations of strictly convex norms.

Fact 5.1.9. Let (X , ‖ · ‖) be a normed space. Then the following are equivalent.

(a) ‖ · ‖ is strictly convex.
(b) Every x ∈ SX is an extreme point of BX .
(c) If x, y ∈ X satisfy 2‖x‖2 + 2‖y‖2 − ‖x + y‖2 = 0, then x = y.
(d) If x, y ∈ X \ {0} satisfy ‖x + y‖ = ‖x‖ + ‖y‖, then x = λy for some λ > 0.

Proof. The equivalence of (a) and (b) is a straightforward consequence of the
definitions.

(a)⇒ (d): Suppose ‖x+ y‖ = ‖x‖+ ‖y‖ for some x, y ∈ X \ {0}. We may assume
0 < ‖x‖ ≤ ‖y‖. Then using the triangle inequality∥∥∥∥ x

‖x‖ +
y

‖y‖
∥∥∥∥ ≥ ∥∥∥∥ x

‖x‖ +
y

‖x‖
∥∥∥∥− ∥∥∥∥ y

‖x‖ −
y

‖y‖
∥∥∥∥

= (1/‖x‖)‖x + y‖ − ‖y‖(1/‖x‖ − 1/‖y‖)
= (1/‖x‖)(‖x‖ + ‖y‖)− ‖y‖(1/‖x‖ − 1/‖y‖) = 2.

Therefore,
∥∥∥x/‖x‖ + y/‖y‖

∥∥∥ = 2 and so x/‖x‖ = y/‖y‖.
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(d) ⇒ (c): Suppose that 2‖x‖2 + 2‖y‖2 − ‖x + y‖2 = 0. If x = 0, it is clear that
y = 0 and vice versa. So we may now assume x, y ∈ X \ {0}. Thus,

0 = 2‖x‖2 + 2‖y‖2 − ‖x + y‖2 ≥ 2‖x‖2 + 2‖y‖2 − (‖x‖ + ‖y‖)2
= (‖x‖ − ‖y‖)2 ≥ 0.

Therefore, ‖x+y‖ = ‖x‖+‖y‖ and ‖x‖ = ‖y‖, and so with the help of (d) we obtain
that x = y.

(c)⇒ (a) is easy to verify.

Proposition 5.1.10. Suppose T : X → Y is a one-to-one continuous linear operator.
If ‖ · ‖Y is a strictly convex norm on Y , then:

(a) ||| · |||1 defined by |||x|||1 := ‖x‖ + ‖Tx‖Y is a strictly convex norm on X .
(b) ||| · |||2 defined by |||x|||22 := ‖x‖2 + ‖Tx‖2

Y is a strictly convex norm on X .

Proof. We prove only (b), and leave (a) as Exercise 5.1.4. Suppose |||u|||22 + |||v|||22 −
|||u+ v|||22 = 0, then ‖Tu‖2

Y +‖Tv‖2
Y −‖Tu+ Tv‖2

Y = 0 and so Tu = Tv by the strict
convexity of ‖ · ‖Y (Fact 5.1.9). Because T is one-to-one, u = v and so ||| · ||| is strictly
convex by Fact 5.1.9.

Proposition 5.1.11. Suppose X is separable, then X admits an equivalent norm
whose dual is strictly convex.

Proof. Let {xn}∞n=1 be dense in SX . Consider the linear operator T : X ∗ → �2

defined by Tf := {2−nf (xn)} for f ∈ X ∗. Then T is one-to-one. Now define ||| · |||
by |||f |||2 := ‖f ‖2 + ‖Tf ‖2

2. Using Fact 5.1.2 one can check this is an equivalent dual
norm on X ∗. The strict convexity of ||| · ||| follows from Proposition 5.1.10(b).

Let (X , ‖ · ‖) be a normed space. The norm ‖ · ‖ is said to be locally uniformly
convex (LUC) if ‖xn − x‖ → 0 whenever xn, x ∈ BX are such that ‖xn + x‖ → 2.
Such norms are also called locally uniformly rotund.

Fact 5.1.12. Let (X , ‖ · ‖) be a normed space. Then the following are equivalent.

(a) ‖ · ‖ is locally uniformly convex.
(b) ‖xn−x‖ → 0 whenever xn, x ∈ X are such that 2‖x‖2+2‖xn‖2−‖xn+x‖2 → 0.

Proof. (a)⇒ (b): Suppose 2‖x‖2+2‖xn‖2−‖xn+x‖2 → 0, then (‖xn‖−‖x‖)→ 0
(Fact 5.1.8). In the event x = 0, the conclusion is trivial. So we may suppose xn, x ∈
X \ {0}. Now let u = x/‖x‖ and un = xn/‖xn‖. Then u, un ∈ SX and ‖un + u‖ → 2.
Therefore, ‖un − u‖ → 0. Consequently, ‖xn − x‖ → 0. The implication (b) ⇒ (a)
is easy to check.

Proposition 5.1.13. Suppose (X , ‖ · ‖) is a normed space.

(a) If the dual norm is strictly convex, then ‖ · ‖ is Gâteaux differentiable.
(b) If the dual norm is locally uniformly convex, then ‖ · ‖ is Fréchet differentiable.
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Figure 5.1 Smooth and rotund balls.

Proof. (a) Let x ∈ SX and choose a supporting functional f ∈ SX ∗ so that f (x) = 1
(Remark 4.1.16). Suppose g ∈ SX ∗ satisfies g(x) = 1. Then, ‖f +g‖ ≥ ( f +g)(x) =
2. Because ‖ · ‖ is strictly convex, then g = f . According to Corollary 5.1.7, ‖ · ‖ is
Gâteaux differentiable at x.

(b) This part is left as Exercise 5.1.6.

Theorem 5.1.14 (Kadec). (a) Suppose X is separable. Then X admits an equivalent
locally uniformly convex norm.

(b) Suppose X ∗ is separable. Then X admits an equivalent norm whose dual is locally
uniformly convex.

Proof. (a) Let X be a separable Banach space. Let {xn}∞n=1 ⊂ SX be dense in SX , and
let { fn}∞n=1 ⊂ SX ∗ be a separating family for X (see Exercise 4.1.11). For n ∈ N, put
Fn = span{x1, . . . , xn} and note that dFn(x) → 0 for each x ∈ X as n → ∞ where
the distance is measured in the original norm. Define another norm ||| · ||| on X by

|||x|||2 := ‖x‖2 +
∞∑

n=1

2−ndFn(x)
2 +

∞∑
n=1

2−nf 2
n (x),

where ‖ · ‖ is the original norm on X . Because dFi (·) is a positive homogeneous
subadditive function for each i, ||| · ||| is an equivalent norm on X .

We now show that ||| · ||| is locally uniformly convex. Indeed, assume that xk , x ∈ X
are such that

lim
k→∞

(2|||x|||2 + 2|||xk |||2 − |||x + xk |||2) = 0. (5.1.1)

Each of the expressions in the following are nonnegative (use parallelogram inequality
as in Fact 5.1.8), thus it follows from the above equation that

lim
k→∞

[2‖x‖2 + 2‖xk‖2 − ‖x + xk‖2] = 0,

lim
k→∞

[2d2
Fn
(x)+ 2d2

Fn
(xk)− d2

Fn
(x + xk)] = 0 for every n,

lim
k→∞

[2f 2
n (x)+ 2f 2

n (xk)− f 2
n (x + xk)] = 0 for every n.
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As a consequence of the previous limits (reason as in Fact 5.1.8) we obtain

lim
k→∞

‖xk‖ = ‖x‖, (5.1.2)

lim
k→∞

dFn(xk) = dFn(x) for every n, (5.1.3)

lim
k→∞

fn(xk) = fn(x) for every n. (5.1.4)

Now, {xk}∞k=1 ∪ {x} is norm compact (see Exercise 5.1.9). Therefore, the topology
of pointwise convergence induced by { fn}∞n=1 is equivalent to the norm topology on
{xk}∞k=1 ∪ {x} (because two Hausdorff topologies agree on a set that is compact in
the stronger topology). Thus by (5.1.4) we have ‖xk − x‖ → 0 which completes the
proof.

(b) Follow the argument as above, choosing {xn}∞n=1 norm dense in SX ∗ and { fn}∞n=1
norm dense in SX (and hence separating on X ∗). Given the original dual norm ‖ · ‖
on X ∗, all the terms in the definition of ||| · ||| are weak∗-lsc. Therefore, ||| · ||| will be an
equivalent dual norm on X ∗.

We now mention some important consequences of the results just presented.

Corollary 5.1.15. Suppose X ∗ is separable. Then:

(a) X admits an equivalent Fréchet differentiable norm; and
(b) every continuous convex function on X is Fréchet differentiable on a dense

(automatically) Gδ-set.

Proof. Part (a) follows from Theorem 5.1.14(b) and Proposition 5.1.13(b). Part (b)
follows from part (a) and a smooth variational principle (Exercise 4.3.10).

Corollary 5.1.16. Let X be a separable Banach space. Then the following are
equivalent.

(a) X ∗ is separable.
(b) X admits an equivalent norm whose dual is locally uniformly convex.
(c) X admits an equivalent Fréchet differentiable norm.

Proof. (a)⇒ (b)⇒ (c) were shown in Theorem 5.1.14 and Proposition 5.1.13. The
implication (c)⇒ (a) is left as Exercise 5.1.10.

The conditions in Corollary 5.1.16 remain equivalent in certain classes of nonsep-
arable Banach spaces, as we shall outline later in this section, but first, we introduce
and present some properties of uniformly convex norms.

Let (X , ‖ · ‖) be a Banach space. The modulus of convexity of ‖ · ‖ is defined by

δX (ε) := inf

{
1−

∥∥∥∥x + y

2

∥∥∥∥ : x, y ∈ BX , ‖x − y‖ ≥ ε

}
, for ε ∈ [0, 2].

The norm ‖ · ‖ is called uniformly convex (UC) if δX (ε) > 0 for all ε ∈ (0, 2], and
the space (X , ‖ · ‖) is called a uniformly convex space. The term uniformly rotund is
often used in place of uniformly convex.
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Fact 5.1.17. Let (X , ‖ · ‖) be a Banach space. Then the following are equivalent.

(a) X is uniformly convex.
(b) limn→∞ ‖xn − yn‖ = 0 whenever xn, yn ∈ X , n ∈ N, (xn)

∞
n=1 is bounded and

limn→∞(2‖xn‖2 + 2‖yn‖2 − ‖xn + yn‖2) = 0.
(c) limn→∞ ‖xn−yn‖ = 0 whenever xn, yn ∈ BX , n ∈ N and limn→∞ ‖xn+yn‖ = 2.

Proof. Observe that (c) is a sequential reformulation of the definition, so it is
equivalent to (a).

(c)⇒ (b): Suppose
(
2‖yn‖2 + 2‖xn‖2 − ‖yn + xn‖2

)→ 0, then (‖yn‖−‖xn‖)→
0 (by Fact 5.1.8). Thus when ‖xn‖ → 0 or ‖yn‖ → 0, the conclusion is trivial. So
we may suppose ‖xn‖ ≥ ε and ‖yn‖ ≥ ε for some ε > 0. Now let un = xn/‖xn‖
and vn = yn/‖yn‖. It follows that un, vn ∈ SX and ‖un + vn‖ → 2. Therefore,
‖un − vn‖ → 0. Consequently, ‖xn − yn‖ → 0. The implication (b) ⇒ (a) is
trivial.

Let (X , ‖ · ‖) be a Banach space. For τ > 0 we define the modulus of smoothness
of ‖ · ‖ by

ρX (τ ) := sup

{‖x + τh‖ + ‖x − τh‖ − 2

2
: ‖x‖ = ‖h‖ = 1

}
.

The norm ‖ · ‖ is said to be uniformly smooth if lim
τ→0+

ρX (τ )

τ
= 0, and the space

(X , ‖ · ‖) is said to be uniformly smooth.

Proposition 5.1.18. Let (X , ‖ · ‖) be a Banach space. Then the following are
equivalent.

(a) X is uniformly smooth.
(b) For each ε > 0, there exists δ > 0 such that for all x ∈ SX and y ∈ δBX ,

‖x + y‖ + ‖x − y‖ − 2 ≤ ε‖y‖.

(c) The norm is uniformly Fréchet differentiable, that is, the limit

lim
t→0

‖x + th‖ − ‖x‖
t

= ‖x‖′(h) exist uniformly for x, h ∈ SX .

(d) The norm ‖ · ‖ is Fréchet differentiable with uniformly continuous
derivative on SX .

Proof. The proof is left as Exercise 5.1.18.

Theorem 5.1.19. Let X be a Banach space, then ‖ · ‖ is uniformly smooth if and only
if its dual norm is uniformly convex.

Proof. We will prove each implication by contraposition. First, suppose the dual
norm is not uniformly convex. Then there are φn,�n ∈ BX ∗ and ε > 0 such that
‖φn + �n‖ → 2 but ‖φn − �n‖ > 2ε for each n. Now choose xn ∈ SX such that
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(φn +�n)(xn)→ 2 and let tn → 0+ be such that (φn +�n)(xn) ≥ 2− εtn. Finally,
choose hn ∈ SX so that (φn −�n)(hn) ≥ 2ε. Then

‖xn + tnhn‖ + ‖xn − tnhn‖ − 2 ≥ φn(xn + tnhn)+�n(xn − tnhn)− 2

≥ 2− εntn + tn(φn −�n)(hn)− 2 ≥ εtn.

Therefore, ‖ · ‖ is not uniformly smooth.
Conversely, suppose that ‖ · ‖ is not uniformly smooth. Then there exist (hn) ⊂ X ,

(xn) ⊂ SX and ε > 0 such that ‖hn‖ → 0+ and

‖xn + hn‖ + ‖xn − hn‖ − 2 ≥ ε‖hn‖.

Now chooseφn,�n ∈ SX ∗ so thatφ(xn+hn) = ‖xn+hn‖ and�n(xn−hn) = ‖xn−hn‖.
Then

‖φn +�n‖ + (φn −�n)(hn) ≥ (φn +�n)(xn)+ (φn −�n)(hn)

= φn(xn + hn)+�n(xn − hn) ≥ 2+ ε‖hn‖.

This inequality now implies ‖φn + �n‖ → 2, and ‖φn − �n‖ ≥ ε. Therefore, the
dual norm is not uniformly convex.

Theorem 5.1.20 (Milman–Pettis). Suppose X admits a uniformly convex norm, then
X is reflexive.

Proof. Let � ∈ BX ∗∗ . Applying Goldstine’s theorem (Exercise 4.1.13), we choose a
net (xα) ⊂ BX such that xα →w∗ �. Then ‖xα + xβ‖ → 2 and so ‖xα − xβ‖ → 0.
Thus (xα) is norm convergent, and so � ∈ X .

As a consequence of the previous two results, we obtain

Corollary 5.1.21. (a) Suppose X is uniformly convex or uniformly smooth, then X
is reflexive.
(b) A norm on X is uniformly convex if and only if its dual norm is uniformly smooth.

The duality relationships involving uniform convexity and uniform smoothness
can be more precisely deduced from the following fundamental relationship.

Proposition 5.1.22. Let (X , ‖ · ‖) be a Banach space, and let δX (·) be the modulus
of convexity of ‖ · ‖ and let ρX ∗(·) be the modulus of smoothness of the dual norm.
Then for every τ > 0,

ρX ∗(τ ) = sup
{
τ
ε

2
− δX (ε) : 0 < ε ≤ 2

}
.

Similarly, let ρX (·) be the modulus of smoothness of ‖ · ‖ and δX ∗(·) be the modulus
of convexity of the dual norm. Then, forevery τ > 0,

ρX (τ ) = sup
{
τ
ε

2
− δX ∗(ε) : 0 < ε ≤ 2

}
.
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Proof. The proof follows along the same lines as the case for convex functions in
Theorem 5.4.1 given later; see, for example, [199, Lemma 9.9].

A norm on a Banach space X is said to have modulus of convexity of power type p
if there exists C > 0 so that δ(ε) ≥ Cεp for 0 ≤ ε ≤ 2. A norm on a Banach space
X is said to have modulus of smoothness of power type q if there exists k > 0 so that
ρ(τ) ≤ kτ q for all τ > 0.

Corollary 5.1.23. Let p ≥ 2, and let 1/p+1/q = 1. Then a norm on X has modulus
of convexity of power type p if and only if its dual norm has modulus of smoothness
of power type q.

Proof. This is left as Exercise 5.1.21.

Next, we state the following fundamental renorming theorem.

Theorem 5.1.24 (James–Enflo). A Banach space is superreflexive if and only if it
admits an equivalent uniformly convex norm if and only if it admits an equivalent
uniformly smooth norm.

Proof. See [199, Theorem 9.18] for the full proof and see also [197]. A proof that
X is superreflexive when it admits a uniformly convex or uniformly smooth norm is
sketched in Exercise 5.1.20.

We mention an important and deep theorem of Pisier’s [353] whose proof is beyond
the scope of this book: Each superreflexive Banach space can be renormed to have a
norm with modulus of convexity of power type p for some some p ≥ 2.

5.1.1 Approximation of functions

The existence of nice norms on Banach spaces is often closely connected with nice
approximations. For example, we highlight the following which completely character-
izes superreflexive spaces in terms of Lasry–Lions type approximations [284]. Some
further results and references to smooth approximations are given in Exercise 5.1.33.

Theorem 5.1.25. A Banach space X is superreflexive if and only if every real-valued
Lipschitz function on X can be approximated uniformly on bounded sets by difference
of convex functions which are Lipschitz on bounded sets.

Proof. This is from [148], we prove the only if part following [52, Theorem 4.21, p.
94]. By the James–Enflo theorem (5.1.24), we can assume the norm on X is uniformly
convex. Let f : X → R be Lipschitz, with Lipschitz constant 1. Define

fn(x) := inf { f (y)+ n(2‖x‖2 + 2‖y‖2 − ‖x + y‖2) : y ∈ Y }.

Then represent fn(x) = hn(x)− gn(x) where hn(x) = 2n2‖x‖2 and

gn(x) := sup{n‖x + y‖2 − 2n‖y‖2 − f (y) : y ∈ E}.
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It is left as to Exercise 5.1.29 to verify that gn and hn are convex, and fn, gn and hn

are Lipschitz on bounded sets, and fn(x) ≤ f (x) for all x. We will show that ( fn)
converges uniformly to f on the set rBX for each r ≥ 1. For this, consider the set

An := {y : f (y)+ n(2‖x‖2 + 2‖y‖2 − ‖x + y‖2) ≤ f (x)}.

Since fn(x) ≤ f (x), we need only consider y ∈ An, so fix such a y. According to the
triangle inequality, and because f is Lipschitz with Lipschitz constant 1,

n(‖x‖ − ‖y‖)2 ≤ n(2‖x‖2 + 2‖y‖2 − ‖x + y‖2) (5.1.5)

≤ f (x)− f (y) ≤ ‖x − y‖.

Thus it suffices to show sup{‖x − y‖ : y ∈ An} → 0 uniformly on rBX .
According to (5.1.5), if r ≥ 1 and n ≥ 3, then ‖y‖ ≤ 2r for each y ∈ An; this

follows because if ‖y‖ ≥ 2r, then the left-hand side is bigger than 3(‖y‖− r)2 while
the right-hand side is at most ‖y‖+ r. Consequently,

∣∣‖x‖− ‖y‖∣∣ ≤ √3r/n. Now let
z = h‖x‖/‖y‖ then ‖z‖ = ‖x‖ and ‖z− y‖ ≤ ∣∣‖x‖− ‖y‖∣∣. Using the second and last
terms of (5.1.5), one can show (Exercise 5.1.29(b))

‖x + z‖2 ≥ 4‖x‖2 − C(r)/
√

n. (5.1.6)

According to the definition of the modulus of convexity,

‖x − z‖ ≤ ‖x‖δ−1
(

C1(r)√
n‖x‖2

)
.

Separating the cases ‖x‖ ≥ n−1/8 and ‖x‖ ≤ n−1/8, we obtain, respectively, the two
estimates

‖x − y‖ ≤ ‖x − z‖ + ‖z − y‖ ≤ rδ−1(C1(r)n
−1/4)+ (3r/n)1/2,

‖x − y‖ ≤ 2‖x‖ + ∣∣‖x‖ − ‖y‖∣∣ ≤ 2n−1/8 + (3r/n)1/2.

Consequently, sup{‖x − y‖ : y ∈ An} → 0 uniformly on rBX as desired.
For the converse, we refer the reader to [52, p. 95].

Notice in the above that in the case of a Hilbert space, the parallelogram identity
simplifies the expression for fn to

fn(x) = inf { f (y)+ n‖x − y‖2 : y ∈ Y }.

5.1.2 Further remarks on renorming

We now state some generalizations of the local uniformly convex renormings of
separable spaces. First, a Banach space is weakly compactly generated (WCG) if it
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contains a weakly compact set whose span is norm dense. The reader can find the
following two theorems and much more in [180]

Theorem 5.1.26. (a) Suppose X is a WCG space, then X admits an equivalent locally
uniformly convex norm, and X ∗ admits an equivalent dual strictly convex norm.
(b) Suppose X ∗ is a WCG space, then X admits an equivalent locally uniformly
convex norm, and X ∗ admits an equivalent dual locally uniformly convex norm.

Remark 5.1.27 (Spaces without strictly convex norms [171, 167]). Let� be uncount-
able. M.M. Day was the first to show that there is no equivalent strictly convex norm
on �∞c (�), the Banach subspace of �∞(�) of all elements of with countable support.
In consequence there is none on �∞(�).

The following is a generalization of Corollary 5.1.16.

Theorem 5.1.28. Let X be a weakly compactly generated Banach space. Then the
following are equivalent.

(a) X admits an equivalent norm whose dual is locally uniformly convex.
(b) X admits an equivalent Fréchet differentiable norm.
(c) X is an Asplund space.

Proof. The implications (a)⇒ (b)⇒ (c) are valid in general Banach spaces following
along the same lines of reasoning as in the proof of Corollary 5.1.15. The more difficult
implication (c)⇒ (a) can be found for example in [180, Corollay VII.1.13].

In general the implications in the previous theorem cannot be reversed in a strong
sense as cited in Remark 5.1.30. First, we describe the C(K) spaces that are Asplund
spaces. A topological space is said to be scattered if it contains no nonempty perfect
subset, or equivalently if every nonempty subset has a (relatively) isolated point. With
this terminology we state:

Theorem 5.1.29 (Asplund C(K) spaces). Let K be a compact Hausdorff space. Then
the following are equivalent.

(a) C(K) is an Asplund space.
(b) K is scattered.
(c) C(K) contains no isometric copy of C[0, 1].
(d) C(K) contains no isomorphic copy of �1.

Remark 5.1.30. (a) There are C(K) Asplund spaces that admit no equivalent
Gâteaux differentiable norm.

(b) The space C[0,ω1] admits an equivalent Fréchet differentiable norm, but it cannot
be renormed with an equivalent norm whose dual is strictly convex.

Proof. Part (a) is Haydon’s result from [252] and (b) was shown byTalagrand in [411].
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Remark 5.1.31. Let X be a Banach space.

(a) If X admits a norm whose dual norm is Fréchet differentiable, then X is reflexive.
(b) Suppose X is a reflexive Banach space. Then X can be renormed so that the norm

on X is Fréchet differentiable, but its dual norm on X ∗ is not locally uniformly
convex.

Proof. Part (a) is due to Šmulian [404] and is left as Exercise 5.1.17, while (b) can
be found in [441, Theorem 2.3].

Next, we mention an averaging theorem concerning the renorming of spaces whose
norms and their duals simultaneously possess certain rotundity properties.

Theorem 5.1.32 (Asplund averaging theorem). Let X be a Banach space.

(a) Suppose X admits an equivalent locally uniformly convex norm, and X ∗ admits
an equivalent dual locally uniformly convex norm. Then X admits a locally
uniformly convex norm whose dual is locally uniformly convex.

(b) The analog of (a) remains valid with strict convexity replacing local uniform
convexity in either or both X and X ∗.

(c) Suppose X admits a uniformly convex norm. Then X (and X ∗) admit norms that
are simultaneous uniformly convex and uniformly smooth.

Proof. We refer the reader to [204] for a Baire category proof of a stronger result. For
(c), one needs the James–Enflo theorem (5.1.24) that a Banach space is superreflexive
if and only if admits a uniformly convex norm. Exercise 5.1.24 outlines a simple proof
of a weaker results combining differentiability and rotundity properties.

Corollary 5.1.33. Suppose X ∗ is a WCG space, then X admits an equivalent locally
uniformly convex norm and Fréchet differentiable norm.

Finally, we mention some classical results on higher-order derivatives of norms on
Lp-spaces. For this, n-th derivatives are identified as continuous n-linear mappings,
i.e. f (n) ∈ Ln(X ; R). For example f : U → R is three times Fréchet differen-
tiable at x̄ ∈ U , if it is twice Fréchet differentiable on an open neighborhood V
of x̄, and the mapping x 
→ f ′′(x) is a Fréchet differentiable mapping from X to
L2(X ; R) where L2(X ; R) represents the continuous bilinear mappings from X to R,
and f (3)(x̄) ∈ L3(X ; R) the continuous 3-linear mappings from X to R. Higher-order
Fréchet derivatives will always be symmetric, so we say that f is k-times Fréchet
differentiable at x ∈ X if for the continuous symmetric form of the f (k−1)-th Fréchet
derivative of f defined on a neighborhood U of x, one has

lim
t→0

f (k−1(x + thk)(h1, . . . , hk−1)− f (k−1(x)(h1, . . . , hk−1)

t

exists uniformly on h1, . . . , hk in BX and is a continuous symmetric k-linear form in
the variables h1, h2, . . . , hk . Properties of continuity, Lipschitzness and the like for
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f (k) are meant in the context of the k-linear forms involved. For example, f (k) is said
to be Lipschitz on X if there exists M > 0 so that

‖f (k)(x)− f (k)(y)‖ := sup{|( f (k)(x)− f (k)(y))(h1, h2, . . . , hk)| :

h1, h2, . . . , hk ∈ BX }
≤ M‖x − y‖ for x, y ∈ X .

A real-valued function f whose k-th Fréchet derivative is continuous on an open set
U ⊂ X is said to be Ck-smooth on U and this is denoted by f ∈ Ck(U ). If f has
continuous k-th Fréchet derivatives for all k ∈ N on U , then f is said to be C∞-smooth
on U . When U = X , we simply say f is Ck-smooth or C∞-smooth as appropriate.
See [144, Chapter 1] for a careful development of differentiability on Banach spaces;
let us note that in [144] and many similar references ‘differentiability’ refers to what
we have called Fréchet differentiability.

Theorem 5.1.34 (Smoothness on Lp-spaces). (a) If p is an even integer, then ‖ · ‖p

is C∞-smooth on Lp, (‖ · ‖p)(p) is constant and (‖ · ‖p)(p+1) is zero.
(b) If p is an odd integer, then ‖ · ‖p is Cp−1-smooth and (‖ · ‖p)(p−1) is Lipschitz

on Lp.
(c) If p is not an integer, then ‖ ·‖p is C)p*-smooth and (‖ ·‖p))p* is (p−)p*)-Hölder

smooth on Lp.

Proof. We refer the reader to [180, TheoremV.1.1, p. 184] for a proof of this important
classical theorem.

Exercises and further results

5.1.1.� Prove the bipolar theorem (5.1.1).

Hint. The bipolar theorem holds generally in locally convex spaces, see for example
[160, p. 127] for more details.

5.1.2.� Prove Šmulian’s theorem (5.1.5) for Gâteaux differentiability of norms.
5.1.3.� Deduce the norm cases of Šmulian’s theorem (Theorems 5.1.4 and 5.1.5) from
the respective cases for convex functions.

Hint. For φ ∈ SX ∗ , φ ∈ ∂ε‖x‖ if and only if φ(x) ≥ 1− ε.

5.1.4.� Prove Proposition 5.1.10(a).
5.1.5.� Suppose ‖ · ‖ is a dual norm on X ∗. Show that ‖ · ‖ is Fréchet differentiable
at φ ∈ SX ∗ if and only if φ(x) = 1 for some x ∈ SX and ‖xn − x‖ → 0 whenever
(xn) ⊂ BX is such that φ(xn)→ 1.

Hint. Mimic the proof of Šmulian’s theorem (5.1.4), making sure to verify∇‖φ‖ ∈ X .
See Exercise 4.2.10 for a more general result.

5.1.6.� Prove Proposition 5.1.13(b)

Hint. Use Šmulian’s theorem (5.1.4) as appropriate.
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Figure 5.2 The 1-ball in three dimensions.

5.1.7. The ball for three-dimensional �1 is shown in Figure 5.2. Observe that the ball
is smooth at points (x1, x2, x3) ∈ R3 where xi �= 0, i = 1, 2, 3. Prove the following
concerning the usual norm ‖ · ‖1 on �1.

(a) ‖ · ‖1 is Gâteaux differentiable at x := (xi) on the unit sphere of �1(N) if and only
if xi �= 0 for all i.

(b) ‖ · ‖1 is nowhere Fréchet differentiable on �1(N).
(c) ‖ · ‖1 is nowhere Gâteaux differentiable on �1(�) if � is uncountable.

Hint. For (a), show that these are the points that have unique support functionals. For
(b), consider only the points x = (xi) ∈ S�1 of Gâteaux differentiability, let yn ∈ S�∞
where yn

i := sign(xi), i = 1, . . . , n, and yi = 0 otherwise. Then yn(x) = 1 − εn

where εn := ∑∞
i=n+1 |xi|. Now use Šmulian’s theorem (5.1.4). Deduce (c) from the

argument for (a).

5.1.8. Describe the points (xi) ∈ c0 at which its usual norm is Fréchet differentiable.
Verify directly that this is a dense Gδ (in fact open) subset of c0.

5.1.9.� Use (5.1.2) and (5.1.3) to show the set {xk}∞k=1 ∪ {x} in the proof of
Theorem 5.1.14 is compact.

Hint. Use that bounded balls in finite-dimensional subspaces are compact to show for
each ε > 0, the set has a finite ε-net.

5.1.10.� Suppose X is separable and admits a Fréchet differentiable norm, show that
X ∗ is separable.

Hint. Let {xn}∞n=1 ⊂ SX be dense. For each n, choose fn ∈ SX ∗ such that fn(xn) = 1
(Remark 4.1.16). According to the Bishop–Phelps theorem (4.3.4), it suffices to
show that { fn}∞n=1 contains the norm-attaining functionals in SX ∗ (this will show
SX ∗ is separable). Now let f ∈ SX be a norm-attaining functionals say f (x) = 1.
Choose xnk → x. Now fnk (xnk ) = 1, and so fnk (x) → 1. According to Šmulian’s
theorem (5.1.4), fnk → f .

5.1.11. Recall that a norm is ‖ · ‖ on X is said to have the Kadec property, if the
weak and norm topologies agree on SX . We will say a norm on X ∗ is weak∗-Kadec
if the norm and weak∗-topologies agree on its sphere (this is sometimes called the
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weak∗-Kadec–Klee property). Suppose X has an equivalent norm whose dual norm
is weak∗-Kadec. Show that X is an Asplund space.

We remark that Raja [360] has shown the stronger result that if X ∗ has an equiv-
alent (dual) weak∗-Kadec norm, then X ∗ has an equivalent dual locally uniformly
convex norm.

Hint. Use the fact that X is anAsplund space if and only each of its separable subspaces
has a separable dual (Corollary 6.6.10). Consider the separable case first, and show
X ∗ separable. Indeed, if X is separable, then BX ∗ is weak∗-separable, so we fix a
countable set { fn} ⊂ BX ∗ that is weak∗-dense in BX ∗ . Now fix f ∈ SX ∗ . Then find a
subnet fnα →w∗ f . By the weak∗-Kadec property, ‖fnα − f ‖ → 0. Conclude SX ∗ is
separable, and hence X ∗ is as well.

In general, if X is not separable, consider a separable subspace Y of X , and show that
the restricted norm on Y has weak∗-Kadec dual norm (see e.g. [111, Proposition 1.4]
for the straightforward details). Then Y ∗ is separable, and so X is an Asplund space.

5.1.12. Suppose a norm on X ∗ has the weak∗-Kadec property. Show that it is
automatically a dual norm.

Hint. It suffices to show that the unit ball with respect to this norm is weak∗-closed.
Suppose ‖xα‖ ≤ 1 and xα →w∗ x where ‖x‖ = K . It suffices to show that K ≤ 1. So
suppose it is not. Consider the line through xα and x. Since this line passes through
the interior of the ball of radius K , it must intersect its sphere in two places. One of
those points is x, call the other x′α (draw the picture). Now x′α−x = λα(xα−x)where
1 < λα ≤ 2K/(K − 1). Then (x′α − x)→w∗ 0 and so by the weak∗-Kadec property
‖x′α − x‖ → 0, but then ‖xα − x‖ → 0 and ‖x‖ < K , a contradiction.

5.1.13. (a) Suppose that X is a Banach space and its second dual norm is weak∗-
Kadec. Prove that X is reflexive.

(b) Suppose that X has an equivalent norm whose dual is Fréchet differentiable, show
that X is reflexive.

(c) Does the existence of a Fréchet differentiable convex conjugate function on X ∗
imply that X is reflexive? See also Exercise 5.1.28 below.

Hint. (a) Modify the Lindenstrauss–Tzafriri proof given for the Milman–Pettis
theorem (5.1.20).

(b) Let � ∈ SX ∗∗ be a norm-attaining functional, say �(φ) = 1 where φ ∈ SX ∗ .
Take (xn) ⊂ SX such that φ(xn)→ 1. By Šmulian’s theorem (5.1.4) ‖xn −�‖ → 0.
Thus � ∈ X . According to the Bishop–Phelps theorem (4.3.4), S̄X = SX ∗∗ , and this
means X = X ∗∗.

(c) No, for trivial reasons, for example consider any Banach space and f := δ{0}
the indicator function of 0. Then f ∗ is the zero function on X ∗.

5.1.14. Consider �p with 1 < p < 2. Let C = {x ∈ �p :
∑ |xi|p ≤ 1}, that

is C = B�p . Show that C ⊂ �2 is closed, convex, bounded (and hence weakly
compact), and that C has extreme points that are not support points.

Hint. Let φ ∈ �∗p \ �2. Then φ attains its supremum on C, at say x̄ ∈ C because C is a
weakly compact set in �p. Moreover, φ is unique up to nonzero scalar multiplication
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by the differentiability of the norm on �p on its sphere. Also, x̄ is an extreme point of
C since ‖ · ‖p is strictly convex. Now suppose � ∈ �∗2 = �2 supports x̄ ∈ C ⊂ �2,
say supx∈C � = 〈�, x〉. Then � is bounded on B�p and so � ∈ �∗p. Therefore, � is
a nonzero multiple of φ by the uniqueness mentioned above. This is a contradiction,
because � ∈ �2 while φ �∈ �2. Therefore, we conclude that x̄ is not a support
point of C.

5.1.15. Let X be a finite-dimensional Banach space, and ‖ · ‖ an equivalent norm
on X .
(a) Show ‖ · ‖ is strictly convex if and only if it is uniformly convex.
(b) Show ‖ · ‖ is Gâteaux differentiable if and only if it is uniformly smooth.
(c) Show x0 ∈ BX is strongly exposed if and only if it is exposed.

5.1.16.� Let X be a Banach space with equivalent norms ‖ · ‖1 and ‖ · ‖2. Let ||| · ||| be
defined by ||| · |||2 := ‖ · ‖2

1 + ‖ · ‖2
2. Suppose ‖ · ‖1 is strictly (resp. locally uniformly,

uniformly) convex, show that ||| · ||| is an equivalent strictly (resp. locally uniformly,
uniformly) convex.
Hint. Apply Fact 5.1.9(c), Fact 5.1.12(b) and Fact 5.1.17(b) respectively.

5.1.17. Suppose X is a reflexive Banach space. Show that a norm ‖·‖ on X is Fréchet
differentiable and locally uniformly convex if and only if its dual norm is Fréchet
differentiable and locally uniformly convex. (Compare to Remark 5.1.31.)

Hint. Suppose the dual norm to ‖ · ‖ is Fréchet differentiable and locally uniformly
convex. Then ‖ · ‖ is Fréchet differentiable. Now suppose xn, x ∈ SX are such that
‖xn + x‖ → 2. Choose φ ∈ SX ∗ so that φ(x) = 1 and φn ∈ SX ∗ so that φn(xn +
x) = ‖xn + x‖. Then φn(x) → 1. Because ‖ · ‖ is Fréchet differentiable, Šmulian’s
theorem (5.1.4) implies, φn → φ. Therefore, φ(xn)→ 1. Because the dual norm is
Fréchet differentiable at φ and φ(x) = 1, Šmulian’s theorem (5.1.4) implies xn → x
as desired.

5.1.18.� Prove Proposition 5.1.18.

Hint. See the proof of Proposition 4.2.14. For further details, see, for example, [199,
Fact 9.7].

5.1.19.� Use Proposition 5.1.22 to deduce the duality relations between uniform
convexity and uniform smoothness.

Hint. See [199, Theorem 9.10], for example, for a proof of this.

5.1.20.� Suppose the norm on X is uniformly convex (resp. uniformly smooth) and
Y is finitely representable in X . Show that Y admits an equivalent uniformly convex
(resp. uniformly smooth) norm. Deduce that such an X is superreflexive.

Hint. See Exercise 4.1.26 for facts concerning finite representability; see also [199,
Proposition 9.16] for the first part. Deduce superreflexivity from the first part and
the Milman–Pettis theorem (5.1.20). This shows the easier part of the James–Enflo
theorem (5.1.24).

5.1.21.� Use Proposition 5.1.22 to prove Corollary 5.1.23.
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5.1.22.� This considers when the sequences in Fact 5.1.17(b) can be unbounded; a
more general result will be given in Theorem 5.4.6 below. Let X be a Banach space,
show that the following are equivalent.

(a) ‖xn − yn‖ → 0 whenever 2‖xn‖2 + 2‖yn‖2 − ‖xn + yn‖2 → 0.
(b) ‖ · ‖ is uniformly convex with modulus of convexity of power type 2.

Hint. (a)⇒ (b): Suppose ‖ · ‖ does not have modulus of convexity of power type 2.
Then there exist un, vn ∈ SX such that ‖un − vn‖ ≥ 1

n while ‖un + vn‖ ≥ 2 − εn
n2

where εn → 0+. Now let xn = nun, yn = nvn; then

‖xn − yn‖ ≥ 1, and ‖xn + yn‖ ≥ 2n− εn

n
.

Consequently,

2‖xn‖2 + 2‖yn‖2 − ‖xn + yn‖2 ≤ 2n2 + 2n2 −
(
2n− εn

n

)2

= 4εn − ε2
n

n2
,

and so 2‖xn‖2 + 2‖yn‖2 − ‖xn + yn‖2 → 0 which means (a) fails.
(b)⇒ (a): Suppose ‖ · ‖ has modulus of convexity of power type 2. Now suppose

that ‖xn−yn‖ ≥ δ but 2‖xn‖2+2‖yn‖2−‖xn+yn‖2 → 0. Then (‖xn‖−‖yn‖)2 → 0.
Let ‖xn‖ = αn. Because ‖ · ‖ is uniformly convex, we know αn → ∞. Thus, by
replacing yn with αn

yn
‖yn‖ , we have

lim inf ‖xn − yn‖ ≥ δ and ‖yn‖ = ‖xn‖ = αn.

Thus we may assume ‖xn − yn‖ > η for all n where η = δ
2 . Now let un = xn

αn
and

vn = yn
αn

. Then ‖un − vn‖ ≥ η
αn

, and because the modulus of convexity of ‖ · ‖ is

of power type 2, there is a C > 0 so that ‖un + vn‖ ≤ 2 − C
( η
αn

)2
. Therefore,

‖xn + yn‖ ≤ 2αn − Cη2

αn
. Consequently, we compute

2‖xn‖2 + 2‖yn‖2 − ‖xn + yn‖2 ≥ 2α2
n + 2α2

n −
(

2αn − Cη2

αn

)2

= 4Cη2 − C2η4

α2
n
�→ 0.

This contradiction completes the proof.

5.1.23.� Let 1 < p ≤ 2. Show that a norm ‖ · ‖ has modulus of smoothness of power
type p if and only if there exists C > 0 so that ‖J (x)− J (y)‖ ≤ C‖x− y‖p−1 for all
x, y ∈ SX , where J is the duality mapping.

Hint. The similar proof for the analogous result for convex functions is given in
Exercise 5.4.13; for further details see [180, Lemma IV.5.1].
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5.1.24 (Asplund averaging). This exercise outlines a simple approach of John and
Zizler [268] to the following averaging results.

(a) Suppose X admits an equivalent norm that is locally uniformly convex (resp.
strictly convex), and X ∗ admits a dual norm that is locally uniformly convex.
Show that X admits a norm that is locally uniformly convex (resp. strictly convex)
and Fréchet differentiable.

(b) Suppose X admits a strictly convex norm (resp. locally uniformly convex) and
X ∗ admits a dual norm that is strictly convex (resp. locally uniformly convex),
then X admits a norm that is strictly convex and Gâteaux differentiable (resp.
strictly convex and Fréchet differentiable).

(c) According to the James–Enflo theorem (5.1.24) X admits a uniformly convex
norm if and only if X ∗ admits a uniformly convex norm. With the help of this
theorem, show that if X admits a uniformly convex norm, then X admits a
uniformly convex norm that is uniformly smooth.

Hint. Let ‖ · ‖ be locally uniformly convex on X and let ‖ · ‖1 be a norm whose dual
‖ · ‖∗1 is locally uniformly convex on X ∗. Consider ‖ · ‖n on X whose dual is defined

by ‖φ‖∗n :=
√
‖φ‖2 + 1

n‖φ‖2
1. Then ‖ · ‖n is Fréchet differentiable and the sequence

(‖ · ‖n) converges uniformly to ‖ · ‖ on bounded sets. Now let ||| · ||| on X be defined
by |||x|||2 :=∑∞

k=1
1
2n ‖x‖2

n. Then ||| · ||| is Fréchet differentiable, and

2|||xn|||2 + 2|||x|||2 − |||x + xn|||2 → 0 ⇒ 2‖xn‖2
k + 2‖x‖2

k − ‖x + xn‖2
k → 0 for all k .

Because of uniform convergence the latter implies 2‖x‖2+ 2‖xn‖2−‖x+ xn‖2 → 0
which implies ‖x − xn‖ → 0 and hence |||x − xn||| → 0.

The other cases are analogous.

5.1.25.� Suppose X is a separable or more generally a WCG Banach space. Show
that X admits a norm that is simultaneously locally uniformly convex and Gâteaux
differentiable.
5.1.26.� Construct an equivalent norm on �2 that is strictly convex but there is a point
on SX which is not strongly exposed. Conclude that �2 has an equivalent norm that
is Gâteaux differentiable but fails to be Fréchet differentiable at some point of SX .

Hint. Define ||| · ||| by

|||x||| := max

{
1

2
‖x‖, |x1|

}
+
√√√√ ∞∑

n=1

x2
i

2i
.

Verify that ||| · ||| is strictly convex, and that e1/|||e1||| is supported by e1, but not strongly
exposed in the unit ball of ||| · |||. Use duality for the differentiability assertion.

5.1.27 (Constructing smooth norms).� Suppose X is a Banach space and f : X → R
is a coercive, continuous convex function.



228 Smoothness and strict convexity

(a) Let β be a bornology on X . Suppose that f is β-differentiable, then X admits
an equivalent β-differentiable norm. Moreover, if X is a dual space and f is
weak∗-lsc, show the norm constructed is a dual norm.

(b) Suppose f ′ is uniformly continuous (resp. satisfies an α-Hölder condition where
0 < α ≤ 1) on bounded subsets of X . Show that X admits an equivalent uniformly
smooth norm (resp. norm whose derivative satisfies an α-Hölder condition on its
sphere).

Hint. Replace f with 1
2 [ f (x) + f (−x)]. Check that this symmetric f has: the same

smoothness properties as the original f , and a minimum at 0, and so one may shift f
by a constant and assume f (0) = 0. The norm ||| · ||| with unit ball B = {x : f (x) ≤ 1}
will have the desired properties. According to the Implicit function theorem (4.2.13)
and its proof |||x|||′ = f ′(x)

〈f ′(x),x〉 for |||x||| = 1.
For (a), use the fact that 〈f ′(x), x〉 ≥ 1 (since f (0) = 0 and f (x) = 1), it follows

that the derivative of ||| · ||| is τβ -continuous on its sphere if the derivative of f is. The
assertion concerning dual norms follows when B is weak∗-closed.

For (b), compute, for example

∥∥|||x|||′ − |||y|||′∥∥ = ∥∥∥∥ f ′(x)
〈f ′(x), x〉 −

f ′(y)
〈f ′(y), y〉

∥∥∥∥
=
∥∥∥∥ f ′(x)
〈f ′(x), x〉 −

f ′(x)
〈f ′(y), y〉 +

f ′(x)
〈f ′(y), y〉 −

f ′(y)
〈f ′(y), y〉

∥∥∥∥
≤ ‖f ′(x)‖
|〈f ′(x), x〉〈f ′(y), y〉| |〈f

′(x), x〉 − 〈f ′(y), y〉|

+ 1

|〈f ′(y), y〉|‖f
′(x)− f ′(y)‖.

and deduce the appropriate uniformity for ||| · |||′. Note also a dual approach to this
exercise is given in Theorem 5.4.3.

5.1.28. Suppose X is a Banach space. Show that X is reflexive if and only if there
exists a function f : X ∗ → R that is coercive, weak∗-lsc, convex and Fréchet differ-
entiable. Formulate and prove a local version, i.e. where f is Fréchet differentiable
on a neighborhood, of x, and f (·)−∇f (x) satisfies an appropriate growth condition.

Hint. Use Exercise 5.1.27, Remark 5.1.31 and the fact a reflexive Banach space
admits a norm whose dual is Fréchet differentiable, as follows for example, from
Corollary 5.1.33.

5.1.29.�

(a) Prove that gn and hn are convex, and fn, gn and hn are Lipschitz on bounded
sets, and fn(x) ≤ f (x) for all x, where fn, gn and hn are from the proof of
Theorem 5.1.25.

(b) Verify (5.1.6) in the proof of Theorem 5.1.25.

5.1.30 (Uniformly Gâteaux differentiable norms).�� A (Gâteaux differentiable) norm
‖ · ‖ on a Banach X is said to be uniformly Gâteaux differentiable if for each h ∈ SX
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the limit

lim
t→0

‖x + th‖ − ‖x‖
t

= ∇‖x‖(h)

is uniform of x ∈ SX . Show that the following are equivalent.

(a) ‖ · ‖ is uniformly Gâteaux differentiable.
(b) For each h ∈ SX and ε > 0 there exists δ > 0 such that

‖x + th‖ + ‖x − th‖ − 2‖x‖ ≤ εt for all 0 < t < δ, x ∈ SX .

(c) The norm ‖ · ‖ is Gâteaux differentiable and for each h ∈ SX the mapping
x 
→ ∇‖x‖(h) is uniformly continuous on SX .

Hint. Modify the proof of Proposition 4.2.14 appropriately for directions h ∈ SX . For
further information on spaces that admit uniformly Gâteaux differentiable norms, see,
for example, [199, p. 395ff].

5.1.31 (Weak∗-uniformly convex norms).�� A norm ‖ · ‖ on a Banach space X is
said to be weakly uniformly convex if (xn − yn)→ 0 weakly whenever xn, yn ∈ BX

are such that ‖xn + yn‖ → 2. Analogously, a dual norm ‖ · ‖ on X ∗ is said to be
weak∗-uniformly convex if (xn − yn)→ 0 weak∗ whenever xn, yn ∈ B∗X are such that
‖xn + yn‖ → 2. Show the following claims.

(a) A norm is uniformly Gâteaux differentiable if and only if its dual norm is weak∗-
uniformly convex.

(b) A norm is weakly uniformly convex if and only if its dual norm is uniformly
Gâteaux differentiable.

(c) Suppose X is separable. Show that X ∗ admits an equivalent dual weak∗-uniformly
convex norm.

(d) Suppose X ∗ is separable. Show that X admits an equivalent weakly uniformly
convex norm.

Hint. Both (a) and (b) are directional versions of the duality between uniform con-
vexity and uniform smoothness (modify the proof of Theorem 5.1.19 or see [180,
p. 63] for further details). For (c), let {xn}∞n=1 be dense in SX , define the norm ||| · |||
on X ∗ by |||f |||2 := ‖f ‖2 +∑∞

n=1 2−nf 2(xn). Suppose that |||fk ||| ≤ 1, |||gk ||| ≤ 1 and
|||fk + gk ||| → 2. As in the proof of Theorem 5.1.14, conclude, for each n ∈ N that
( fk − gk)(xn)→ 0 as k →∞. The proof of (d) is similar to (c): define ||| · ||| on X by
|||x|||2 := ‖x‖2 +∑∞

n=1 2−nf 2
n (x) where { fn}∞n=1 is dense in SX ∗ .

5.1.32 (Extension of rotund norms [412]).�� Suppose X admits an equivalent uni-
formly convex norm and Y is a closed subspace of X . Show that any equivalent
uniformly convex norm on Y can be extended to an equivalent uniformly convex norm
on X . Analogous statements are valid for strict convexity, local uniform convexity
and several other forms of rotundity (see [412, Theorem 1.1]).
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Hint. Let | · |Y be a given equivalent uniformly convex norm on Y . Extend this to
an equivalent norm | · | on X . Let ‖ · ‖ be a uniformly convex norm on X such that
‖ · ‖ ≤ 1√

2
| · |. Define a function p(·) on BX (| · |) by

p2(x) := |x|2 + q(x)+ d2
Y (x) where q(x) := d2

Y (x)e
‖x‖2

.

Show that q(·) is convex on {x : ‖x‖ ≤ 1} by showing (r, s) 
→ r2es2
is convex on

(0, 1/
√

2)× (0, 1/
√

2). (Indeed, the Hessian is positive definite if |s| < 1/
√

2 and r
is arbitrary, see also Exercise 2.4.30.)

Let B := {x : p(x) ≤ 1}. Show that B is the unit ball of an equivalent uniformly
convex norm on X that extends the norm | · |Y . See [412] for full details.

5.1.33 (Smooth approximation).�� A vast amount of research has been devoted to the
question as to when continuous functions on a Banach space can be approximated
uniformly by smooth functions (for various types of smoothness). Seminal results
include Kurzweil’s paper [282] on analytic approximations and Bonic and Frampton’s
paper on smooth approximation [61]. Many such results depend on the structure of
the space and the existence of a smooth norm or perhaps only a smooth bump function
on the space. See [180, Chapter 8] and the references therein for a broader account
of this topic. Since the publication of the book [180] there have been some important
developments on analytic approximations, in this direction we refer the reader to
[149, 202, 176, 177, 223]. We should also mention that ensuring the approximating
functions are not only smoothbut alsoLipschitzwhen theoriginal function isLipschitz
is quite subtle; see, for example, [224, 225].

On the other hand, there are results that only assume the existence of a nice norm
on X to obtain smooth approximations. In this direction, one has

Theorem 5.1.35 (Frontisi [221]). Suppose X admits a locally uniformly convex
norm, and every Lipschitz convex function on X can be approximated by Ck-smooth
functions. Then every continuous function on X can be approximated uniformly by
Ck-smooth functions.

The following two exercises provide an application of Theorem 5.1.35.

(a) Suppose that X ∗ admits an equivalent dual locally uniformly convex norm (resp.
strictly convex norm). Show that every convex function bounded on bounded sets
of X can be approximated by C1-smooth (resp. Gâteaux differentiable) convex
functions that are bounded on bounded sets.

(b) Conclude that if X admits a locally uniformly convex norm, and X ∗ admits a
dual locally uniformly convex norm, then every continuous function on X can
be approximated uniformly on X by C1-smooth functions.
As an application of Theorem 5.1.25 show that:

(c) Every Lipschitz function on a superreflexive space can be approximated uni-
formly on bounded sets by functions whose derivatives are uniformly continuous
on bounded sets. Conversely, note that a Banach space is superreflexive if every
Lipschitz function can be so approximated. This follows because from such
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an approximate one can construct a bump function with uniformly continuous
derivative, according to Exercise 5.5.7 below, the space is superreflexive.

Hint. Observe that (a) and (b) become almost trivial if one uses a stronger theorem
from [222, Theorem 4.2] that shows in Theorem 5.1.35, one need only approximate
norms by uniformly on bounded sets by Ck -smooth functions. For (a), suppose the
norm ‖ · ‖ is such that its dual is locally uniformly convex. Given a convex function
f bounded on bounded sets, consider fn = f n‖ · ‖2. For (c), do the same but with a
norm that is uniformly smooth.

5.1.34 (Rehilbertizing, [248]).�� Let us call a bounded linear operator on a Hilbert
space X strongly positive definite (s-pd) if for some c > 0 one has 〈Ax, x〉 ≥ c‖x‖2

for all x ∈ X (i.e. it is linear, monotone and coercivity). (a) Show that the space X is
Euclidean if and only if such operators coincide with positive definite ones. To study
s-pd operators in general, we shall consider a second inner product

[x, y] = [x, y]H := 〈Hx, x〉

induced by a strongly positive definite operator H . (b) Show that every norm-
equivalent inner product is induced by some s-pd H .

Let A[∗] be the adjoint of A in the induced inner-product. (c) Show that (i) A[∗] =
H−1AH for all A ∈ B(X ); (ii) A[∗] = A∗ if and only if HA and A∗H are both self-
adjoint in 〈·, ·〉; and (iii) when AH = HA then A = A∗ if and only if A = A[∗]. Let
ρ(A) := sup{|λ| : λ ∈ σ(A)} denote the spectral radius of A: σ(A) denotes the
spectrum of A, and ρ(A) = limn→∞ ‖An‖1/n (in the original operator norm) [28].

Theorem 5.1.36 (Stein). Suppose H = H ∗ and B are bounded operators on a Hilbert
space X and that TB(H ) := H−B∗HB is strongly positive definite Then H is strongly
positive definite if and only if ρ(B) < 1.

The original proof considered point, continuous, and residual spectra of B sepa-
rately. Renorming, provides a more transparent proof. It is worthwhile to consider a
proof in the Euclidean case.

Hint. [ρ(B) < 1 ⇒ H p-sd]. Note first for n ∈ N, that

TB(H )+ B∗TB(H )B+ · · · + B∗nTB(H )Bn = TBn(H ). (5.1.7)

As ρ(B) < 1, there is n ∈ N with ‖Bnk‖ → 0 as k →∞. Since TBnk (H ) is s-pd, H
is positive semidefinite. Confirm H is also invertible and so s-pd.
[ρ(B) < 1 ⇐ H p-sd]. Note [x, y] = 〈x, Hy〉 = 〈Hy, x〉. Fix x ∈ SX , the original
sphere. Then 0 < c ≤ 〈x, Hx〉− 〈Bx, HBx〉 = [x, x]− [Bx, Bx] ⇔ [Bx, x]H/[x, x]H ≤
1 − c/〈x, Hx〉 ≤ 1 − c/‖H‖. By homogeneity, ‖B‖H < 1 (the induced operator
norm). Each such norm dominates ρ(B).
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5.2 Exposed points of convex functions

Let f : X → [−∞,+∞). Suppose x0 ∈ dom f and f (x0) > f (x) for all x ∈ X \ {x0},
then we say f attains its strict maximum at x0; a strict minimum can be defined
analogously when f : X → (−∞,+∞]. Now suppose f : X → [−∞,+∞). Then
f is said to attain a strong maximum at x0 ∈ dom f , if f (x0) ≥ f (x) for all x ∈ C, and
xn → x0 whenever f (xn) → f (x0); a strong minimum can be defined analogously
when f : X → (−∞,+∞].
Example 5.2.1. Suppose C is a closed convex subset of a Banach space X andφ ∈ X ∗
strongly exposes x0 ∈ C. Then φ − δC attains its strong maximum at x0 and δC − φ

attains its strong minimum at x0.

We will say that x0 ∈ dom f is an exposed point of f if (x0, f (x0)) is an exposed
point of epi f . Notice that (x0, f (x0)) is exposed by a functional of the form (φ,−1) ∈
X ∗ × R. Indeed, suppose the functional (φ, r0) ∈ X ∗ × R attains its strict maximum
at (x0, f (x0)) ∈ epi f . Then r0 < 0 because

(φ, r0)(x0, f (x0)) := φ(x0)+ r0f (x0) > (φ, r0)(x0, t) when t > f (x0).

Now it is easy to check that (φ0,−1) where φ0 = 1
|r0|φ exposes (x0, f (x0)) in epi f .

Figure 5.3 shows an example of an extreme point of a function that is not exposed.

Proposition 5.2.2. For a function f : X → (−∞,+∞], the following are equivalent.

(a) x0 is an exposed point of f , where epi f is exposed by (φ0,−1) at (x0, f (x0)).
(b) φ0 − f attains a strict maximum at x0.

0.5

1

1.5

2

2.5

–0.4 –0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4

Figure 5.3 Convex functions with (1, 1) exposed (upper), and extreme but not exposed (lower)
in the epigraph.
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(c) f − φ0 attains a strict minimum at x0.
(d) φ0 ∈ ∂f (x0) and φ0 �∈ ∂f (x) if x �= x0 (succinctly (∂f )−1(φ0) = {x0}).
Proof. (a) ⇒ (b): Now (φ0,−1)(x0, f (x0)) > (φ0,−1)(x, f (x)) and so φ0(x0) −
f (x0) > φ0(x)− f (x) for all x ∈ dom f . Consequently, (b) is true.

(b) ⇒ (a): Suppose that φ0 − f attains a strict maximum at x0. Let (x, t) ∈ epi f
with (x, t) �= (x0, f (x0)). If x �= x0, then (φ0,−1)(x, t) = φ0(x)− t ≤ φ0(x)− f (x) <
φ(x0) − f (x0) = (φ0,−1)(x0, f (x0)). If x = x0, then t > f (x0), and so clearly
(φ0,−1)(x0, t) < (φ0,−1)(x0, f (x0)).

It clear that (b) and (c) are equivalent, and the equivalence of (b) and (d) follows
because, in general, (φ − f ) attains its maximum at x if and only if φ ∈ ∂f (x). Thus
(φ0 − f ) attains a strict maximum at x0 if and only if (∂f )−1(φ0) = {x0}.

We will say that x0 ∈ dom f is a strongly exposed point of f if (x0, f (x0)) is a
strongly exposed point of the epigraph of f.

Theorem 5.2.3. For a proper function f : X → (−∞,+∞], the following
conditions (a) through (d) are equivalent.

(a) x0 is a strongly exposed point of f , where epi f is exposed by (φ0,−1) at
(x0, f (x0)).

(b) φ0 − f attains a strong maximum at x0.
(c) f − φ0 attains a strong minimum at x0.
(d) φ0 ∈ ∂f (x0) and if φ0 ∈ ∂εn f (xn) where εn → 0+, then ‖xn − x‖ → 0.

If, moreover, f is lsc with bounded domain or if f is lsc convex, then each of the
above conditions is equivalent to:

(e) f ∗ is Fréchet differentiable at φ0 with ∇f ∗(φ0) = x0.

Proof. The proof of the equivalence of (a) and (b) is similar to the argument given in
Proposition 5.2.2; see Exercise 5.2.7. The equivalence of (b) and (c) is straightforward,
and their equivalence with (d) can be derived easily from the following observation.
Given φ0 ∈ ∂f (x0) observe that

φ0 ∈ ∂εn f (xn) with εn → 0+

⇔ φ0(x0)− φ0(xn) ≤ f (x0)− f (xn)+ εn where εn → 0+

⇔ (φ0 − f )(x0) ≤ (φ − f )(xn)+ εn where εn → 0+

⇔ (φ0 − f )(xn)→ (φ0 − f )(x0).

(e) ⇒ (d): Suppose additionally f is lsc, and that (e) holds with x0 = ∇f ∗(φ0).
According to Exercise 4.4.2, φ0 ∈ ∂f (x0). Now suppose φ0 ∈ ∂εn f (xn) where εn →
0+. Proposition 4.4.5(b) implies xn ∈ ∂εn f ∗(φ0). Šmulian’s theorem (4.2.10) then
shows ‖xn − x0‖ → 0 as desired.

(c) ⇒ (e): Suppose additionally f has bounded domain with the diameter of the
domain not exceeding M where M > 0. Let f ,φ0 and x0 be as in (c). Let 0 < r ≤ M
be given; using (c), we choose ε > 0 so that ( f − φ0)(x0 + h) ≥ ε if ‖h‖ ≥ r/2.
Now let g(·) = ε

M dC(·)+ ( f − φ0)(x0) where C = {x : ‖x− x0‖ ≤ r/2}. Then g is



234 Smoothness and strict convexity

a continuous convex function such that g ≤ f − φ0, and g(x0) = ( f − φ0)(x0) and
f ∗∗ − φ0 ≥ g; moreover g(x) ≥ rε/(2M ) whenever ‖x − x0‖ ≥ r, and so

( f ∗∗ − φ0)(x) ≥ ( f ∗∗ − φ0)(x0)+ rε

2M
whenever ‖x − x0‖ ≥ r.

Because 0 < r ≤ M was arbitrary, this shows f ∗∗ − φ0 attains its strong minimum
at x0.

Now, x0 ∈ ∂f ∗(φ0) and we suppose xn ∈ ∂εn f ∗(φ0) where εn → 0+. Then
( f ∗∗ − φ0)(xn) → ( f ∗∗ − φ0)(x0) and consequently ‖xn − x0‖ → 0. According
to Šmulian’s theorem from Exercise 4.2.10, f ∗ is Fréchet differentiable at φ0 with
∇f ∗(φ0) = x0.

The equivalence of (a) and (e) in the case f is a proper lsc convex function is left
as Exercise 5.2.2.

Exercise 5.2.8 illustrates that (d) and (e) of the previous theorem are logically
independent without additional assumptions on f . We next examine the natural duality
between smoothness and exposed points.

Proposition 5.2.4. Let f : X → (−∞,+∞] be a lsc convex function with x ∈ dom f .

(a) Then f ∗ is strongly exposed by x ∈ X at φ ∈ X ∗ if and only if f is Fréchet
differentiable at x with f ′(x) = φ.

(b) Suppose additionally f is continuous at x. Then f ∗ is exposed by x ∈ X at φ ∈ X ∗
if and only if f is Gâteaux differentiable at x with f ′(x) = φ.

Proof. We prove only part (a); the similar proof of (b) is left as Exercise 5.2.10.
First, suppose f ∗ is strongly exposed by x ∈ X at φ ∈ X ∗. Then f is continuous at
x by Exercise 5.2.6; also φ ∈ ∂f (x). Now suppose φn ∈ ∂εn f (x) where εn → 0+.
According to Proposition 4.4.5(b), x ∈ ∂εn f ∗(φn). Now Theorem 5.2.3 implies ‖φn−
φ‖ → 0. Finally, Šmulian’s theorem (4.2.10) implies f is Fréchet differentiable at x.

Conversely, suppose f is Fréchet differentiable at x with f ′(x) = φ. Then
φ ∈ ∂f (x) and so Proposition 4.4.5(a) implies that x ∈ ∂f ∗(φ). Now suppose
x ∈ ∂εn f ∗(φn) where εn → 0+. Then φn ∈ ∂εn f (x). According to Šmulian’s theo-
rem (4.2.10), ‖φn−φ‖ → 0. Therefore, Theorem 5.2.3 implies f ∗ is strongly exposed
at φ by x.

Exercises and further results

5.2.1 (Exposed points in Euclidean space). Suppose E is a Euclidean space, and
f : E → (−∞,+∞] is a proper lsc convex function. Show that x0 is an exposed
point of f if and only if it is strongly exposed. Find an example of a proper convex
function g on R2 that has an exposed point that is not strongly exposed.

Hint. Suppose x0 is an exposed point of f . Choose φ ∈ ∂f (x0) so that f −φ attains its
strict minimum at x0. Now suppose (f − φ)(xn)→ (f − φ)(x0) but ‖xn − x0‖ �→ 0.
Using the convexity of f − φ and by appropriately choosing yn := λnxn + (1 −
λn)x0, there is a bounded sequence (yn) such that (f − φ)(yn) → (f − φ)(x0) but
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‖yn − x0‖ �→ 0, and by passing to a subsequence we may assume yn → ȳ. Using the
lower semicontinuity of f −φ we arrive at the contradiction (f −φ)(ȳ) = (f −φ)(x0).
One such example is g(x, y) := x2 when x > 0, g(0, 0) := 0 and g(x, y) := +∞
otherwise. Show that g is exposed at (0, 0) by φ where φ is the zero-functional, but
(g − φ)(n−1, 1)→ (g − φ)(0, 0).

5.2.2 (Tikhonov well-posed).� A function f is said to be Tikhonov well-posed if every
minimizing sequence converges in norm to the unique minimizer. Equivalently, this
says f attains its strong minimum. Suppose f is a proper lsc convex function.

(a) Show that f is Tikhonov well-posed with minimum at x̄ if and only if f ∗ has
Fréchet derivative x̄ at 0.

(b) Deduce that (a) through (e) are equivalent in Theorem 5.2.3 when f is assumed
to be a proper lsc convex function.

(c) Show that f is Fréchet differentiable at 0 with ∇f (0) = x∗ if and only if f ∗ is
Tikhonov well-posed with minimum at x∗.

Hint. For (a), use Šmulian’s theorem as in the proof of Theorem 5.2.3, and use the
fact f ∗∗|X = f . Observe that (c) follows from Proposition 5.2.4.

5.2.3.� Let f be a proper lsc, convex function such that f ∗ is Fréchet differentiable
on dom(∂f ∗). Suppose that xn → x̄ weakly, f (xn)→ f (x̄) and ∂f (x̄) �= ∅. Show that
‖xn − x̄‖ → 0. Is it necessary to assume xn → x̄ weakly?

Hint. This is from [94, Lemma 2.8]. Show there exists φ ∈ ∂f (x̄) that strongly
exposes f ; the weak convergence ensures φ(xn) → φ(x̄). Yes, it is necessary to
assume xn → x̄ weakly, otherwise one could consider f (x) = ‖x‖2 on X = �2, and
(en) ⊂ SX . Then f (en) = 1, but (en) is not norm convergent.

5.2.4 (Exposed points). (a) Suppose x0 exposes f ∗ at φ0 and f is lsc, convex and
proper. Suppose f ∗(φn) − 〈x0,φn〉 → f ∗(φ0) − 〈x0,φ0〉; show that φn ∈ ∂fεn(x0)

where εn → 0.
(b) Find an example of a Lipschitz convex function f : R → R such that the epigraph
of f has an extreme point which is not an exposed point.

Hint. For (a), observe first, x0 ∈ ∂f ∗(φ0), and therefore, φ0 ∈ ∂f (x0), which implies
f ∗(φ0) − 〈x0,φ0〉 = −f (x0). Consequently, f ∗(φn) − 〈x0,φn〉 → −f (x0). In other
words, φn(x) − f (x) − φn(x0) ≤ −f (x0) + εn for all x ∈ X where εn → 0+. Thus
φn ∈ ∂εn f (x0).

For (b), consider the function f (t) := t2 if |t| ≤ 1, and f (t) := 2|t| − 1 if |t| ≥ 1;
see Figure 5.3.

5.2.5 (Exposed points). Suppose f ∗ : X ∗ → (−∞,+∞] is a proper, weak∗-lsc
convex function that is exposed at φ0 ∈ X ∗ by x0 ∈ X and that

f ∗(φn)− 〈x0,φn〉 → f ∗(φ0)− 〈x0,φ0〉.

(a) Show that φn →w∗ φ0 whenever (φn)
∞
n=1 is bounded.

(b) Find an example where (φn)
∞
n=1 is unbounded and f ∗ is Lipschitz.
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(c) Is (φn)
∞
n=1 bounded if f ∗ is the conjugate of a lsc convex function f that is

continuous at x0?

Hint. (a) Suppose φn �→w∗ φ0. Because (φn)
∞
n=1 is bounded, it then has a weak∗-

convergent subnet (φnα ) that converges to φ̄ �= φ0. Now, by the weak∗-lower
semicontinuity of f ∗(·)− 〈x0, ·〉, we have that

f ∗(φ0)− 〈x0,φ0〉 = lim sup
n

f ∗(φn)− 〈x0,φn〉
≥ lim inf

α
f ∗(φnα )− 〈x0,φnα 〉

≥ f ∗(φ̄)− 〈x0, φ̄〉.

(b) Define f ∗ : �1 → R where f ((xi)) := ∑
2−i|xi|. Then f ∗ is exposed by 0 ∈ c0,

but f ∗(nen)− 〈0, nen〉 = 1
n and nen �→w∗ 0.

(c) Yes: φn ∈ ∂εn f (x0) where εn → 0 by Exercise 5.2.4(a). Hence (φn) must be
bounded because f is continuous at x0.

5.2.6.� Let f : X → (−∞,+∞] be a lsc proper convex function.

(a) Suppose φ ∈ X ∗ strongly exposes f at x0. Show that f − φ is coercive.
(b) Suppose x0 strongly exposes f ∗ at φ, show that f is continuous on a neighborhood

of x0.

Hint. (a) There exists δ > 0 such that ( f − φ)(u) ≥ ( f − φ)(x) + δ whenever
‖u− x‖ = 1. The convexity of ( f − φ) now implies ( f − φ)(u) > ( f − φ)(x)+ nδ
whenever ‖x − u‖ ≥ n where n ∈ N. Consequently, if ‖u‖ → ∞, ‖u − x‖ → ∞,
and so ( f − φ)(u)→∞.

(b) By part (a), f ∗ − x0 is coercive, and by a Moreau–Rockafellar result
(Corollary 4.4.11) f ∗∗ is continuous at x0. Deduce the conclusion because f ∗∗|X = f .

5.2.7.� Prove the equivalence of (a) and (b) in Theorem 5.2.3.

Hint. (a)⇒ (b): Suppose (x0, f (x0)) is strongly exposed by (φ0,−1), and that (φ0 −
f )(xn)→ (φ0 − f )(x0). Then

(φ0,−1)(xn, f (xn))→ (φ0,−1)(x0, f (x0))

and (a) implies ‖(xn, f (xn))− (x0, f (x0))‖ → 0 which implies ‖xn − x0‖ → 0.
(b) ⇒ (a): Suppose that φ0 − f has a strong maximum at x0. Then by

Proposition 5.2.2, (φ0,−1) exposes epi f at (x0, f (x0)). Now if (xn, tn) ∈
epi f and (φ0,−1)(xn, tn) → (φ0,−1)(x0, f (x0)), then (φ0,−1)(xn, f (xn)) →
(φ0,−1)(x0, f (x0)) since f (xn) ≤ tn for all n. Therefore,

(φ0 − f )(xn)→ (φ0 − f )(x0). (5.2.1)

Now, (b) implies that ‖xn − x0‖ → 0. Therefore φ0(xn)→ φ0(x0); this with (5.2.1)
implies f (xn)→ f (x0). Therefore, ‖(xn, f (xn))− (x0, f (x0))‖ → 0 as desired.
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5.2.8.� Show that neither of Theorem 5.2.3(c) or Theorem 5.2.3(e) generally implies
the other.

Hint. Let f (t) = min{|t|, 1}. Then f − 0 attains a strong minimum at 0, but f ∗ = δ{0}
is not Fréchet differentiable at 0. Let g(t) = |t| if t �= 0 and g(0) = +∞. Then
g∗ = δ[−1,1] so ∇g∗(0) = 0, but f − 0 does not attain its strong minimum at 0.

5.2.9. (a) Does f (x) := ‖x‖ have any exposed points as a convex function?
(b) Show that x0 ∈ SX is an exposed (resp. strongly exposed) point of BX if and only
if x0 is an exposed (resp. strongly exposed) point of the convex function f (x) = ‖x‖2.

Hint. (a) For any norm, 0 is the only exposed point of f (x) = ‖x‖.
(b) Observe that φ ∈ SX ∗ strongly exposes x0 if and only if φ(x0) = 1 and xn → x0

whenever ‖xn‖ → 1 and φ(xn)→ 1.
Then φ ∈ ∂f (x0) if and only if ‖φ/2‖ = 1 and φ(x0)/2 = 1, and (φ − f )(xn)→

(φ − f )(x0) implies ‖xn‖ → 1. Thus (φ − f )(xn)→ (φ − f )(x0) implies φ(xn)→
φ(x0) and ‖xn − x0‖ → 0.

5.2.10.� Prove Proposition 5.2.4(b).

Hint. Suppose f ∗ is exposed at φ by x ∈ X . Then x ∈ ∂f ∗(φ) and so Proposi-
tion 4.4.5(a) implies φ ∈ ∂f (x). Now Proposition 5.2.2 implies ∂f (x) = {φ} and so
f is Gâteaux differentiable at x according to Corollary 4.2.5.

Conversely, suppose f is Gâteaux differentiable at x with f ′(x) = φ. Then ∂f (x) =
{φ}. Then x ∈ ∂f ∗(φ) according to Proposition 4.4.5(a), and moreover, x �∈ ∂f ∗(�)
for� �= φ (or else� ∈ ∂f (x)). Therefore, Proposition 5.2.2 implies that f ∗ is exposed
by x at φ.

5.2.11. This is a function version of Exercise 5.1.14. Let 1 < p < 2, and let f : �2 →
(−∞,+∞] be defined by

f (x) :=
{∑∞

i=1 |xi|p if x = (xi) ∈ �p;

∞ otherwise.

Show that f is a lsc strictly convex function and thus every point in dom f is an
extreme point of f . However, there are points in the relative interior of the domain
of f where the subdifferential is empty.

Hint. Let g(x) := ‖x‖p where x ∈ �p. Then g is a continuous supercoercive convex
function on a reflexive space, therefore its subdifferential is onto �∗p. Thus we find
x̄ ∈ �p so that φ = ∂g(x̄) (note that g is differentiable) and φ ∈ �∗p \ �2. Now x̄ is in
the relative interior of the domain of f , if � ∈ ∂f (x̄), then �|�p = φ, but this cannot
happen since φ �∈ �2.

5.2.12 (Perturbed minimization principles). Let X be a Banach space, and let C ⊂ X
be a closed bounded convex set. Show that the following are equivalent.

(a) Every weak∗-lsc convex function f : X ∗ → R such that f ≤ σC is Fréchet
differentiable on a dense Gδ-subset of X ∗.
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(b) Given any proper lsc bounded below function f : C → (−∞,+∞] and ε > 0,
there exist φ ∈ εBX ∗ and x0 ∈ C such that f − φ attains its strong minimum
at x0.

Hint. (a)⇒ (b): Suppose f : C → R is bounded below on C. Then there exists a ∈ R
so that f +a ≥ δC . Consequently, f ∗ −a = ( f +a)∗ ≤ δ∗C ≤ σC . Given ε > 0, there
exists φ ∈ εBX ∗ so that f ∗ − a and hence f ∗ is Fréchet differentiable at φ. Conclude
that f − φ attains its strong minimum at x0.

(b) ⇒ (a): Take any weak∗-lsc convex g ≤ σC . Let f = g∗|X . Then f ≥ δC ,
and f ∗ = g. Now let � ∈ X ∗ be arbitrary, then f + � is bounded below on C, so
f + � is strongly exposed by some φ ∈ εBX ∗ . This implies ( f + �)∗ is Fréchet
differentiable at φ. But ( f +�)∗(·) = g∗(· −�), and so g∗ is Fréchet differentiable
at �+ φ. Conclude that the points of differentiability of f is a dense (automatically)
Gδ-set.

5.3 Strictly convex functions

Recall a proper convex function f : X → (−∞,+∞] is strictly convex if

f (λx + (1− λ)y) < λf (x)+ (1− λ)f (y)

whenever x �= y, 0 < λ < 1, x, y ∈ dom f .

Notice that some confusion may arise, because even when ‖ · ‖ is a strictly convex
norm, the function f (·) := ‖ · ‖ is not a strictly convex function. Thus one must be
careful to note the context in which the adjective strictly convex is used, the same will
be true for locally uniformly convex, and uniform convex functions as defined later
in this section. Figure 7.1 illustrates the nuances of strict convexity reasonably well.

Fact 5.3.1. For a proper convex function f : X → (−∞,+∞], the following are
equivalent.

(a) f is strictly convex.

(b) f
(

x+y
2

)
< 1

2 f (x)+ 1
2 f (y) for all distinct x, y ∈ dom f .

Proof. Clearly, (a) implies (b). The converse can be proved by observing when f is
not strictly convex, then its graph contains a line segment by the three-slope inequality
(Fact 2.1.1) and so then (b) will fail for some x and y.

Example 5.3.2. Recall that t 
→ t2 is strictly convex on R because its derivative is
strictly increasing. Let f : R → (−∞,+∞] be defined by f (t) = t2 if t is rational
and f (t) = +∞ otherwise. Then

f

(
t + s

2

)
<

1

2
f (t)+ 1

2
f (s) for all s �= t, s, t ∈ dom f .

but f is not convex, and hence not strictly convex.
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We will say a convex function f is strictly convex at x0 ∈ dom f if f ( y+x0
2 ) <

1
2 f (x0)+ 1

2 f (y) for all y ∈ dom f \ {x0}.

Fact 5.3.3. Suppose f : X → (−∞,+∞] is convex, lsc and proper. Then f is strictly
convex if and only if (x0, f (x0)) is an extreme point of epi f whenever x0 ∈ dom f .

Proof. For the ‘only if’ implication, suppose f is strictly convex and x0 ∈ dom f .
Suppose that (x0, f (x0)) = λ(x, t)+ (1−λ)(y, s) where 0 < λ < 1 and x, y ∈ dom f ,
f (x) ≤ t, and f (y) ≤ s. If x = y = x0, then s = t = f (x0). Thus we suppose x �= x0

and y �= x0.According to the strict convexity of f , we deduce that f (x0) < λt+(1−λ)s
which is a contradiction. For the converse, suppose x, y ∈ dom f , x �= y, and that
x0 = λx + (1 − λ)y where 0 < λ < 1. Given that (x0, f (x0)) is an extreme point of
epi f , we deduce that f (x0) < λf (x)+ (1−λ)f (y). Therefore f is strictly convex.

A convex function f is said to be locally uniformly convex at x0 ∈ dom f if

‖xn − x0‖ → 0 whenever
1

2
f (xn)+ 1

2
f (x0)− f

(
xn + x0

2

)
→ 0, xn ∈ dom f .

We will say a convex function f : X → (−∞,+∞] is locally uniformly convex if
it is locally uniformly convex at each x ∈ dom f . Observe that a locally uniformly
convex function is strictly convex.

Proposition 5.3.4. Suppose f : X → (−∞,+∞] is a proper lsc function and that
φ ∈ ∂f (x0).

(a) If f is strictly convex at x0, then φ exposes f at x0.
(b) If f is locally uniformly convex at x0, then φ strongly exposes f at x0.

Proof. (a) Suppose x ∈ dom f and x �= x0. Write x = x0 + h, then f (x0 + 1
2h) <

1
2 f (x0) + 1

2 f (x0 + h). Now 1
2φ(h) = φ(x0 + 1

2h) − φ(x0) <
1
2 f (x0 + h) − 1

2 f (x0)

and so φ(h) < f (x0 + h)− f (x0), that is φ(x)− φ(x0) < f (x)− f (x0).
(b) Suppose (xn) is such that f (xn)− φ(xn)→ f (x0)− φ(x0). Now observe

0 ≤ 1

2
[ f (xn)+ f (x0)] − f

(
xn + x0

2

)
≤ f (xn)− 1

2
φ(xn)+ 1

2
φ(x0)−

[
f (x0)+ 1

2
φ(xn)− 1

2
φ(x0)

]
now the right-hand side of this goes to 0, so since f is locally uniformly convex at x0,
we have that ‖xn − x0‖ → 0.

The converses to the preceding proposition do not hold in the following sense. Let
f (·) := ‖ · ‖. Then φ = 0 strongly exposes f at x = 0. However, f is not strictly
convex at x = 0.
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Proposition 5.3.5. Suppose X is a Banach space and f : X → R is a continuous
convex function. Then the following are equivalent.
(a) f is strictly convex.
(b) Every x0 ∈ X is an exposed point of f .
(c) For every x0 ∈ X , (x0, f (x0)) is an extreme point of epi f .

Proof. First, note that (a)⇒ (b) follows from Proposition 5.3.4 because dom(∂f ) =
X . Also, (c)⇒ (a) follows from Fact 5.3.3.

(b)⇒ (c): Suppose x y ∈ X and let x0 := λx+ (1−λ)y where 0 < λ < 1. Choose
φ ∈ ∂f (x0) such that f − φ attains a strict minimum at x0. Then

f (x0) < λ(f − φ)(x)+ (1− λ)(f − φ)(y)+ φ(x0)

= λf (x)+ (1− λ)f (y),

and so (x0, f (x0)) is an extreme point of epi f .

Proposition 5.3.6. Suppose f : X → (−∞,+∞] is convex lsc and proper.

(a) If f ∗ is strictly convex, then f is Gâteaux differentiable at each point in the interior
of its domain.

(b) If f ∗ is locally uniformly convex, then f is Fréchet differentiable at each point in
the interior of its domain.

Proof. Suppose x0 ∈ int(dom f ). Then f is continuous at x0 and so ∂f (x0) �= ∅, say
φ ∈ ∂f (x0). Thus φ ∈ dom( f ∗), and x0 ∈ ∂f ∗(φ). Because f ∗ is strictly convex
(locally uniformly convex), Proposition 5.3.4 implies x0 exposes (strongly exposes)
f ∗ at φ and so f is Gâteaux (Fréchet) differentiable at x0 by Proposition 5.2.4.

We now present a rather satisfactory duality theorem for reflexive spaces.

Theorem 5.3.7. Suppose X is a reflexive Banach space and f : X → R is a
continuous cofinite convex function. Then:

(a) f is Gâteaux differentiable if and only if f ∗ is strictly convex.
(b) The following are equivalent:

(i) f is Fréchet differentiable;
(ii) f ∗ is strongly exposed at each x∗ ∈ X ∗ by each subgradient in ∂f (x∗);
(iii) f ∗ is strongly exposed at each x∗ ∈ X ∗.

Proof. (a) The ‘if’ implication follows immediately from Proposition 5.3.6. For the
converse, let x∗0 ∈ X ∗. Because f ∗ is continuous, we fix x0 ∈ X such that x0 ∈
∂f ∗(x∗0). Now x∗0 ∈ ∂f (x0), and thus Proposition 5.2.4 ensures that x0 exposes f ∗
at x∗0. Thus every x∗ ∈ X ∗ is an exposed point of f ∗, and so f ∗ is strictly convex
according to Proposition 5.3.5.

(b) (i) ⇒ (ii): Suppose f is Fréchet differentiable and x∗0 ∈ X ∗. Choose any
x0 ∈ ∂f ∗(x∗0). Because x∗0 ∈ ∂f (x0), Proposition 5.2.4 implies f ∗ is strongly exposed
at x∗0 by x0.
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(ii)⇒ (iii) follows because ∂f ∗(x∗) is nonempty at each x∗ ∈ X ∗. We now prove
(iii) ⇒ (i): Suppose that f ∗ is strongly exposed at each x∗ ∈ X ∗. Now fix x0 ∈ X
and suppose φ ∈ ∂f (x0) and φn ∈ ∂εn f (x0) where εn → 0+. Then x0 ∈ ∂f ∗(φ),
φn →w∗ φ (by Šmulian’s theorem (4.2.11) since f is Gâteaux differentiable by part
(a) and Proposition 5.3.5) and f ∗(φn)→ f ∗(φ). Now let y strongly expose f ∗ at φ.
Because φn → φ weakly, it now follows that lim sup(f ∗ − y)(φn) ≤ (f ∗ − y)(φ).
Consequently, ‖φn−φ‖ → 0. According to Smulian’s theorem (4.2.10), f is Fréchet
differentiable at x0.

A proper convex function f : X → (−∞,+∞] is said to be uniformly convex on
bounded sets if ‖xn − yn‖ → 0 whenever (xn), (yn) are bounded sequences in dom f
such that

1

2
f (xn)+ 1

2
f (yn)− f

(
xn + yn

2

)
→ 0.

If ‖xn − yn‖ → 0 whenever xn, yn ∈ dom f are such that

1

2
f (xn)+ 1

2
f (yn)− f

(
xn + yn

2

)
→ 0,

then f is said to be uniformly convex. We do not require dom f to have nonempty
interior. Thus, for example, if dom f is a singleton, then f is trivially uniformly
convex.

We leave the proof of the following observation as an exercise.

Proposition 5.3.8. Let f and g be proper convex functions, if f is strictly convex
(resp. locally uniformly convex, uniformly convex), then f + g is strictly convex
(resp. locally uniformly convex, uniformly convex) when it is proper.

Intuitively, the previous proposition holds because adding a convex function to
another only makes the function ‘more convex’. Also, let us note:

Remark 5.3.9. (a) Let X be finite-dimensional and let f : X → R be continuous
and convex. Then f is strictly convex if and only if f is uniformly convex on
bounded sets.

(b) See Exercise 5.3.9 for a lsc strictly convex function f : R2 → (−∞,+∞] that
is not uniformly convex on bounded sets.

(c) Let X be finite-dimensional, and let f : X → R be continuous and convex. Then
f is Gâteaux differentiable if and only if f is uniformly smooth on bounded sets.

Proof. (a) Suppose f is strictly convex, but not uniformly convex on bounded sets.
Then there are bounded sequences (xn) and (yn) such that ‖xn− yn‖ ≥ ε for all n and
some ε > 0, yet

1

2
f (xn)+ 1

2
f (yn)− f

(
xn + yn

2

)
→ 0.
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Because of compactness, there are subsequences (xnk ) → x̄ and (ynk ) → ȳ. The
continuity of f then implies

1

2
f (x̄)+ 1

2
f (ȳ)− f

(
x̄ + ȳ

2

)
= 0.

This contradicts the strict convexity of f . The other direction is trivial. Similarly, (c)
follows from a compactness argument and Theorem 2.2.2.

The function, f (t) := |t|p for p > 1, is differentiable and strictly convex (for
example f ′′(t) > 0 for t > 0). Thus part (a) of the next example is immediate from
the previous observation. While (c) can be obtained rather easily with the help of the
mean value theorem.

Example 5.3.10. Consider f : R → R defined by f (t) := |t|p where p ≥ 1. Then

(a) f is uniformly convex and uniformly smooth on bounded sets for p > 1.
(b) f is uniformly convex if and only if p ≥ 2.
(c) f is uniformly smooth if and only if 1 < p ≤ 2.

Proof. See Exercise 5.3.6(b).

The next example builds certain convex functions from norms.

Example 5.3.11. Let p > 1 and X be a Banach space and suppose its norm ‖ · ‖ is
strictly (resp. locally uniformly, uniformly) convex. Then the function f := ‖ · ‖p is
strictly convex (resp. locally uniformly convex, uniformly convex on bounded sets).

Proof. First, suppose ‖ · ‖ is uniformly convex. Now suppose (xn), (yn) ⊂ X are
bounded sequences such that

1

2
‖xn‖p + 1

2
‖yn‖p −

∥∥∥∥xn + yn

2

∥∥∥∥p

→ 0. (5.3.1)

The uniform convexity of the function g = |· |p on bounded subsets of R then implies
(‖xn‖ − ‖yn‖) → 0, and thus (5.3.1) ensures (‖(xn + yn)/2‖ − ‖xn‖) → 0. The
uniform convexity of ‖ · ‖ implies ‖xn − yn‖ → 0 as desired (for this, boundedness
of the sequences is essential). The other proofs are similar: for example, in the local
uniformly convex case, replace the sequence (yn) with a single point x.

It is worth noting that determining the uniform convexity of ‖ · ‖p is actually quite
delicate, and depends on the modulus of convexity of the norm as will be seen later
in Theorem 5.4.6. We now turn from examples to duality results.

Proposition 5.3.12. Suppose f : X → R is continuous convex. If f ∗ is uniformly
convex on bounded sets, then f ′ is uniformly continuous on sets D such that ∂f (D) is
bounded.

Proof. Suppose ∂f (D) is bounded, (xn) and (yn) are sequences in D such that ‖xn −
yn‖ → 0. First, f is Fréchet differentiable because f ∗ is locally uniformly convex
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(Proposition 5.3.6). Now let φn := f ′(xn) and �n := f ′(yn). Then (φn) and (�n) are
bounded and f ∗(φn) = φn(xn)− f (xn) and f ∗(�n) = �n(yn)− f (yn) and note that

f ∗(φn+�n
2 ) ≥

〈
φn+�n

2 , xn+yn
2

〉
− f ( xn+yn

2 ). Therefore,

0 ≤ 1

2
f ∗(φn)+ 1

2
f ∗(�n)− f ∗

(
φn +�n

2

)
≤ 1

2
[φn(xn)− f (xn)] + 1

2
[�n(yn)− f (yn)]

−
[〈
φn +�n

2
,
xn + yn

2

〉
− f

(
xn + yn

2

)]
= 1

2
φn

(
xn − yn

2

)
+ 1

2
�n

(
yn − xn

2

)
+ f

(
xn + yn

2

)
− 1

2
f (xn)− 1

2
f (yn)

≤ 1

2
φn

(
xn − yn

2

)
+ 1

2
�n

(
yn − xn

2

)
.

The last term goes to 0 because ‖xn − yn‖ → 0 and the functionals are uniformly
bounded. Because f ∗ is uniformly convex on bounded sets, ‖φn −�n‖ → 0.

Proposition 5.3.13. Suppose f : X → R is convex and has uniformly continuous
derivative. Then f ∗ is uniformly convex.

Proof. Suppose (φn), (�n) ⊂ dom f ∗ are such that

1

2
f ∗(φn)+ 1

2
f ∗(�n)− f ∗

(
φn +�n

2

)
→ 0.

Given εn → 0+, choose xn ∈ X such that f ∗(φn+�n
2 ) = (

φn+�n
2 )(xn) − f (xn) + εn.

Then

1

2
[ f ∗(φn)− (φn(xn)− f (xn))] + 1

2
[ f ∗(�n)− (�n(xn)− f (xn))] − εn → 0.

Now each of the preceding terms in brackets is nonnegative, consequently, they
both must go to 0 since their sum goes to 0. It follows that φn ∈ ∂ε̃n f (xn) and
�n ∈ ∂ε̃n f (xn)where ε̃n → 0+. The uniform smoothness of f implies ‖φn−�n‖ → 0
(Proposition 4.2.14). Thus f ∗ is uniformly convex.

We are now ready for a duality theorem concerning uniform convexity and uniform
smoothness on bounded sets.

Theorem 5.3.14. Suppose f : X → (−∞,+∞] is a convex function.

(a) f is supercoercive and uniformly smooth on bounded sets if and only if f ∗ is
supercoercive, bounded and uniformly convex on bounded sets.

(b) f is supercoercive, bounded and uniformly convex on bounded sets if and only if
f ∗ is supercoercive and uniformly smooth on bounded sets.
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Proof. (a) Suppose f is supercoercive and uniformly smooth on bounded sets. Then
f is also bounded on bounded sets because its derivative uniformly continuous on
bounded sets (Proposition 4.2.15). Now f ∗ is supercoercive and bounded on bounded
sets by Theorem 4.4.13. Suppose sequences (φn) and (�n) as in the proof of Proposi-
tion 5.3.13 are bounded, the supercoercivity of f then forces the sequence (xn) therein
to be bounded, therefore the uniform smoothness of f on bounded sets ensures that
‖φn −�n‖ → 0 (Proposition 4.2.15).

Conversely, because f ∗ is supercoercive and bounded on bounded sets, Theo-
rem 4.4.13 ensures f is supercoercive and bounded on bounded sets. Therefore, ∂f is
bounded on bounded sets. According to Proposition 5.3.12, x → f ′(x) is uniformly
continuous on bounded sets.

(b) This can be deduced from (a) because the existence of such a function f on a
Banach space implies it is reflexive (Exercise 5.3.3).

The above proof uses supercoercivity in a very crucial fashion. The following
remark illustrates that this is a necessary restriction.

Remark 5.3.15. (a) Consider f (t) := et − t, then f is coercive, uniformly convex
on bounded subsets of R, but f ∗ is not everywhere defined, moreover f ∗ is not
uniformly smooth bounded sets.

(b) In Exercise 5.3.10, an example of a function f : R2 → R is given so that f
is not strictly convex, while f ∗ is globally Lipschitz and uniformly smooth on
bounded sets.

(c) Together (a) and (b) show that we cannot remove supercoercivity from Theo-
rem 5.3.14 and still have duality between uniform smoothness on bounded sets
and uniform convexity on bounded sets.

Thus far we almost have the duality between uniformly convex and uniformly
smooth functions. The key to completing this is that uniformly convex functions are
automatically supercoercive as we will see shortly.

For a proper convex function f : X → (−∞,+∞], we define the modulus of
convexity, δf : [0,∞] → [0,∞], of f by

δf (ε) := inf

{
1

2
f (x)+ 1

2
f (y)− f

(
x + y

2

)
: ‖x − y‖ ≥ ε, x, y ∈ dom f

}
.

As usual, we define the infimum over the empty set as+∞. Observe that f is uniformly
convex if and only if δf (ε) > 0 for each ε > 0.

Fact 5.3.16. Suppose f : X → (−∞,+∞] is a uniformly convex function. Then:

(a) δf (2ε) ≥ 4δf (ε) for all ε > 0. Consequently, lim inf
ε→∞

δf (ε)

ε2
> 0; and

(b) lim inf‖x‖→∞
f (x)

‖x‖2
> 0.



5.3 Strictly convex functions 245

Proof. (a) Let ε > 0 and let η > 0. If δf (2ε) = +∞, there is nothing further to do,
otherwise, choose x, y ∈ X such that ‖x − y‖≥ 2ε, and

f

(
x + y

2

)
>

1

2
f (x)+ 1

2
f (y)− δf (2ε)− η. (5.3.2)

By shifting f , we may and do assume x = 0. Now

f

(
0+ y

2

)
≤ 1

2
f
( y

4

)
+ 1

2
f

(
3

4
y

)
− δf (ε)

≤ 1

4
f (0)+ 1

4
f
( y

2

)
+ 1

4
f
( y

2

)
+ 1

4
f (y)− 2δf (ε)

≤ 1

4
f (0)+ 1

4
f (y)+ 1

4
f (0)+ 1

4
f (y)− 2δf (ε)− 1

2
δf (2ε).

Comparing this with (5.3.2) noting that η is arbitrarily small, yields δf (2ε) ≥ 4δf (ε).
Consequently, by induction, one can show δf (2n) ≥ (2n)2δf (1), from which it

follows that lim inf ε→∞ δf (ε) ≥ 1
4δf (1)ε2.

(b) Without loss of generality, we may shift f so that 0 ∈ dom f . Now let φ ∈
∂1f (0), and then let g(x) = f (x)− φ(x)+ 1. Then g is uniformly convex and g ≥ 0.
Moreover, if ‖x‖ = ε, then 1

2g(x) + 1
2g(0) − g(x/2) ≥ 1

4δg(1)ε2, and so g(x) ≥
1
4δg(1)ε2 − g(0) hence lim inf ‖x‖→∞ g(x)

‖x‖2 > 0, and so the same is true for f .

Theorem 5.3.17. Suppose f : X → (−∞,+∞] is a proper lsc convex function.

(a) f is uniformly smooth if and only if f ∗ is uniformly convex.
(b) f is uniformly convex if and only if f ∗ is uniformly smooth.

Proof. We prove (b) first and then deduce (a). Suppose f ∗ is uniformly smooth, then
f ∗∗ is uniformly convex by Proposition 5.3.13. Thus f = f ∗∗|X is also uniformly
convex. Conversely, suppose f is uniformly convex. Then f is supercoercive by
Fact 5.3.16(b), so f ∗ is continuous everywhere. Suppose by way of contradiction that
f ∗ is not uniformly smooth. Then there exist (φn), (�n) ⊂ X ∗ where ‖�n‖ → 0+
and ε > 0 so that

1

2
f ∗(φn +�n)+ 1

2
f ∗(φn −�n)− f ∗(φn) ≥ 2ε‖�n‖.

Choose xn, yn ∈ X so that f ∗(φn + �n) ≤ (φn + �n)(xn) − f (xn) + ε‖�n‖ and
f ∗(φn −�n) ≤ (φn −�n)(yn)− f (yn)+ ε‖�n‖. Hence one can estimate

1

2
�n(xn − yn)+ 1

2
φn(xn + yn)− 1

2
f (xn)− 1

2
f (yn)− f ∗(φn) ≥ ε‖�n‖.

This with φn

(
xn+yn

2

)
− f

(
xn+yn

2

)
− f ∗(φn) ≤ 0 implies

1

2
�n(xn − yn)+ f

(
xn + yn

2

)
− 1

2
f (xn)− 1

2
f (yn) ≥ ε‖�n‖. (5.3.3)
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Thus �n(xn − yn) ≥ 2ε‖�n‖ for all n, and hence ‖xn − yn‖ ≥ ε for all n. This with
(5.3.3) implies |�n(xn−yn)| ≥ δf (‖xn−yn‖) ≥ δf (ε) > 0. Because ‖�n‖ → 0, this
implies‖xn−yn‖ → ∞, but then Fact 5.3.16(a) implies δf (‖xn−yn‖)/‖xn−yn‖ → ∞
which is impossible since ‖�n‖ → 0. This proves (b).

To prove (a), suppose f is uniformly smooth, then f ∗ is uniformly convex according
to Proposition 5.3.13. Conversely, if f ∗ is uniformly convex, then f ∗∗ is uniformly
smooth by part (b), and hence so is f ∗∗|X .

In contrast to the Milman–Pettis theorem (5.1.20), Banach spaces with uniformly
convex or uniformly smooth functions are not necessarily reflexive, for example, any
constant function is uniformly smooth and the indicator function of a point is trivially
uniformly convex. We close this section with the following interesting consequence
of Fact 5.3.16(b).

Corollary 5.3.18. Suppose f : X → (−∞,+∞] is a proper lsc uniformly convex
function. Then f attains its strong minimum on X , and ∂f (X ) = X ∗.

Proof. Because f is supercoercive (Fact 5.3.16(b)) and lsc, it is bounded below. Thus
we let (xn) ⊂ dom f be a sequence such that f (xn)→ inf X f . Then

lim
m,n→∞

1

2
f (xn)+ 1

2
f (xm)− f

(
xn + xm

2

)
→ 0

and so by the uniform convexity of f , limm,n ‖xn−xm‖ → 0. Therefore, (xn) is Cauchy
and converges to some x̄ ∈ X . By the lower-semicontinuity of f , f (x̄) = inf X f .

Now let φ ∈ X ∗. Then f − φ is uniformly convex, and so it attains its minimum at
some x̄. Thus f (x)− φ(x) ≥ f (x̄)− φ(x̄), and so φ ∈ ∂f (x̄).

Exercises and further results

5.3.1. Verify that the definition of locally uniformly convex functions is not changed
if we assume the sequences (xn)

∞
n=1 ⊂ dom f are bounded.

5.3.2. Suppose X is a Banach space, 1 < p < ∞ and ‖ · ‖ is a uniformly smooth
norm on X . Show that the function f = ‖ · ‖p is uniformly smooth on bounded sets.

Hint. This can be done directly, or as a dual to Example 5.3.11.

5.3.3.� Suppose X is a Banach space. Show the following are equivalent.

(a) There is a proper lsc locally uniformly convex (resp. uniformly convex on
bounded sets) function f : X → (−∞,+∞] that is continuous at some point.

(b) X admits an equivalent locally uniformly convex (resp. uniformly convex) norm.
(c) There is a continuous supercoercive f : X → (−∞,+∞] locally uniformly

convex (resp. uniformly convex on bounded sets) function.

Conclude that a Banach space is superreflexive if and only if it admits a lsc uniformly
convex function whose domain has nonempty interior. Show, additionaly, in the
locally uniformly convex case, that the norm constructed in (b) is a dual norm when
X is a dual space and the function is weak∗-lsc.
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Hint. (a) ⇒ (b): Without loss, assume f is continuous at 0, and let φ ∈ ∂f (0).
Exercise 5.2.6 implies f − φ is coercive and symmetrize this new function. We
provide the details in the uniformly convex case only. Now let g(x) := f (x)+f (−x)

2 and
let r > 0 be such that B2r ⊂ dom f . Now for ‖h‖ = r we have

1

2
g(h)+ 1

2
g(0)− g

(
h

2

)
≥ δg(r) > 0.

Thus g(h) ≥ 2δg(r) for all h such that ‖h‖ = r. Let consider the norm ||| · |||whose unit
ball is B = {x : g(x) ≤ δg(r)}. Then g is Lipschitz on B. Suppose |||xn||| = |||yn||| = 1
and

1

2
|||xn||| + 1

2
|||yn||| −

∣∣∣∣∣∣∣∣∣∣∣∣xn + yn

2

∣∣∣∣∣∣∣∣∣∣∣∣→ 0.

Then g( xn+yn
2 )→ δg(r) since g is Lipschitz on B, consequently 1

2g(xn)+ 1
2g(yn)−

g( xn+yn
2 )→ 0 and so ‖xn − yn‖ → 0 and hence |||xn − yn||| → 0.

For (b)⇒ (c), take f = ||| · |||2 where ||| · ||| is guaranteed by (b).

5.3.4. Suppose f : X → R is a coercive uniformly smooth function.

(a) Use the implicit function theorem for gauges (4.2.13) to show that X has an
equivalent uniformly smooth norm.

(b) Show that f 2 is supercoercive and uniformly smooth on bounded sets. Deduce
from duality and Exercise 5.3.3 that X has an equivalent uniformly smooth norm.

5.3.5 (Constructing uniformly convex functions). For this exercise, we will say a
real function φ is uniformly increasing if for each δ > 0, there exists ε > 0 so that
φ(s)+ ε ≤ φ(t) whenever s, t ∈ dom φ and s+ δ ≤ t.

(a) Let f : X → (−∞,+∞] be a uniformly convex function, and suppose φ is
a convex uniformly increasing function whose domain contains the range of f .
Then φ ◦ f is uniformly convex.

(b) Let p ≥ 1, and consider φ : [0,+∞)→ R defined by φ(t) = tp. Show that φ is
a uniformly increasing convex function.

(c) Let H be a Hilbert space with inner product norm ‖ · ‖, and let p ≥ 2. Show that
‖ · ‖p is a uniformly convex function.

(d) Suppose (X , ‖ · ‖) is a Banach space, and ‖ · ‖ has modulus of convexity of
power type 2. Show that the function ‖ · ‖p is uniformly convex for p ≥ 2. See
Theorem 5.4.6 for a more general and precise result.

(e) Show e‖·‖p
is uniformly convex when p ≥ 2, and ‖ · ‖ is as in (c) or (d). See

Exercise 5.4.7 for related constructions of uniformly convex functions.
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Hint. (a) Let x, y ∈ dom f . Suppose ‖x − y‖ = ε where ε > 0, and choose η > 0 so
that φ(s)+ η ≤ φ(t) wherever s+ δf (ε) ≤ t. Then

φ

(
f

(
x + y

2

))
≤ φ

(
1

2
f (x)+ 1

2
f (y)− δf (ε)

)
≤ φ

(
1

2
f (x)+ 1

2
f (y)

)
− η

≤ 1

2
φ( f (x))+ 1

2
φ( f (y))− η.

(b) Given δ > 0, show that sp + ε ≤ tp where ε = min{pδp/2p−1, 2−1δp} or any
other valid estimate. Suppose s+ δ < t. In the case s ≤ δ/2, tp− sp ≥ δp− δp/2p ≥
δp/2. In the case s > δ/2, tp − sp ≥ psp−1(t − s) ≥ pδp/2p−1.

(c) The parallelogram law implies f = ‖ · ‖2 is uniformly convex. By parts (a) and
(b), f p = ‖ · ‖2p is uniformly convex for each p ≥ 1.

(d) Use Exercise 5.1.22 to conclude ‖·‖2 is uniformly convex and proceed as in (c).
(e) Note that t 
→ et is uniformly increasing on [0,∞).

5.3.6.�

(a) Prove Proposition 5.3.8.
(b) Verify Example 5.3.10.
(c) Prove Remark 5.3.9(c).

Hint. (b) To verify Example 5.3.10 parts (b) and (c), note that f = | · | is neither
uniformly convex nor uniformly smooth. Use the mean value theorem to show that
f = | · |p is uniformly smooth if and only if 1 < p ≤ 2. The statement on uniform
convexity can be derived dually. An alternative proof of the uniform convexity state-
ment is as follows. Exercise 5.3.5(c) ensures f is uniformly convex for p ≥ 2, while
Fact 5.3.16(b) ensures f is not uniformly convex for p < 2.

5.3.7. Suppose f : X → (−∞,+∞] is a lsc convex function. If f : X → R is a
locally uniformly convex function, must f be coercive? What if f is uniformly convex
on bounded sets?

Hint. No: once again f : R → R where f (t) = et provides a counterexample.
Compare to Fact 5.3.16(b).

5.3.8. Suppose f : X → (−∞,+∞] is a lsc convex function. Suppose that f ∗ is
strictly convex at all points of dom(∂f ∗). Show that f is Gâteaux differentiable at all
points in the interior of its domain.
5.3.9 (Strictly versus uniformly convex functions). Define f : R2 → (−∞,+∞] by

f (x, y) :=
− 4

√
xy + 1

x +max
{

1
y , 1

}
if x > 0 and y > 0;

+∞ otherwise.

Verify that f is a lsc convex function that is continuous in the extended real-valued
sense and that f is strictly convex, but that f is not uniformly convex on bounded
subsets of its domain.
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Hint. Check that− 4
√

xy is strictly convex for x > 0, y > 0 by computing its Hessian.
Now, f is strictly convex because it is a sum of a strictly convex function with other
convex functions. Consider, for example the points ( 1

n , 2) and ( 1
n , 4) to see that f is

not uniformly convex.

5.3.10. Let f (x, y) :=
{
− 4
√

xy if 0 ≤ x ≤ 1 and 0 ≤ y ≤ 1;

∞ otherwise.

(a) Show that f is not strictly convex but that it is strictly convex on dom(∂f ).
(b) Show that f ∗ is Lipschitz and Gâteaux differentiable everywhere on R2.
(c) Conclude that the derivative of f ∗ is uniformly continuous on bounded sets.
(d) Conclude that the derivative of f ∗ is not uniformly continuous everywhere.

Hint. (a) By computing the Hessian, one can see that − 4
√

xy is strictly convex if
x > 0 and y > 0. It is not strictly convex when x = 0 or y = 0. Notice also,
dom(∂f )(x, y) = ∅ if x = 0 or y = 0.

(b) f ∗ is Lipschitz because the domain of f is bounded. f ∗ is Gâteaux differentiable
by Exercise 5.3.8.

(c) Follows from Remark 5.3.9.
(d) f is not uniformly convex, therefore f ∗ cannot be uniformly smooth.

5.3.11 (Differentiability of distance functions). Suppose X is a Banach space with
closed convex subset C.

(a) Suppose the dual norm on X ∗ is strictly convex. Show that d2
C is Gâteaux

differentiable.
(b) Suppose the dual norm on X ∗ is locally uniformly convex. Show that d2

C is Fréchet
differentiable.

(c) Suppose the dual norm on X ∗ is uniformly convex. Show that d2
C has a uniformly

continuous derivative on bounded sets. It is worth noting that d2
C may not have

a globally uniformly continuous derivative. For example, Theorem 5.4.5 below
shows that even if C = {0} and X = �p with its usual norm for 1 < p < 2, d2

C
will not be uniformly smooth.

Hint. One approach is as follows: f is the infimal convolution of ‖ · ‖2 with the
indicator function of C. The conjugate of this function is the sum of the support
function and one-fourth the dual norm squared. The later function is strictly convex
(resp. locally uniformly convex, uniformly convex on bounded sets), hence so is the
sum. Now use duality results.

5.3.12. Suppose f and g are proper lsc convex functions on a Banach space X such that
f g is continuous. Show that f g is Gâteaux (resp. Fréchet, uniformly) smooth pro-
vided f ∗ is strictly (resp. locally uniformly, uniformly) convex. Provide an example
where f g can fail to be Gâteaux differentiable even when f is Fréchet differentiable.

Hint. Use Lemma 4.4.15 with Proposition 5.3.8 and appropriate duality results. The
desired example can be found in [419, Remark 2.5(a)].
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5.3.13 (Directional uniform convexity).�� Given a Banach space X with a topology
τ , a convex function f : X → (−∞,+∞] is said to be τ -uniformly convex if
(xn − yn)→τ 0 whenever (xn), (yn) are sequences in dom f such that

1

2
f (xn)+ 1

2
f (yn)− f

(
xn + yn

2

)
→ 0.

When τ is the weak topology on X (resp. weak∗ topology when X is a dual space),
we say f is weakly uniformly convex (resp. weak∗-uniformly convex).

(a) Suppose that f : X → R is continuous convex function such that x 
→ f ′(x) is
norm-to-weak∗-uniformly continuous. Show that f ∗ is weak∗-uniformly convex.

(b) Suppose f : X → R is continuous convex. Suppose f ∗ is weak∗-uniformly
convex. Show that x 
→ f ′(x) is norm-to-weak∗-uniformly continuous on sets D
such that ∂f (D) is bounded.

(c) Suppose f : X → R is a Lipschitz convex function. Show that x 
→ f ′(x) is
uniformly Gâteaux differentiable if and only if f ∗ is weak∗-uniformly convex.

Hint. Mimic the proofs given for the analogous cases for uniformly convex and
uniformly smooth functions.

5.3.14. Suppose f is a proper lsc convex function on a Banach space X .

(a) Suppose f ∗ is a supercoercive strictly convex function. Show that f is bounded
on bounded sets and Gâteaux differentiable.

(b) Suppose f ∗ is supercoercive and Gâteaux differentiable everywhere. Show that f
is strictly convex.

(c) Suppose f ∗ is Gâteaux differentiable everywhere. Show that f is strictly convex
on the interior of its domain. In particular, if X = R, f is strictly convex.

(d) Suppose X is reflexive. Show that f : X → R is strictly convex, supercoer-
cive and bounded on bounded sets if and only if f ∗ is Gâteaux differentiable,
supercoercive and bounded on bounded sets.

Hint. Use appropiate duality theorems to deduce (a). For (b), f is bounded on bounded
sets, hence continuous. Let x ∈ X , and take φ ∈ ∂f (x). We claim that φ exposes f at
x. Indeed, if not, then there exist y �= x such that f (y) = f (x)+ φ(y)− φ(x). From
this, φ ∈ ∂f (y). Now x, y ∈ ∂f ∗(φ) which implies f ∗ is not Gâteaux differentiable at
φ. To prove (c), one can mimic the proof of (b), since ∂f (x) �= ∅ if x ∈ int(dom f ).

5.3.15. Suppose X is a Banach space and f : X → (−∞,+∞] is a lsc convex
function. Show that the following are equivalent.
(a) f ∗ is supercoercive, bounded on bounded sets and Fréchet differentiable.
(b) X is reflexive and f is supercoercive, bounded on bounded sets and f is strongly
exposed at each x ∈ X .

Hint. (a) ⇒ (b): Because f ∗ is supercoercive and bounded on bounded sets, so is f
(Theorem 4.4.13). The reflexivity of X follows from Exercise 5.1.28. Let x ∈ X ;
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choose φ ∈ ∂f (x) because f is continuous at x. By Theorem 5.2.3, f is strongly
exposed at x by φ since f ∗ is Fréchet differentiable at φ.

(b)⇒ (a): Because f is supercoercive and bounded on bounded sets, so is f ∗. Use
Theorem 5.3.7 to deduce that f ∗ is Fréchet differentiable.

5.3.16. Suppose X is a Banach space. Show that X is reflexive if and only if it
admits a continuous convex cofinite function f such that f and f ∗ are both Fréchet
differentiable.

Hint. If X is reflexive consider f := 1
2‖ · ‖2 where ‖ · ‖ is an equivalent locally

uniformly convex and Fréchet differentiable norm on X . For the converse, use the
Moreau-Rockafellar dual theorem (4.4.12) to deduce that f ∗ is coercive, and then
apply Exercise 5.1.28 to deduce X is reflexive.

5.3.17. Suppose X is a reflexive Banach space and f : X → (−∞,+∞] is a lsc
proper function.
(a) Suppose f is continuous, cofinite and f and f ∗ are both Fréchet differentiable.
Show that f and f ∗ are both locally uniformly convex.
(b) Show that f is supercoercive, bounded on bounded sets, locally uniformly convex
and Fréchet differentiable if and only if f ∗ is.
(c) Find an example of a supercoercive Fréchet differentiable function f such that f ∗
is not locally uniformly convex.

Hint. (a) We will show that f is locally uniformly convex. For this, suppose that
(xn)

∞
n=1 is bounded (see Exercise 5.3.1) and

1

2
f (x)+ 1

2
f (xn)− f

(
x + xn

2

)
→ 0.

Let φ ∈ ∂f (x) and φn ∈ ∂f ( x+xn
2 ). Then

1

2
f (x)+ 1

2
f (xn)−

[
φn

(
x + xn

2

)
− f ∗(φn)

]
→ 0 and so

1

2
[f (x)− φn(x)] + 1

2
[f (xn)− φn(xn)] + f ∗(φn)→ 0.

Now both f (x)− φn(x) ≥ −f ∗(φn) and f (xn)− φn(xn) ≥ −f ∗(φn), so we conclude
that

φn(x)− f (x)− f ∗(φn)→ 0 and φn(xn)− f (xn)− f ∗(φn)→ 0. (5.3.4)

Thus f (x)+ f ∗(φn) ≤ φn(x)+εn where εn → 0+. According to Proposition 4.4.1(b),
φn ∈ ∂εn f (x). Because f is Fréchet differentiable at x, Šmulian’s theorem (4.2.10)
implies ‖φn−φ‖ → 0. Because (xn)

∞
n=1 is bounded, this impliesφn(xn)−φ(xn)→ 0.

From (5.3.4), we also have φ(xn) − f (xn) ≥ f ∗(φ) − εn where εn → 0+. Again,
Proposition 4.4.1(b) impliesφ ∈ ∂εn f (xn)which in turn implies xn ∈ ∂εn f ∗(φ) (Propo-
sition 4.4.5). Because f ∗ is Fréchet differentiable at φ, Šmulian’s theorem (4.2.10)
implies ‖xn−x‖ → 0 as desired. Because f ∗∗ = f , the argument implies f ∗ is locally
uniformly convex as well.
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Part (b) follows from (a) because f is supercoercive and bounded on bounded sets
if and only if f ∗ is by Theorem 4.4.13 and then f is Fréchet differentiable when f ∗
is locally uniformly convex by Proposition 5.3.6. For part (c), consider f := ‖ · ‖2

where ‖ · ‖ is a Fréchet differentiable norm whose dual norm is not locally uniformly
convex as cited in Remark 5.1.31(b).

5.3.18 (Limitations on convexity/smoothness duality). Let X be a Banach space, and
suppose f is a lsc proper convex function on X . Provide examples for the following
assertions.

(a) f Fréchet differentiable and supercoercive does not imply f ∗ is strictly convex.
(b) f locally uniformly convex and supercoercive does not imply f ∗ is Gâteaux

differentiable.
(c) f ∗ Fréchet differentiable and coercive does not imply f is strictly convex.
(d) f ∗ locally uniformly convex, Fréchet differentiable and coercive does not imply

f is Fréchet differentiable.

Hint. For (a), consider, f (x) := ‖x‖2 where ‖ · ‖ is Fréchet differentiable on C[0,ω1];
see Remark 5.1.30(b). For (b) let f (x) := ‖x‖2 where ‖·‖ is locally uniformly convex
on �1. For (c), let g(x, y) := f (x − 1/2, y − 1/2) where f is the function from Exer-
cise 5.3.10. Compute that g∗(x, y) = f ∗(x, y)+〈(x, y), (1/2, 1/2)〉. Therefore, g∗ has
uniformly continuous derivative on bounded sets because f ∗ has such a derivative.
However, f is not strictly convex, and so g is not strictly convex. However, g∗ is coer-
cive because g is continuous at (0, 0) by the Moreau–Rockafellar theorem (4.4.10).
For (d), let f ∗(t) := et − t.

5.4 Moduli of smoothness and rotundity

This section will look at finer properties of uniformly convex and uniformly smooth
functions. For a convex function f : X → R, we define the modulus of smoothness
of f , for τ ≥ 0, by

ρf (τ ) := sup

{
1

2
f (x + τy)+ 1

2
f (x − τy)− f (x) : x ∈ X , y ∈ SX

}
.

Notice that f must be defined everywhere in order for its modulus of smooth-
ness to be finite. Also, a continuous convex function f is uniformly smooth if
limτ→0+ ρf (τ )/τ = 0; see Proposition 4.2.14 for characterizations of uniformly
smooth convex functions.

Theorem 5.4.1. Suppose f : X → (−∞,+∞] is a proper lsc convex function.

(a) Suppose that f : X → R. Then ρf (τ ) = sup
{
τ
ε

2
− δf ∗(ε) : 0 ≤ ε

}
.

(b) Suppose that f ∗ : X ∗ → R. Then ρf ∗(τ ) = sup
{
τ
ε

2
− δf (ε) : 0 ≤ ε

}
.

Proof. The proofs of (a) and (b) are similar, so we will prove only (b), and leave
the proof of (a) to Exercise 5.4.9. We will first show that δf (ε) + ρf ∗(τ ) ≥ τ ε

2 for
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ε ≥ 0 and τ > 0. Let η > 0. When δf (ε) is finite, we choose x, y ∈ dom f such that
‖x − y‖ ≥ ε and

1

2
f (x)+ 1

2
f (y)− f

(
x + y

2

)
≤ δf (ε)+ η.

Now let φ ∈ ∂ηf ( x+y
2 ) and � ∈ ∂‖x − y‖. Then

ρf ∗(τ ) ≥ 1

2
f ∗(φ + τ�)+ 1

2
f ∗(φ − τ�)− f ∗(φ)

≥ 1

2
[(φ + τ�)(x)− f (x)] + 1

2
[(φ − τ�)(y)− f (y)]

−
[
φ

(
x + y

2

)
− f

(
x + y

2

)
+ η

]
= τ�

(
x − y

2

)
+ f

(
x + y

2

)
− 1

2
f (x)− 1

2
f (y)− η

≥ τ

∥∥∥∥x − y

2

∥∥∥∥− δf (ε)− 2η.

Because η > 0 was arbitrary, ρf ∗(τ )+ δf (ε) ≥ τ ε
2 .

On the other hand, for any τ ≥ 0 and any η > 0, given �,φ ∈ X ∗, we can choose
x, y ∈ X so that

1

2
f ∗(φ + τ�) + 1

2
f ∗(φ − τ�)− f ∗(φ) ≤

≤ 1

2
[(φ + τ�)(x)− f (x)+ (φ − τ�)(y)− f (y)]

−
[
φ

(
x + y

2

)
− f

(
x + y

2

)]
+ η

= f

(
x + y

2

)
− 1

2
f (x)− 1

2
f (x)+ 1

2
τ�(x − y)+ η

≤ 1

2
τε − δf (ε)+ η.

where ε = ‖x−y‖. Therefore, ρf ∗(τ ) ≤ sup{τ ε
2−δf (ε) : 0 ≤ ε} for each τ > 0.

One can derive the duality between uniformly convex and uniformly smooth convex
functions using the previous result; see Exercise 5.4.9. We say a proper lsc convex
function f has modulus of convexity of power type p, if there is a C > 0 such that
δf (ε) ≥ Cεp for all ε ≥ 0. Also, f is said to have modulus of smoothness of power
type p if there exists C > 0 such that ρf (τ ) ≤ Cτ p for τ > 0.

Theorem 5.4.2. Suppose f : X → (−∞,+∞] is a proper lsc convex function, and
p > 1.

(a) f has modulus of convexity of power type p if and only if f ∗ has modulus of
smoothness of power type q where 1/p+ 1/q = 1;
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(b) f ∗ has modulus of convexity of power type p if and only if f has modulus of
smoothness of power type q where 1/p+ 1/q = 1.

Proof. See Exercise 5.4.10. Also note that Exercise 5.4.6(d) confirms the case p < 2
only occurs when the domain of the uniformly convex function is a singleton.

The next theorem shows norms with moduli of convexity of power type can be
constructed naturally from functions with such moduli.

Theorem 5.4.3. Suppose X is a Banach space and f : X → (−∞,+∞] is a proper
lsc convex function with int dom f �= ∅. If f has modulus of convexity of power type
p ≥ 2 (on bounded sets), then X admits an equivalent with norm modulus of convexity
of power type p.

Proof. First, shift f so that 0 ∈ int dom f . Now let φ ∈ ∂f (0), then f − φ has
same convexity properties of f , and f (0) = 0 is the minimum of f . Now let
g(x) := f (x)+f (−x)

2 +‖x‖2. Let r > 0 be such that B2r ⊂ int dom g and g is Lipschitz
on Br . Then g has the same convexity properties of f , g(0) = 0, g is continuous on
B2r , and g(x) ≥ r2 if ‖x‖ ≥ r. Define an equivalent norm ||| · ||| on X as the norm
whose ball is B where B := {x : g(x) ≤ r2}.

Let α > 0 and β > 0 denote constants such that ||| · ||| ≥ α‖ ·‖ and ‖ ·‖ ≥ β||| · |||, and
let K > 0 be the Lipschitz constant of g on B. Let C > 0 be such that δg(ε) ≥ Cεp

for ε > 0. Let |||x||| = |||y||| = 1, and suppose |||x − y||| ≥ ε. Then ‖x − y‖ ≥ βε and
g(x) = g(y) = r2; this implies

g

(
x + y

2

)
≤ r2 − C(βε)p.

The Lipschitz property of g now implies ‖ x+y
2 − u‖ ≥ C

K (βε)
p for any u with g(u) =

r2, that is |||u||| = 1. This then implies∣∣∣∣∣∣∣∣∣∣∣∣x + y

2

∣∣∣∣∣∣∣∣∣∣∣∣ ≤ 1− α
C

K
βpεp,

which shows ||| · ||| has modulus of convexity of power type p.

5.4.1 Spaces with nontrivial uniformly convex functions

We have see that nontrivial uniformly convex functions can only exist on superreflex-
ive spaces. A natural question is then whether uniformly convex functions are easy
to construct on such spaces. This subsection will demonstrate for 2 ≤ p < ∞ that
f :=‖ · ‖p is uniformly convex if and only if the norm ‖ · ‖ has modulus of convexity
of power type p.

Lemma 5.4.4. Let 0 < r ≤ 1, then |tr − sr| ≤ |t − s|r for all s, t ∈ [0,∞).

Proof. First, for x ≥ 0, (1 + x)r ≤ 1 + xr (see [410, Example 4.20]). Setting
x = (t − s)/s with t ≥ s > 0, and then multiplying by sr , we get tr ≤ sr + (t − s)r .
The conclusion follows from this.
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Theorem 5.4.5. For 1 < q ≤ 2, the following are equivalent in a Banach space
(X , ‖·‖).

(a) The norm ‖·‖ has modulus of smoothness of power type q.
(b) The derivative of f := ‖·‖q satisfies a (q− 1)-Hölder condition.
(c) The function f := ‖·‖q has modulus of smoothness of power type q.
(d) The function f := ‖·‖q is uniformly smooth.

Proof. (a)⇒ (b): Assume that ‖·‖ has modulus of smoothness of power type q. Given
x ∈ X \ {0}, let φx denote a support functional of x. According to Exercise 5.1.23,
‖·‖ has a (Fréchet) derivative satisfying a (q−1)-Hölder-condition on its sphere; this
implies that each x �= 0 has a unique support functional, and there exists C > 0 such
that

‖φx − φy‖ ≤ C‖x − y‖q−1 for all x, y ∈ SX . (5.4.1)

Let f (·):=‖·‖q. Then f ′(0) = 0, and f ′(x) = q ‖x‖q−1 φx for x �= 0. Thus if x = 0 or
y = 0, then

∥∥ f ′(x)− f ′(y)
∥∥ ≤ q ‖x − y‖q−1. Let x, y ∈ X \ {0}. Then

f ′(x)− f ′(y) = q ‖x‖q−1 φx − q ‖y‖q−1 φy

= q ‖x‖q−1 (φx − φy)+
(
q ‖x‖q−1 − q ‖y‖q−1 )φy. (5.4.2)

Using Lemma 5.4.4 we also compute∣∣∣q ‖x‖q−1 − q ‖y‖q−1
∣∣∣ ≤ q

∣∣ ‖x‖ − ‖y‖ ∣∣q−1≤ q ‖x − y‖q−1 . (5.4.3)

We now work on an estimate for q ‖x‖q−1 (φx − φy). We may and do assume that
0 < ‖y‖ ≤ ‖x‖. Suppose first ‖y‖ ≤ ‖x‖ /2. Then

q ‖x‖q−1
∥∥φx − φy

∥∥ ≤ 2q ‖x‖q−1 ≤ q2q ‖x − y‖q−1 . (5.4.4)

Suppose ‖y‖ ≥ ‖x‖ /2, and let x′ = λx where λ = ‖y‖ / ‖x‖, so that
∥∥x′

∥∥ = ‖y‖.
Then

∥∥x′ − y
∥∥ ≤ ∥∥x′ − x

∥∥+ ‖x − y‖ = ‖x‖ − ‖y‖ + ‖x − y‖ ≤ 2 ‖x − y‖ . (5.4.5)

Now let α = ‖y‖. Observe that φx and φy are also support functionals for α−1x′
and α−1y respectively. Applying (5.4.1), the fact that ‖x‖ ≤ 2α, and (5.4.5) we obtain

‖φx − φy‖ ≤ C‖α−1x′ − α−1y‖q−1 ≤ C

αq−1
‖x′ − y‖q−1

≤ C2q−1

‖x‖q−1 (2‖x − y‖)q−1 = C4q−1

‖x‖q−1
‖x − y‖q−1.
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Consequently, q ‖x‖q−1
∥∥φx − φy

∥∥ ≤ C4q−1q ‖x − y‖q−1. This inequality and
(5.4.4) show there exists K > 0 such that

q ‖x‖q−1
∥∥φx − φy

∥∥ ≤ K ‖x − y‖q−1 for all x, y ∈ X \ {0}. (5.4.6)

Combining (5.4.2), (5.4.3) and (5.4.6) shows that f ′ satisfies a (q − 1)-Hölder-
condition.

(b) ⇒ (c) follows from Exercise 5.4.13 and (c) ⇒ (d) is trivial, so we prove
(d)⇒ (a). Suppose ‖·‖ does not have modulus of smoothness of power type q. Then
using Exercise 5.1.23 there are xn, yn ∈ SX such that ‖xn − yn‖ → 0 while∥∥φxn − φyn

∥∥ ≥ n ‖xn − yn‖q−1 .

Let δn = ‖xn − yn‖ and define un = 1
δn
√

n
xn and vn = 1

δn
√

n
yn. Then ‖un − vn‖ =

1√
n
→ 0. However

∥∥ f ′(un)− f ′(vn)
∥∥ = ∥∥∥q ‖un‖q−1 φun − q ‖vn‖q−1 φvn

∥∥∥
=
∥∥∥q ‖un‖q−1 φxn − q ‖vn‖q−1 φyn

∥∥∥
= q

δ
q−1
n n

q−1
2

∥∥φxn − φyn

∥∥
≥ q

δ
q−1
n n

q−1
2

(
nδq−1

n

)
= qn

3−q
2 →∞.

Consequently, f ′ is not uniformly continuous, and so Proposition 4.2.14 shows that
that f (·) = ‖·‖q is not a uniformly smooth function.

The duality between uniform smoothness and uniform convexity enables us to
derive the dual version of Theorem 5.4.5 for uniformly convex functions.

Theorem 5.4.6. Let (X , ‖·‖) be a Banach space, and let 2 ≤ p < ∞. Then the
following are equivalent.

(a) The norm ‖·‖ on X has modulus of convexity of power type p.
(b) The function f :=‖·‖p has modulus of convexity of power type p.
(c) The function f :=‖·‖p is uniformly convex.

Proof. (a) ⇒ (b): Let us assume that ‖·‖ has modulus of convexity of power
type p, then the modulus of smoothness of the dual norm on X ∗, which we
denote in this proof as ‖·‖∗, is of power type q where 1

p + 1
q = 1; see

Exercise 5.1.21. By Theorem 5.4.5 the function g := 1
q ‖·‖q∗ has modulus of

smoothness of power type q. The Fenchel conjugate of g is g∗ = 1
p ‖·‖p. Thus

g∗ – and hence ‖·‖p – has modulus of convexity of power type p according to
Theorem 5.4.2.

(b) ⇒ (c) is trivial, so we prove (c) ⇒ (a). Indeed, assuming that f (·) = ‖·‖p is
a uniformly convex function, then Theorem 5.3.17 shows that f ∗ (and hence ‖·‖q∗)
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is a uniformly smooth function. According to Theorem 5.4.5, ‖·‖∗ has modulus of
smoothness of power type q. Therefore ‖·‖ has modulus of convexity of power type
p; see Exercise 5.1.21.

Example 5.4.7. Let f := ‖ · ‖r
p where ‖ · ‖p is the usual norm on �p for p > 1. Then

f is uniformly convex if and only if r ≥ max{p, 2}.

Proof. This follows from Theorem 5.4.6, because the norm ‖ · ‖p has modulus
convexity of power type max{p, 2} (see [180]).

5.4.2 Growth rates of uniformly convex functions and renorming

We now try to more explicitly construct a uniformly convex norm whose modulus of
convexity is related to the growth rate of a given uniformly convex function on the
Banach space. We begin with some preliminary results.

Lemma 5.4.8. Let ‖·‖ be a norm on a Banach space X . Suppose ‖x‖ = ‖y‖, and
‖x − y‖ ≥ δ where 0 < δ ≤ 2 ‖x‖. Then inf t≥0 ‖x − ty‖ ≥ δ/2.

Proof. Assume that ‖x − t0y‖ < δ/2 for some t0 ≥ 0. Then |1− t0| ‖y‖ < δ/2 and so

‖x − y‖ ≤ ‖x − t0y‖ + |1− t0| ‖y‖ < δ,

which is a contradiction.

The next lemma will be used later to estimate the modulus of convexity of a norm
constructed by using lower level sets of a symmetric uniformly convex function.

Lemma 5.4.9. Let {‖·‖n}n≥N be a family of norms on (X , ‖·‖) satisfying

1

2n+1
‖·‖ ≤ ‖·‖n ≤ 1

2n
‖·‖ for n ≥ N . (5.4.7)

For each n ≥ N, suppose there exists dn > 0 so that∥∥∥∥x + y

2

∥∥∥∥
n
≤ 1− dn, whenever ‖x‖n = ‖y‖n = 1 and ‖x − y‖ ≥ 1.

Then there exist an equivalent norm |·| on X and M ∈ N so that the modulus of
convexity of the norm |·| satisfies

δ|·|(t) ≥ dn

n2
whenever

1

2n−M−1
≤ t ≤ 2 and n ≥ M .

Proof. Choose M ≥ max{4, N }, and define |·| by

|·| :=
∞∑

m=M

2m+1

m2
‖·‖m .
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Observe that, |·| ≤∑∞
m=M

2m+1

m22m ‖·‖ ≤
∑∞

m=4
2

m2 ‖·‖ ≤ ‖·‖; and then

1

2M
‖·‖ ≤ 1

M 2
‖·‖ ≤ 2M+1

M 2
‖·‖M ≤ |·| ≤ ‖·‖ . (5.4.8)

Now suppose that |x| = |y| = 1 and |x − y| ≥ 1
2n−M−1 where n ≥ M is fixed.

Because |x| = |y| = 1, it follows from (5.4.8) that

1 ≤ ‖x‖ ≤ 2M and 1 ≤ ‖y‖ ≤ 2M . (5.4.9)

We assume, without loss of generality, ‖x‖n ≤ ‖y‖n. Now let us denote a = ‖x‖−1
n

and b = ‖y‖−1
n . It follows from (5.4.7) and (5.4.9) that 2n−M ≤ b ≤ a ≤ 2n+1,

which in turn implies |ax − ay| ≥ 2.
According to Lemma 5.4.8, |ax − by| ≥ 1, and hence ‖ax − by‖ ≥ 1. Thus we

compute ∥∥∥∥ax + ay

2

∥∥∥∥
n
≤
∥∥∥∥ax + by

2

∥∥∥∥
n
+ 1

2
(a− b) ‖y‖n

≤ 1

2
‖ax‖n + 1

2
‖by‖n +

1

2
(a− b) ‖y‖n − dn

= a

2
(‖x‖n + ‖y‖n)− dn.

This inequality implies ∥∥∥∥x + y

2

∥∥∥∥
n
≤ 1

2
‖x‖n + 1

2
‖y‖n −

dn

a
. (5.4.10)

Thus, using (5.4.10), and the triangle inequality for ‖·‖j when j �= n, and then that
a ≤ 2n+1 we obtain∣∣∣∣x + y

2

∣∣∣∣ ≤ ∞∑
j=M

2j+1

2j2
‖x‖j +

∞∑
j=M

2j+1

2j2
‖y‖j −

2n+1dn

n2a
≤ 1− dn

n2
,

which finishes the proof.

Theorem 5.4.10. Let (X , ‖·‖) be a Banach space and let F : [0,+∞)→ [0,+∞)

be a continuous convex function satisfying F(0) = 0. Suppose f : X → R is a
continuous uniformly convex function satisfying f (x) ≤ F(‖x‖) for all x ∈ X . Then
there is an equivalent norm |·| on X such that given any γ > 0, there are constants
α > 0 and β > 0 so that

δ|·|(t) ≥ α

F(βt−1)
tγ for 0 < t ≤ 2.

Proof. As before, we may and do assume f is centrally symmetric; notice that this
new f will still be bounded above by F(‖·‖). Because F(0) = 0, the convexity of
F ensures that F(λt) ≤ λF(t) for 0 ≤ λ ≤ 1; in particular F is nondecreasing on
[0,+∞) because it is nonnegative there. Consequently, F(‖·‖) is a convex function.
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According to Fact 5.3.16, there exists N > 0 so that f (x) ≥ 0 if ‖x‖ ≥ N . Now
replace f with [ f (·)+ F(‖·‖)]/2; then we have

F

(‖x‖
2

)
≤ 1

2
F(‖x‖) ≤ f (x) ≤ F(‖x‖) whenever ‖x‖ ≥ N . (5.4.11)

For n ≥ N , let ‖·‖n be norm whose unit ball is Bn:={x : f (x) ≤ F(2n)}. It follows
from (5.4.11) that if ‖x‖n = 1, then 2n ≤ ‖x‖ ≤ 2n+1. Consequently,

1

2n+1
‖·‖ ≤ ‖·‖n ≤ 1

2n
‖·‖ .

Let Mn:= sup{ f ′+(u; v) : ‖u‖n = 1, ‖v‖ = 1}. If ‖u‖n = 1, and ‖v‖ = 1, then
‖u‖ ≤ 2n+1 and we compute

f ′+(u; v) ≤ f (u+ 2n+1v)− f (u)

2n+1
≤ F(2 · 2n+1)− 0

2n+1
= F(2n+2)

2n+1
. (5.4.12)

It follows that Mn ≤ 2−(n+1)F(2n+2).
Now suppose ‖x‖n = ‖y‖n = 1, and ‖x − y‖ ≥ 1. Letting δf denote the modulus

of convexity of f with respect to ‖·‖, the uniform convexity of f ensures δf (1) > 0.
Then denoting z = x+y

2 and z′ = z/ ‖z‖n we obtain f (x) = f (y) = f (z′) = F(2n),
and so

δf (1) ≤ 1

2
f (x)+ 1

2
f (y)− f

(
x + y

2

)
= f (z′)− f (z) ≤ f ′+

(
z′, z′ − z

)
= ∥∥z′ − z

∥∥ f ′+
(

z′, z′ − z

‖z′ − z‖
)
≤ Mn

∥∥z′ − z
∥∥ . (5.4.13)

Consequently, using ‖·‖n ≥ 1
2n+1 ‖·‖, (5.4.13) and then the bound on Mn, we obtain∥∥∥∥x + y

2

∥∥∥∥
n
= 1− ∥∥z′ − z

∥∥
n ≤ 1− ‖z′ − z‖ 1

2n+1
≤ 1− δf (1)

Mn
· 1

2n+1

≤ 1− δf (1)

F(2n+2)
. (5.4.14)

Applying Lemma 5.4.9, we find an equivalent norm |·| and M ≥ N such that

δ|·|(t) ≥ δf (1)

F(2n+2)
· 1

n2
, whenever n ≥ M and

1

2n−M−1
≤ t ≤ 2.

Given γ > 0, we fix n0 ≥ M so large that n−2 ≥ (2−n)γ for all n ≥ n0. Then

δ|·|(t) ≥ δf (1)

F(2n+2)
·
(

1

2n

)γ
whenever n ≥ n0 and

1

2n−M−1
≤ t ≤ 2.

Let α:=δf (1)min
{(

1
2n0+1

)γ
,
(

1
2M+2

)γ }
and β:=max

{
2n0+3, 2M+4

}
. The previous

inequality and along with the fact F is nondecreasing, ensure that for 1
2n0−M−1 ≤ t ≤ 2
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we have

δ|·|(t) ≥ δf (1)

F(2n0+2)

(
1

2n0

)γ
≥ δf (1)

F(2n0+3t−1)

(
t

2n0+1

)γ
≥ αtγ

F(βt−1)
;

and for 1
2n−M−1 ≤ t ≤ 1

2n−M−2 where n ≥ n0 + 1, we have

δ|·|(t) ≥ δf (1)

F(2n+2)

(
1

2n

)γ
≥ δf (1)

F(2M+4t−1)

(
t

2M+2

)γ
≥ αtγ

F(βt−1)
.

Altogether, δ|·|(t) ≥ α
F(βt−1)

tγ for 0 < t ≤ 2, as desired.

Corollary 5.4.11. Let (X , ‖·‖) be a Banach space, and let p ≥ 2. Suppose f : X → R
is a continuous uniformly convex function such that f (x) ≤ ‖x‖p for all x ∈ X . Then
for any r > p, X admits an equivalent norm with modulus of convexity of power
type r.

Proof. Apply the previous theorem with F(t) := tp.

In the case p = 2 we will prove the following sharp result.

Theorem 5.4.12. Let (X , ‖·‖) be a Banach space. Then there is a continuous uni-
formly convex function f : X → R satisfying f (·) ≤ ‖·‖2 if and only if X admits an
equivalent norm with modulus of convexity of power type 2.

Before proving this theorem, we will present a preliminary lemma.

Lemma 5.4.13. Let X be a Banach space. Suppose {‖·‖n}n∈N are norms on (X , ‖·‖)
so that

K ‖·‖ ≤ ‖·‖n ≤ ‖·‖ , (5.4.15)

for some K > 0 and all n ∈ N. Then, there exists an equivalent norm |·| such that

δ|·|(t) ≥ lim inf δ‖·‖n(t), for 0 < t < 2.

Proof. Let us consider a free (nonprincipal) ultrafilter U on N. Then limU ‖x‖n exists
for each x ∈ X , where limU ‖x‖n = L means for each ε > 0, there exists A ∈ U such
that | ‖x‖n − L| < ε for all n ∈ A. Now define |·| : X → [0,+∞) by

|x| := lim
U
‖x‖n , for all x ∈ X .

The definition of |·| together with (5.4.15) ensure |·| is an equivalent norm on X .
We will proceed by reductio ad absurdum. Assume there exists t ∈ (0, 2) such that

δ|·|(t) < lim inf δ‖·‖n(t). Since δ|·| is continuous – see [246] – there exists t′ ∈ (t, 2)
such that δ|·|(t′) < lim inf δ‖·‖n(t). Then, there exist x, y ∈ X and a constant a > 0
such that |x| = |y| = 1, |x − y| ≥ t′ and 1 − |(x + y)/2| < a < lim inf δ‖·‖n(t).
For this x and y, let xn = x/ ‖x‖n and yn = y/ ‖y‖n. By the definition of |·|, there
exists A ∈ U such that ‖xm − ym‖m ≥ t and 1− ‖(xm + ym)/2‖m < a for all m ∈ A.



5.4 Moduli of smoothness and rotundity 261

Therefore δ‖·‖m(t) < a < lim inf δ‖·‖n(t) for all m ∈ A, which yields a contradiction,
since U is free and then A is infinite.

Proof. (Theorem 5.4.12) First, if X admits an equivalent norm that has modulus of
convexity of power type 2, then it has such a norm |·| satisfying |·| ≤ ‖·‖. According
to Theorem 5.4.6, f (·):= |·|2 is uniformly convex as desired.

Conversely, suppose f : X ,→ R is a uniformly convex function such that f (·) ≤
‖·‖2. Proceeding as in Theorem 5.4.10 when F(t):=t2 we obtain norms {‖·‖n}n≥N

satisfying 1
2n+1 ‖·‖ ≤ ‖·‖n ≤ 1

2n ‖·‖ and then (5.4.14) becomes∥∥∥∥x + y

2

∥∥∥∥
n
≤ 1− δf (1)

16

(
1

2n

)2

, whenever ‖x‖n = ‖y‖n = 1 and ‖x − y‖n ≥
1

2n
.

The previous inequality implies

δ‖·‖n(2
−n) ≥ δf (1)

16
(2−n)2.

According to [213, Corollary 11] there is a universal constant L > 0 such that

δ|·|n(2−n)

(2−n)2
≤ 4L

δ|·|n(η)
η2

for 2−n ≤ η ≤ 2.

Let R:= δf (1)
64L ; then the previous two inequalities imply

δ|·|n(t) ≥ Rt2 for 2−n ≤ t ≤ 2. (5.4.16)

For each n ≥ N , let us consider the new norm |·|n := 2n ‖·‖n. These new norms
satisfy 1

2 ‖·‖ ≤ | · |n ≤ ‖·‖ and δ|·|n(·) = δ‖·‖n(·). Applying Lemma 5.4.13 and then
(5.4.16) we obtain a norm | · | satisfying

δ|·|(t) ≥ lim inf
n→∞ δ|·|n(t) = lim inf

n→∞ δ‖·‖n(t) ≥ Rt2 for 0 < t ≤ 2,

which finishes the proof.

Exercises and further results

5.4.1. (a) Consider the convex function on the real line t 
→ |t|p. Show that this
function is uniformly smooth with modulus of smoothness of power type p when
1 < p ≤ 2. Use duality to conclude that this function is uniformly convex with
modulus of convexity of power type p when 2 ≤ p <∞.

(b) Let b > 1. Define f : R → (−∞,+∞] by f (t) := +∞ if t < 0, and f (t) := bt

if t ≥ 0. Compute f ∗ and show that f ∗ has modulus of smoothness of power type
q for any p ∈ (1, 2]. Deduce that f has modulus of convexity of power type p for
any p ≥ 2.

Hint. (a) One can use Lemma 5.4.4 and Exercise 5.4.13 for the modulus of smoothness
assertion.
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5.4.2. (a) Suppose a function f on R satisfies f (n) ≥ α > 0 on [a,∞) where n ≥ 2 is
a fixed integer, and that f (k) ≥ 0 on [a,∞) for k ∈ {2, . . . , n+1}. Define the function
g by g(x) := f (x) for x ≥ a and g(x) := +∞ for x < a. Show that g is uniformly
convex with modulus of convexity of power type n.
(b) Let b > 1 and g(x) := bx for x ≥ 0, and g(x) := +∞ otherwise. Use (a) to show
that g is uniformly convex with modulus of convexity of power type p for any p ≥ 2.
(c) Let p ≥ 2 and g(x) := xp for x ≥ 0, and g(x) := +∞ otherwise. Show that g is
uniformly convex with modulus of convexity of power type p.

Hint. Use Taylor’s theorem for (a) and (c).

5.4.3. Let f : X → R be a continuous convex function, and let p > 0. Show that f
has modulus of convexity of power type p if and only if there exists C > 0 such that

f (x̄ + h) ≥ f (x̄)+ φ(h)+ C‖h‖p whenever x̄, h ∈ X , φ ∈ ∂f (x̄).

5.4.4. Suppose f and g are proper lsc convex functions.
(a) Suppose f is uniformly convex, show that δf ≤ δh when h := f + g is proper.
(b) Suppose f is uniformly smooth, show that ρh ≤ ρf when h := f g is proper.

In particular, modulus of convexity of power type is preserved by a proper sum, and
modulus of smoothness of power type is preserved by a proper infimal convolution.

Hint. Part (a) is straightforward. According to Lemma 4.4.15, h∗ = f ∗ + g∗. Then
part (b) follows from (a) and Theorem 5.4.1(a).

5.4.5. (a) Suppose f : R → R is a C2-smooth function. Show that f is affine (i.e.
f ′′ = 0 everywhere) if and only if f satisfies an α-Hölder condition for some
α > 1.

(b) Use the fundamental theorem of calculus to show that if f : R → R is C1-smooth
and f ′ satisfies an α-Hölder condition for some α > 1, then f ′′ = 0 everywhere,
and thus f is affine.

Hint. (a) Clearly an affine function satisfies any such α-Hölder condition. Suppose
f ′′(x0) �= 0 for some x0 ∈ R. By replacing f with −f as necessary, there is an open
interval I containing x0 and ε > 0 so that f ′′ > ε on I . Then |f ′(t)− f ′(s)| ≥ ε|t− s|
for all s, t ∈ I , as |s− t| → 0+ this will contradict the α-Hölder condition.

5.4.6. If a norm has modulus of convexity of power type p, it follows that p ≥ 2.
Dually, if a norm has modulus of convexity of power type q, it follows that q ≤ 2.
See [180, p. 154,157].

(a) Verify that δ{0} has modulus of convexity of power type p for any p > 0.
(b) Verify that any constant function has modulus of smoothness of power type q for

any q > 0.
(c) Show that a convex function can have modulus of smoothness of power type

q > 2 if and only if it is affine.
(d) Show that a lsc uniformly convex function can have modulus of convexity of

power type p < 2 if and only if its domain is a singleton.
(e) Construct a continuously uniformly convex function whose modulus of convexity

is not of power type p for any p ≥ 2.
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Hint. (c) Use Exercise 5.4.5(b) and Exercise 5.4.13. Check that (d) is dual to (c). For
(e), let ||| · ||| on R2 be a norm that does not satisfy a modulus of convexity of power
type p for any p ≥ 2 (see [245]). Let ‖ · ‖ be the usual norm on R2. Check that
f := ||| · |||2 +max{‖ · ‖2 − 2, 0} is one such function.

5.4.7 (More constructions of uniformly convex functions). (a) Let p ≥ 2, and sup-
pose f : [0,+∞) → [0,+∞] is a uniformly convex function with modulus of
convexity of power type p that satisfies f ′(t) ≥ Ktp−1 for some K > 0 and for
all t ≥ 0. Suppose ‖ · ‖ is an equivalent norm on a Banach space with modulus of
convexity of power type p. Show that h:=f ◦ ‖ · ‖ is a uniformly convex function
with modulus of convexity of power type p.

(b) Suppose f , h and ‖ · ‖ are as in (a), except that the modulus of convexity of f is
not known to be of power type p. Show that h is uniformly convex.

(c) Examples on �p spaces where 1 < p <∞. Let ‖·‖p be the canonical norm on �p.

(i) If 1 < p ≤ 2, show that f :=‖ · ‖r
p is uniformly convex for any r ≥ 2.

However, f is uniformly convex on bounded sets, but not uniformly convex
if 1 < r < 2.

(ii) If p > 2, show that f :=‖ · ‖r
p is uniformly convex for any r ≥ p. However,

f is uniformly convex on bounded sets, but is not uniformly convex for
1 < r < p.

(iii) Let b > 1. Show that f :=b‖·‖p is uniformly convex with modulus of
convexity of power type r = max{2, p} for any 1 < p <∞.

Hint. (a) Let K > 0 be chosen so that f ′(t) ≥ Ktp−1 for all t ≥ 0 and let C > 0 be
chosen so that δf (ε) ≥ Cεp for all ε > 0. Suppose x, y ∈ X , and ‖x − y‖ ≥ δ where
δ > 0 is fixed. We may assume ‖y‖ ≤ ‖x‖.

In the case ‖y‖ + δ/2 ≤ ‖x‖, we get

1

2
f (‖x‖)+ 1

2
f (‖y‖)− f

(‖x + y‖
2

)
≥ C

(
δ

2

)p

. (5.4.17)

In the case ‖y‖ + δ/2 > ‖x‖, let a = ‖y‖ and x̃ = x/‖x‖, ỹ = y/‖y‖. Then
‖y − ax̃‖ > δ/2. Consequently, ‖ỹ − x̃‖ > δ

2a . Then

∥∥∥∥ x̃ + ỹ

2

∥∥∥∥ ≤ 1−C1

(
δ

2a

)p

and so

∥∥∥∥x + y

2

∥∥∥∥ ≤ 1

2
‖x‖+1

2
‖y‖−C1a

(
δ

2a

)p

(5.4.18)

where C1 > 0 is a fixed constant for the modulus of convexity of the norm. In the
case, C1a

(
δ
2a

)p ≥ a/2 ≥ δ/8 (since ‖x‖+‖y‖ ≥ δ, and so ‖y‖ ≥ δ/4) use properties
of f to show

f

(∥∥∥∥x + y

2

∥∥∥∥) ≤ 1

2
f (‖x‖)+ 1

2
f (‖y‖)− C

(
δ

8

)p

.
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In the other case, the right hand side of the second inequality in (5.4.18) above is
clearly ≥ a/2. Now use the fact f ′(t) ≥ K(a/2)p−1 when t ≥ a/2. Consequently,

f

(∥∥∥∥x + y

2

∥∥∥∥) ≤ f

(
1

2
‖x‖ + 1

2
‖y‖

)
− C1a

(
δ

2a

)p

· K
(a

2

)p−1

≤ 1

2
f (‖x‖)+ 1

2
f (‖y‖)− C1K

(
δ

4

)p

.

Putting all this together one can deduce that f ◦ ‖ · ‖ has modulus of convexity of
power type p as desired.

For (b), notice that the modulus of convexity of ‖ · ‖ in conjunction with the
derivative of f is crucial. However, uniform convexity of f will be enough to deduce
uniform convexity of the composition.

For (c), use the known moduli of �p norms. That is, if 1 < p ≤ 2, ‖·‖p has modulus
of convexity of power type 2. If p > 2, then ‖ · ‖p has modulus of convexity of power
type p but not less, and trivially a norm with modulus of convexity of power type
p also satisfies power type r when r ≥ p. Thus, deduce part (iii) using part (a) and
Exercise 5.4.2(b).

5.4.8.� Let X be a Banach space. Use the results from this section along the James–
Enflo theorem (5.1.24) and Pisier’s theorem stated on p. 218 to show the following
are equivalent.

(a) X admits an equivalent uniformly convex norm.
(b) There is a function f : X → R that is supercoercive, bounded and uniformly

convex on bounded sets.
(c) There is a lsc uniformly convex f : X → (−∞,+∞] whose domain has

nonempty interior.
(d) X is superreflexive (hence both X and X ∗ admit uniformly convex and uniformly

smooth norms).
(e) There is a function h : X → R that is supercoercive and uniformly smooth on

bounded sets.
(f) There is an equivalent norm ‖ · ‖ and p ≥ 2 so that f (·) := ‖ · ‖p is a uniformly

convex function on X .

Hint. (a)⇒ (b): Let ‖ · ‖ be a uniformly convex norm on X , and let f (x) = ‖x‖2. (b)
⇒ (c): Consider f plus the indicator function of the unit ball.

(c)⇒ (a): See the hint from Exercise 5.3.3.
By the James–Enflo theorem (5.1.24), (a) and (d) are equivalent, consequently, X

admits a uniformly smooth norm | · | and so h(x) = |x|2 is an appropriate function for
(e). Now (e) implies X ∗ has a function as in (b), which then implies X ∗ and hence X
is superreflexive.

The equivalence of (a) and (f) requires Pisier’s theorem [353] and Theorem 5.4.6.

5.4.9 (Uniform convexity duality).� (a) Supply the details for the proof of Theo-
rem 5.3.17(a) using Theorem 5.4.1(a).
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(b) Prove Theorem 5.4.1(a).

Hint. (a) Suppose f is uniformly convex, then dom f ∗ = X ∗. Let ε0 > 0. Find η > 0
so that τ ε

2 − δf (ε) ≤ 0 when 0 ≤ τ ≤ η and ε > ε0. Therefore, by Theorem 5.4.1(b),
ρf ∗(τ ) ≤ τ ε0

2 if 0 ≤ τ < η. Consequently, f ∗ is uniformly smooth.
Conversely, suppose f is not uniformly convex. If dom f ∗ �= X , there is nothing

further to do. Otherwise, we fix ε0 > 0 such that δf (ε0) = 0. Then for each τ > 0,
by Theorem 5.4.1 (b), ρf ∗(τ ) ≥ τ ε0

2 and so f ∗ is not uniformly smooth.
(b) Let η > 0 and ε > 0. In the event δf ∗(ε) = ∞, clearly ρf (τ ) + δf ∗(ε) ≥ τε

2 .
Otherwise, choose φ,� ∈ dom f ∗ such that ‖φ −�‖ ≥ ε and

1

2
f ∗(φ)+ 1

2
f ∗(�)− f

(
φ +�

2

)
≤ δf ∗(ε)+ η.

Now choose x ∈ ∂ηf (φ+�2 ) and y ∈ SX such that y ∈ ∂η‖λ− φ‖. Then,

ρf (t) ≥ 1

2
f (x + ty)+ 1

2
f (x − ty)− f (x)

≥ 1

2
[f (x + ty)− φ(x + ty)] + 1

2
[f (x − ty)−�(x − ty)]

+
〈
φ +�

2
, x

〉
− f (x)+ 1

2
t(φ −�)(y)

≥ f ∗
(
φ +�

2

)
− η − 1

2
f ∗(φ)− 1

2
f ∗(�)+ t

2
ε − η

≥ −δf ∗(ε)+ tε

2
− 3η.

Therefore, ρf (τ )+ δf ∗(ε) ≥ τε
2 for τ > 0, ε > 0.

On the other hand, when φ ∈ ∂f (x + ty) and � ∈ ∂f (x − ty) where y ∈ SX and
t ≥ 0, we compute

1

2
f (x + ty) + 1

2
f (x − ty)− f (x) ≤

≤ 1

2
[φ(x + ty)− f ∗(φ)+�(x − ty)− f ∗(�)]

−
[〈

x,
φ +�

2

〉
− f ∗

(
φ +�

2

)]
= f ∗

(
φ +�

2

)
− 1

2
f ∗(φ)− 1

2
f ∗(�)+ 1

2
t(φ −�)(y)

≤ −δf ∗(ε)+ 1

2
εt,

where ε = ‖φ −�‖. Thus ρf (τ ) ≤ sup{τ ε
2 − δf ∗(ε) : 0 ≤ ε}.

5.4.10.� Use Theorem 5.4.1 to prove Theorem 5.4.2.
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5.4.11 (Moduli of convexity). Define the gauge of uniform convexity by

pf (ε) := inf

{
(1− λ)f (x)+ λf (y)− f ((1− λ)x + λy)

λ(1− λ)
:

0 < λ < 1, ‖x − y‖ = ε, x, y ∈ dom f

}
.

(a) Show that 2δf (ε) ≤ pf (ε) ≤ 4δf (ε).
(b) Conclude that the definition of uniform convexity used here is equivalent that

used in Zălinescu’s book [445].
(c) Prove that pf (ct) ≥ c2pf (t) for all c ≥ 1 and all t ≥ 0.

Hint. (a) See [444, p. 347]. For 0 < λ ≤ 1
2 , and ‖x − y‖ = ε with x, y ∈ dom f , one

computes

f (λx + (1− λ)y) = f

(
2λ

(
x + y

2

)
+ (1− 2λ)y

)
≤ 2λf

(
x + y

2

)
+ (1− 2λ)f (y)

≤ λf (x)+ λf (y)− 2λδf (ε)+ (1− 2λ)f (y)

≤ λf (x)+ (1− λ)f (y)− (2λ)(1− λ)δf (ε).

Therefore, 2λ(1 − λ)δf (ε) ≤ λf (x) + (1 − λ)f (y) − f (λx + (1 − λy), or, in other
words,

2δf (ε) ≤ λf (x)+ (1− λ)f (y)− f (λx + (1− λy)

λ(1− λ)
≤ pf (ε).

Where we note above that there is no restriction assuming 0 < λ ≤ 1
2 since the roles

of x and y can be reversed. On the other hand, letting λ = 1
2 in the definition of pf (ε),

one sees that pf (ε) ≤ 4δf (ε).
(b) A proper convex function f : X → (−∞,+∞] is uniformly convex if and

only if δf (ε) > 0 for each ε > 0 if and only if pf (ε) > 0 for each ε > 0.
(c) See [445, pp. 203–204].

5.4.12 (Banach limits). A Banach limit is a translation invariant linear functional �
on �∞ such that lim inf k xk ≤ �((xk)) ≤ lim supk xk . Thus � agrees with the limit
on c0.

(a) Apply the Hahn–Banach extension theorem to the linear function λ(x) :=
limn

(∑n
i=1 xi

)
/n ≤ lim supk xk , on the space of Césaro convergent sequences

to deduce the existence of Banach limits.
(b) Let K > 0 and let ‖ · ‖n ≤ K‖ · ‖ for each n ∈ N be given. Let L be a positive

linear functional on �∞.

(i) Show that L(‖·‖n) and ‖·‖ are equivalent norms with (L(‖ · ‖n))
∗ ≤ L(‖·‖∗n).

Under what conditions are the later two norms equal?
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(ii) In the case that L is a Banach limit show that the modulus of convexity of
L(‖ · ‖n) exceeds the lim inf of the moduli of convexity of the sequence of
norms.

5.4.13.� Let f : X → R be a continuous convex function. Show that f has modulus
of smoothness of power type p where p > 1 if and only if there exists C > 0 so that
‖f ′(x) − f ′(y)‖ ≤ C‖x − y‖p−1 for all x, y ∈ X if and only if f ∗ has modulus of
convexity of power type q where 1/p+ 1/q = 1.

Hint. The final ‘if and only if’ follows directly from Theorem 5.4.2. Note also the
case p > 2 occurs only when f is affine. A standard proof of the first ‘if and only if’
is as follows.

Suppose f ′ satisfies the given Hölder condition. Then given x ∈ X , y ∈ SX and
τ > 0, using the mean value theorem we have c1, c2 ∈ [0, 1] such that

1

2
f (x + τy)+ 1

2
f (x − τy)− f (x) = 1

2
[ f (x + τy)− f (x)]

− 1

2
[ f (x)− f (x − τy)]

= 1

2
[ f ′(x + c1τy)(τy)− f ′(x − c1τy)(τy)]

≤ 1

2
K(2τ)p−1(τ ) ≤ Kτ p.

Conversely, suppose f has modulus of smoothness of power type p. Fix x, y ∈ X ,
and choose h ∈ SX arbitrary and let τ := ‖x − y‖. Then

f ′(x)(τh) − f ′(y)(τh) ≤ f (x + τh)− f (x)− f ′(y)(τh)

= f (x + τh)− f (y)− f ′(y)(x + τh− y)

+ f (y)− f (x)+ f ′(y)(x − y)

≤ f (x + τh)− f (y)− f ′(y)(x + τh− y)

= f (x + τh)− f (y)+ f ′(y)(y − x − τh)

≤ f (x + τh)− f (y)+ f (2y − x − τh)−f (y)

= f (y + (x + τh− y))+ f (y − (x + τh− y))− 2f (y)

≤ 2C(2τ)p = 21+pCτ‖x − y‖p−1.

Thus ‖f ′(x)− f ′(y)‖ ≤ 2p+1C‖x − y‖p−1.

5.5 Lipschitz smoothness

Let C be a nonempty bounded subset of a Banach space X , let x ∈ C, and let φ ∈ X ∗.
Following [200], we say C is Lipschitz exposed at x by φ if there exists c > 0 such
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that, for all y ∈ C,

‖x − y‖2 ≤ c〈φ, x − y〉. (5.5.1)

In this case, φ Lipschitz exposes C at x. Clearly, this condition will never be satisfied
for an unbounded set. Thus, for any set C ⊂ X , we say C is Lipschitz exposed at
x ∈ C by φ ∈ X ∗, if φ strongly exposes x and if there exists δ > 0 and c > 0 so that
(5.5.1) is satisfied for all y ∈ C with ‖y− x‖ ≤ δ. It is left as Exercise 5.5.1 to check
that this latter definition coincides with the former when C is bounded.

Consider a proper function f : X → (−∞,+∞]. We will say that x0 ∈ dom f is a
Lipschitz exposed point of f if there exists φ ∈ X ∗ such that f − φ attains its strong
minimum at x0 and there exist δ > 0 and c > 0 such that

‖x − x0‖2 ≤ c[( f − φ)(x)− ( f − φ)(x0)] whenever x ∈ dom f , ‖x − x0‖ ≤ δ.
(5.5.2)

In this case we say that φ Lipschitz exposes f at x0. It is left as Exercise 5.5.2 to verify
this is equivalent to (x0, f (x0)) being a Lipschitz exposed in epi f by the functional

(φ,−1). If ‖x − x0‖2 is replaced with ‖x − x0‖1+ 1
α where 0 < α ≤ 1 in (5.5.2), we

will say f is α-Hölder exposed by φ at x0; of course, when α = 1, this is the same as
Lipschitz exposedness.

Proposition 5.5.1. For a proper function f : X → (−∞,+∞], the following are
equivalent.
(a) f is α-Hölder exposed by φ at x0.
(b) There exist φ ∈ ∂f (x0), δ > 0, η > 0 and c > 0 such that (f − φ)(y) ≥
(f − φ)(x0)+ η whenever ‖x − y‖ ≥ δ, and moreover for ε > 0

‖x − x0‖1+ 1
α ≤ cε whenever φ ∈ ∂εf (x) where x ∈ dom f , ‖x − x0‖ < δ.

Proof. (a)⇒ (b): Let δ > 0 be as in the definition of α-Hölder exposedness. Because
φ strongly exposes f at x0, there exists η > 0 such that (f −φ)(y) ≥ (f −φ)(x0)+ η

whenever ‖x − x0‖ ≥ δ. Suppose φ ∈ ∂f (x0) and φ ∈ ∂εf (x) where ‖x − x0‖ ≤
δ, x ∈ dom f and ε > 0. Then

φ(x0)− φ(x) ≤ f (x0)− f (x)+ ε,

and so (f − φ)(x)− (f − φ)(x0) ≤ ε. According to (a), ‖x − x0‖1+ 1
α ≤ cε.

(b) ⇒ (a): Let ε := (f − φ)(x) − (f − φ)(x0) where φ ∈ ∂f (x0), x ∈ dom f and
‖x − x0‖ ≤ δ. Then

f (x0)− f (x)+ ε = φ(x0)− φ(x),

and so for any z ∈ X ,

φ(z)− φ(x) = φ(z)− φ(x0)+ φ(x0)− φ(x)

≤ f (z)− f (x0)+ f (x0)− f (x)+ ε = f (z)− f (x)+ ε.
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This shows φ ∈ ∂εf (x) and so

‖x − x0‖1+ 1
α ≤ cε, thus ‖x − x0‖1+ 1

α ≤ c[(f − φ)(x)− (f − φ)(x0)]
as desired.

We next introduce smoothness notions which will be relevant in discussions on
duality. A convex function f : X → (−∞,+∞] is said to be α-Hölder smooth at x
where 0 < α ≤ 1 if there exists δ > 0 such that ∂f (y) �= ∅ for ‖y − x‖ < δ, and if
there exists c > 0 so that

‖�− φ‖ ≤ c‖y − x‖α whenever ‖y − x‖ < δ,� ∈ ∂f (y),φ ∈ ∂f (x).

Again, the case when α = 1 is of particular importance, and in that event we say
f is Lipschitz smooth at x. Notice that these definitions imply the subdifferential is
locally bounded at x and so f is continuous at x, and then Šmulian’s theorem (4.2.10)
implies f is Fréchet differentiable at x.

Example 5.5.2. (a) If f : X → R is twice differentiable at a point x0, then x0 is
a point of Lipschitz smoothness of f (see Proposition 4.6.16 and the paragraph
following it). In particular, the functions f (t):=et and g(t):=|tp| with p > 2 are
not uniformly smooth, yet each t ∈ R is a point of Lipschitz smoothness for these
functions.

(b) Let f (t):=|t|1+α for 0 < α ≤ 1. Then each point of R is a point of α-Hölder
smoothness.

(c) There are nonreflexive Banach spaces such as c0 that admit C∞-smooth norms
(see [180, Theorem V.1.5]), and hence coercive C∞-smooth convex functions;
yet because it is not superreflexive, c0 does not admit a uniformly smooth coercive
convex function.

For a convex function f : X → (−∞,+∞], we define the modulus of smoothness
of f at x0 ∈ dom f for τ ≥ 0 by

ρf (x0, τ) := sup

{
1

2
f (x0 + τy)+ 1

2
f (x0 − τy)− f (x) : y ∈ SX

}
.

A useful characterization of Hölder smooth points is the following local version of
Exercise 5.4.13.

Theorem 5.5.3 (Lipschitz/Hölder smooth points). Let f : X → (−∞,+∞] be a
convex function, and let 0 < α ≤ 1. Then the following are equivalent.
(a) f is α-Hölder smooth at x.
(b) There exist c > 0 and δ > 0 and φ ∈ X ∗ such that

|f (x + h)− f (x)− 〈φ, h〉| ≤ c‖h‖1+α whenever ‖h‖ < δ.

(c) f is continuous at x and there exist c > 0 and δ > 0 such that

f (x + h)+ f (x − h)− 2f (x) ≤ c‖h‖1+α whenever ‖h‖ < δ;



270 Smoothness and strict convexity

in other words, ρf (x0, t) ≤ c
2 t1+α whenever 0 ≤ t < δ.

Proof. (a) ⇒ (b): Let δ > 0 and c > 0 be as given in the definition of α-Hölder
smoothness. Let ‖h‖ < δ, � ∈ ∂f (x + h) and φ ∈ ∂f (x). Then

0 ≤ f (x + h)− f (x)− 〈φ, h〉 ≤ 〈�, h〉 − 〈φ, h〉
≤ ‖�− φ‖‖h‖ ≤ c‖h‖α‖h‖ = c‖h‖1+α .

(b)⇒ (c): Suppose that (b) is valid and ‖h‖ < δ. Then

f (x + h)− f (x)+ f (x − h)− f (x) = f (x + h)− f (x)− φ(h)

+ f (x − h)− f (x)− φ(−h)

≤ 2c‖h‖1+α .

(c) ⇒ (a): Let ‖y − x‖ < δ/2, � ∈ ∂f (y) and φ = ∇f (x) (notice f is Fréchet
differentiable at x by Proposition 4.2.7). Let ε > 0 and choose h ∈ X such that
‖h‖ = ‖y − x‖ and �(h)− φ(h) ≥ ‖�− φ‖‖h‖ − ε. Now,

�(h)− φ(h) ≤ f (y + h)− f (y)− φ(h)

= f (y + h)− f (x)+ f (x)− f (y)− φ(h)

≤ f (y + h)− f (x)+ φ(x − y)− φ(h)

= f (y + h)− f (x)+ φ(x − y − h)

≤ f (x + (y − x + h))− f (x)+ f (x − (y − x + h))− f (x)

≤ c‖y − x + h‖1+α ≤ 4c‖h‖‖y − x‖α .

Because ε > 0 was arbitrary ‖�− φ‖ ≤ 4c‖y − x‖α .

Unlike points of Fréchet smoothness, the points of Lipschitz smoothness of a
continuous convex function need not contain a dense Gδ-set.

Example 5.5.4. There is a continuous convex function f : R → R such that the
Lipschitz smooth points of f do not form a generic set.

Proof. Choose open sets Gn ⊂ R such that µ(Gn) < 1/n and Q ⊂ Gnwhere µ

denotes the Lebesgue measure. Then let G:=⋂∞
n=1 Gn. Now µ(G) = 0, thus [133,

Theorem 7.6, p. 288] ensures there is a continuous strictly increasing function g
such that g′(t) = ∞ for all t ∈ G. Now f (x):= ∫ x

0 g(t) dt is the desired convex
function.

Proposition 5.5.5. Suppose f : X → (−∞,+∞] is a lsc proper convex function
and x0 ∈ dom f . Then f ∗ is α-Hölder exposed at φ0 by x0 ∈ X if and only if x0 is a
point of α-Hölder smoothness of f where ∇f (x0) = φ0.

Proof. ⇒: Since an α-Hölder exposed point is strongly exposed, f is Fréchet dif-
ferentiable at x0 according to Proposition 5.2.4. Thus we can choose η > 0 so that
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‖x − x0‖ ≤ η implies ∂f (x) �= ∅ and if φ ∈ ∂f (x) and φ0 ∈ ∂f (x0) we have
‖φ − φ0‖ < δ where δ > 0 is as in (b) of Proposition 5.5.1.

Now let ‖x − x0‖ ≤ η and let φ ∈ ∂f (x) and φ0 ∈ ∂f (x0). Then

‖φ − φ0‖1+ 1
α ≤ c[( f ∗ − x0)(φ)− ( f ∗ − x0)(φ0)]
= c[ f ∗(φ)− φ(x0)− f ∗(φ0)+ φ0(x0)]
= c[φ(x)− f (x)− φ(x0)− φ0(x0)+ f (x0)+ φ0(x0)]
= c[φ(x)− φ(x0)+ f (x0)− f (x)]
≤ c[φ(x)− φ(x0)+ φ0(x0)− φ0(x)]
= c[φ(x − x0)− φ0(x − x0)]
≤ c‖φ − φ0‖‖x − x0‖.

Therefore, ‖φ − φ0‖ ≤ cα‖x − x0‖α as desired.
⇐: Let φ := ∇f (x0) and let c > 0 and δ > 0 be such that

f (x0 + h)− f (x0)− φ(h) ≤ c‖h‖1+α whenever ‖h‖ ≤ δ.

Suppose ε > 0, ‖� − φ‖ < δ, and x0 ∈ ∂εf ∗(�). Then � ∈ ∂εf (x0)

(Proposition 4.4.5(b)) and consequently

�(x0 + h)−�(x0)− φ(h) ≤ c‖h‖1+α + ε.

This implies 〈�−φ, h〉 ≤ c‖h‖1+α+ ε. In the case ε < δ1+α , we take the supremum

over h with ‖h‖ = ε
1

1+α . This implies ‖� − φ‖ ≤ (c + 1)ε
α

1+α . Raising both sides

to the (1 + 1/α)-power implies ‖� − φ‖1+ 1
α ≤ (c + 1)1+ 1

α ε. In the case ε ≥ δ1+α

it follows that ‖φ − �‖1+ 1
α ≤ Cε where C = δ

1
α
−α . The result now follows from

Proposition 5.5.1.

Corollary 5.5.6. Suppose f : X → (−∞,+∞] is a proper lsc function. Then f is
α-Hölder exposed by φ at x0 if f ∗ is α-Hölder smooth at φ. The converse holds, if
additionally, dom f is bounded or f is convex.

Proof. Suppose f ∗ is α-Hölder smooth at φ with ∇f ∗(φ) = x0 which is necessarily
in X by Exercise 4.2.11. Then f ∗∗ is α-Hölder exposed by φ at x0. Moreover, because
f is lsc f (x0) = f ∗∗(x0) and f ≥ f ∗∗ it follows that f is α-Hölder exposed by φ at x0.

For the converse, we now suppose dom f is bounded. According to Exercise 5.5.4,
we choose c > 0 so that

f (x) ≥ f (x0)+ φ(x − x0)+ c‖x − x0‖1+ 1
α for all x ∈ X .
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Consequently, f ∗∗(x∗∗) ≥ f (x0)+ φ(x∗∗ − x0)+ c‖x∗∗ − x0‖1+ 1
α for all x∗∗ in X ∗∗

where ‖ · ‖ now represents the canonical second dual norm on X ∗∗. Thus f ∗∗ is α-
Hölder exposed by φ at x0. According to Proposition 5.5.5, f ∗ is α-Hölder smooth
at φ with ∇f ∗(φ) = x0 as desired. The proof of the converse in the case f is lsc and
convex can be argued similarly using Exercise 5.5.4(b).

Given x0 ∈ dom f , we define the modulus of convexity of f at x0 by

δf (x0, ε) := inf

{
1

2
f (x)+ 1

2
f (x0)− f

(
x0 + x

2

)
: ‖x − x0‖ = ε, x ∈ dom f

}
.

Proposition 5.5.7. Suppose f is a lsc convex function and α ≥ 1. If δf (x0, ε) ≥
Cε1+ 1

α for some C > 0 and 0 ≤ ε ≤ 1 at x0, then f is α-Hölder exposed at x0 by any
φ ∈ ∂f (x0) when ∂f (x0) is not empty.

Proof. Let φ0 ∈ ∂f (x0). Then for ‖x − x0‖ ≤ 1, we have

f (x0)+ φ

(
x − x0

2

)
≤ f

(
x0 + x

2

)
≤ 1

2
f (x0)+ 1

2
f (x)− C‖x0 − x‖1+ 1

α .

Therefore

C‖x0 − x‖1+ 1
α ≤ 1

2
f (x)− φ

( x

2

)
− 1

2
f (x0)+ φ

(x0

2

)
.

Consequently, 2C‖x0−x‖1+ 1
α ≤ ( f −φ)(x)−( f −φ)(x0) for ‖x−x0‖ ≤ 1. Because

f is convex, f − φ attains a strong minimum at x0, and so f is α-Hölder exposed by
φ at x0.

Exercises and further results

5.5.1.� Prove that the two definitions for Lipschitz exposed points at the beginning
of this section agree for bounded nonempty sets.

Hint. Clearly the definition from [200] implies the point is strongly exposed, so one
direction is clear. For the other, suppose C is a bounded set of diameter less than M .
Let δ > 0, c > 0 be as specified. Because x is strongly exposed, there exists ε > 0
and such that ‖y− x‖ ≤ δ if y ∈ C and φ(y) ≥ φ(x)− ε. Choose k > 0 so large that
M 2 ≤ kε. Now let cM := max{c, k}, and verify

‖y − x‖2 ≤ cM [φ(x)− φ(y)] whenever y ∈ C

to finish the exercise.

5.5.2.� Show that x0 is a Lipschitz exposed point of f with corresponding φ as in the
definition if and only if (x0, f (x0)) is Lipschitz exposed in epi f by (φ,−1).

5.5.3.� Following the literature (see [141]) we say a function f is uniformly convex
at the point x0 if δf (x0, ε) > 0 for each ε > 0. Show that f is uniformly convex at x0

if and only if it is locally uniformly convex at x0 (as we defined on p. 239).
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5.5.4.� Suppose f : X → (−∞,+∞] is a proper function, and that φ ∈ X ∗ α-Holder
exposes f at x0.

(a) If dom f is a bounded set, show that there exists c > 0 so that

f (x) ≥ f (x0)+ φ(x − x0)+ c‖x − x0‖1+ 1
α for all x ∈ X . (5.5.3)

(b) Suppose f is lsc and convex. Show that there is a continuous convex function

g : R → [0,+∞) such that g(t) := k|t|1+ 1
α whenever |t| ≤ δ and g(t) := c|t|

for |t| > δ where δ > 0, k > 0 and c > 0 so that

f (x) ≥ f (x0)+ φ(x − x0)+ g(‖x − x0‖) for all x ∈ X . (5.5.4)

(c) Deduce that if either dom f is bounded or f is lsc and convex, thenφ alsoα-Hölder
exposes f ∗∗ : X ∗∗ → (−∞,+∞] at x0.

5.5.5 (Perturbed minimization principles). This exercise provides a local variant for
functions of some duality results from [200]. Let X be a Banach space, and let C ⊂ X
be a closed bounded convex set. Show that the following are equivalent.

(a) Every weak∗-lsc convex function g : X ∗ → R such that g ≤ σC has a dense set
of α-Hölder smooth points.

(b) Given any proper lsc bounded below function f : C → (−∞,+∞] and ε > 0,
there exists φ ∈ εBX ∗ , x0 ∈ C and k > 0 such that

f (x0)+ 〈φ, x − x0〉 + k‖x − x0‖1+ 1
α ≤ f (x)

for all x ∈ C, that is f is α-Hölder exposed by φ at x0.

Hint. This is similar to Exercise 5.2.12. (a) ⇒ (b): Suppose f : C → R is bounded
below on C. Then there exists a ∈ R so that f + a ≥ δC . Consequently, f ∗ − a =
( f + a)∗ ≤ δ∗C ≤ σC . Given ε > 0, there exists φ ∈ εBX ∗ so that f ∗ − a and hence
f ∗ is α-Hölder smooth at φ. Now apply Corollary 5.5.6 to get the conclusion.

(b) ⇒ (a): Take any weak∗-lsc convex g ≤ σC . Let f :=g∗|X . Then f ≥ δC , and
f ∗ = g. Now let � ∈ X ∗ be arbitrary, then f +� is bounded below on C, so f +�

is α-Hölder exposed by some φ ∈ εBX ∗ . This implies ( f +�)∗ is α-Hölder smooth
at φ. But ( f +�)∗(·) = g∗(· −�), and so g∗ is α-Hölder smooth at �+ φ.

5.5.6 (Isomorphic characterizations of Hilbert spaces).�� There are many character-
izations of Hilbert spaces using smoothness and rotundity that can be derived from
Kwapien’s theorem [283] that states a Banach space is isomorphic to a Hilbert space
if it has type 2 and cotype 2. For example, if X admits equivalent norms, one which
has modulus of smoothness of power type 2, and another which has modulus of con-
vexity of power type 2, then X is isomorphic to a Hilbert space. An important work
by Meshkov [314] showed X is isomorphic to a Hilbert space if both X and X ∗ have
bump functions that are C2-smooth. In [200, Theorem 3.3] it is established that X
is isomorphic to a Hilbert space if X admits a bump function with locally Lipschitz
derivative and X ∗ is a Lipschitz determined space, that is, a space on which each
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continuous convex function is Lipschitz smooth at a dense set of points. Building
upon results from [178], in [420] it is shown a Banach space is isomorphic to a
Hilbert space if X and X ∗ have continuous bump functions that are everywhere twice
Gâteaux differentiable (the definition therein stipulated the second derivative must
be symmetric). A good survey of these types of results using an elementary approach
is given in [205].

It is well-known that the usual norms on �p for 1 < p ≤ 2 have modulus of
rotundity of power type 2, while the usual norms on �q for 2 ≤ q < ∞ have
modulus of smoothness of power type 2, but it is only when p = 2 that the norm has
both such properties [180]; see also Theorem 5.1.34. The following two isomorphic
characterizations of Hilbert spaces can be derived in an elementary fashion.

(a) Let X be a Banach space and suppose there exists x ∈ SX such that ‖ · ‖ is twice
Gâteaux differentiable at x and BX is Lipschitz exposed at x (by ∇‖x‖). Show
that X is isomorphic to a Hilbert space.

(b) Let X be a Banach space such that‖·‖2 has a strong second-orderTaylor expansion
at 0. Show that X is isomorphic to a Hilbert space.

Hint. (a) Use the Lipschitz exposedness of X to show there exists c > 0 such that

‖h‖2 ≤ c∇2‖h‖(h, h) for all h ∈ H

where H := {y ∈ X : 〈∇‖x‖, y〉 = 0}. Because the second derivative is symmetric,
h 
→ √∇2‖h‖(h, h) defines an inner product norm on H ; see [200, Proposition 3.1]
for the full details. For (b), note ∇‖ · ‖2 = 0 when x = 0, then the bilinear form in
the Taylor expansion of ‖ · ‖2 at 0 can be used to create an inner product norm on X ;
see [180, p. 184].

5.5.7 (Fabian, Whitfield, Zizler [203]).�� Show that if X admits a Lipschitz smooth
(resp. Hölder smooth, uniformly smooth) bump function, then X admits an equivalent
Lipschitz smooth (resp. Hölder smooth, uniformly smooth) norm. In particular, X is
superreflexive in any of these cases.

Hint. For the Lipschitz case, other cases are similar. Let φ : X → R be differentiable
and symmetric with φ′ Lipschitz, φ ≤ 0, inf φ = −1 = φ(0) and supp φ ⊂ 1

2BX .
Define

ψ(x) := inf

{
n∑

i=1

αiφ(xi) :
∑

αixi = x,αi ≥ 0,
∑

αi = 1, xi ∈ BX , n ∈ N

}
.

Let G:={x ∈ BX : ψ(x) < −1/2}. Show ψ is convex on G and use the symmetric
definition of differentiability to show ψ ′ satisfies a Lipschitz condition on G. Let
Q:={x ∈ X : ψ(x) ≤ −3/4}. Note that Q is a convex set with nonempty interior.
Use the implicit function theorem for gauges to show that γQ has Lipschitz derivative
on the set {x : Q(x) = 1}. An equivalent Lipschitz smooth norm is then |||x|||:=γQ(x)+
γQ(−x).

5.5.8 (Tang [413]).�� Suppose X admits a uniformly Gâteaux differentiable bump
function. Show that X admits an equivalent uniformly Gâteaux differentiable norm.
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Hint. One can show that such a bump function is automatically bounded [206, p. 699]
and hence Lipschitz [313, Remark 2.1]. By composing the bump function with an
appropriate real function, we may then suppose b : X → [0, 1] is a uniformly
Gâteaux differentiable bump function such that b(x) = 1 if ‖x‖ ≤ 1/r and b(x) = 0

if ‖x‖ ≥ 1/2 where r > 2. Let φ(x) :=
∞∑

n=1

rn[1− b(r−nx)]. Establish that

φ(0) = 0, max{0, (‖x‖ − r)/r} ≤ φ(x) ≤ r2(‖x‖ + 1) for all x ∈ X (5.5.5)

and φ has uniform directional modulus of smoothness; see [313, Lemma 2.2] for
more details.

Let ψ be defined by

ψ(x) := inf

{
n∑

i=1

αiφ(xi) : x =
n∑

i=1

αixi,αi ≥ 0,
n∑

i=1

αi = 1, n ∈ N

}
.

Show that ψ is a Lipschitz convex uniformly Gâteaux differentiable function that
satisfies the same bounds as φ in (5.5.5). Now ψ∗ has bounded domain because ψ is
Lipschitz, moreover 0 ∈ int domψ∗, andψ∗ is weak∗-uniformly rotund. Symmetrize
ψ∗ and use an appropriate lower level set to create an equivalent dual weak∗-uniformly
rotund norm on X ∗. For further details, see [413]. For a very nice alternate approach,
see [206, Theorem 3].
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Further analytic topics

Harald Bohr is reported to have remarked “Most analysts spend half their time hunting
through the literature for inequalities they want to use, but cannot prove.” (D. J. H. Garling)1

6.1 Multifunctions and monotone operators

This section gives a brief account of some properties of set-valued mappings which
we will typically call multifunctions. Particular attention will be given to the relation
between multifunctions and subdifferentials of convex functions.

Let X be a Banach space, and let T : X → 2X ∗ be a multifunction from X into
subsets of X ∗. We will say T is a monotone operator provided the following perhaps
unnatural inequality holds:

〈x∗ − y∗, x − y〉 ≥ 0

whenever x, y ∈ X and x∗ ∈ T (x), y∗ ∈ T (y). It is not required that T (x) be nonempty.
The domain (or effective domain) D(T ) of T is the collection of x ∈ X such that T (x)
is nonempty. This notion of monotonicity forms the basis for all of Chapter 9. A
natural example of a monotone operator is the subdifferential of a convex function;
this was outlined for convex functions on Euclidean spaces in Exercise 2.2.21, and
the reader can easily check that the argument extends to general normed spaces.

Let X and Y be Hausdorff topological spaces and suppose that T : X → 2Y

is a multifunction from X into the subsets of Y . If S is a subset of X , we define
T (S) = ⋃

x∈A T (x). The mapping T is said to be upper-semicontinuous at the point
x ∈ X if for each open set V in Y containing T (x) there is an open neighborhood U
of x such that T (U ) ⊂ V . We will say that T is upper-semicontinuous (USC) on a set
S ⊂ X , if it is upper-semicontinuous at each x ∈ S.

Proposition 6.1.1. Suppose f : X → (−∞,+∞] is a convex function that
is continuous at x0 ∈ X . Then the map x 
→ ∂f (x) is norm-to-weak∗ upper-
semicontinuous at x0.

1 On p. 575 of Garling’s very positive review of Michael Steele’s The Cauchy Schwarz Master Class in
the American Mathematical Monthly, June–July 2005, 575–579.
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Proof. Let W be a weak∗-open subset of X ∗ that contains ∂f (x0). Now suppose by
way of contradiction that there exists xn → x0 and x∗n ∈ ∂f (xn)\W . Now by the local
boundedness property of the subdifferential (Proposition 4.1.26), there exists K > 0
so that x∗n ∈ KBX ∗ for all n. Now let x∗ be a weak∗-cluster point of (x∗n). Then one
can check that x∗ ∈ ∂f (x) \W which is a contradiction.

The following result is a natural generalization of Theorem 4.6.6.

Theorem 6.1.2. Suppose that the Banach space X has a separable dual and that
T : X → 2X ∗ is monotone. Then there exists an angle small set S ⊂ D(T ) such that
T is single-valued and norm-to-norm upper-semicontinuous at each point of D(T )\S.

Proof. Replace ∂f with T in the proof of Theorem 4.6.6.

If T is a set-valued map, and φ is a single-valued mapping on D(T ) such that
φ(x) ∈ T (x) for each x ∈ D(T ), then φ is said to be a selection for T .

Proposition 6.1.3. Let β be a bornology on the Banach space X . Suppose T : X →
2X ∗ is a multifunction such that T (x) �= ∅ for all x in some neighborhood of x0. Then
the following are equivalent.

(a) T (x0) is a singleton and T is norm-to-τβ upper-semicontinuous at x0.
(b) Each selection for T is norm-to-τβ continuous at x0.

Proof. (a)⇒ (b): Let U be an open neighborhood of x0 such that T (x) is nonempty
for each x ∈ U , and let φ be any selection for T . Let V be a τβ -open set containing
φ(x0). Because φ(x0) = T (x0), we can use the upper-semicontinuity of T to choose
U1 an open subset of U such that T (x) ∈ V for all x ∈ U1. Consequently, φ(x) ∈ V
for all x ∈ U1, and so φ is norm-to-τβ continuous at x0.

(b) ⇒ (a): It is easy to check that (b) implies T (x0) is a singleton since τβ is a
Hausdorff topology. Let us suppose that T is not norm-to-τβ upper-semicontinuous
at x0. Then for some τβ -open set V containing T (x0), we can find xn → x0 such that
T (xn) �∈ V . Eventually, T (xn) is not empty, so there exist n0 and φn ∈ T (xn) such
that φn �∈ V for all n ≥ n0. Hence, any selection φ for T such that φ(xn) = φn, we
have that φ is not norm-to-τβ continuous.

The following proposition is a straightforward consequence of Šmulian’s character-
izations of differentiability given inTheorems 4.2.10 and 4.2.11 and Proposition 6.1.3.

Proposition 6.1.4. Suppose f : X → (−∞,+∞] is convex, and continuous at x0.
Then the following are equivalent.

(a) f is Gâteaux differentiable (resp. Fréchet differentiable) at x0.
(b) There is a selection for the subdifferential map ∂f which is norm-to-weak∗ (resp.

norm-to-norm) continuous at x0.
(c) Every selection for the subdifferential map ∂f is norm-to-weak∗ (resp. norm-to-

norm) continuous at x0.
(d) ∂f (x0) is a singleton and x 
→ ∂f (x) is norm-to-weak∗ (resp. norm-to-norm)

upper-semicontinuous at x0.
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Proof. Exercise 6.1.5.

A subset G of X × X ∗ is said to be monotone provided 〈x∗ − y∗, x − y〉 ≥ 0
whenever (x, x∗), (y, y∗) ∈ G. Let T : X → 2X ∗ be a monotone operator, then it is
easy to see that its graph is a monotone set where its graph is denoted by graph(T )
(or sometimes G(T )) and defined by graph(T ) := {(x, x∗) ∈ X × X ∗ : x∗ ∈ T (x)}.
We will say T is a maximal monotone operator provided its graph is maximal in the
family of monotone sets in X × X ∗ ordered by inclusion.

Theorem 6.1.5 (Rockafellar). Suppose f : X → (−∞,+∞] is a lsc proper convex
function. Then ∂f is a maximal monotone operator.

Proof. We follow the nice argument given in [5]. It is straightforward to establish that
∂f is monotone; see Exercise 2.2.21. To show that it is maximal, suppose (x0, v0) ∈
X × X ∗ is such that

〈x − x0, v − v0〉 ≥ 0,

holds true whenever v ∈ ∂f (x). We will show that v0 ∈ ∂f (x0). For this, define
f0 : X → (−∞,+∞] by

f0(x) := f (x + x0)− 〈x, v0〉. (6.1.1)

Let g(x) := 1
2‖x‖2 and apply the Fenchel duality theorem (4.4.18) to f and g to find

u ∈ X ∗ such that

inf
x∈X

{
f0(x)+ 1

2
‖x‖2

}
= −f ∗0 (u)−

1

2
‖u‖2.

Because f0 is lsc, proper and convex, both sides of the previous equation are finite.
Consequently, we rewrite the equation as

inf
x∈X

{
f0(x)+ 1

2
‖x‖2

}
+ f ∗0 (u)+

1

2
‖u‖2 = 0 (6.1.2)

Now there exists a minimizing sequence (yn) ⊂ X such that

1

n2
≥ f0(yn)+ 1

2
‖yn‖2 + f ∗0 (u)+

1

2
‖u‖2

≥ 〈u, yn〉 + 1

2
‖yn‖2 + 1

2
‖u‖2

≥ 1

2
(‖yn‖ − ‖u‖)2 ≥ 0, (6.1.3)

where the second inequality follows from the Fenchel-Young inequality (Propos-
tion 4.4.1(a)). Using the previous equation we obtain

f0(yn)+ f ∗0 (u)− 〈u, yn〉 ≤ 1

n2
.
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This implies u ∈ ∂1/n2 f0(yn) for each n. According to the Brøndsted-Rockafellar
theorem (4.3.2), there are sequences (zn) ⊂ X and (wn) ⊂ X ∗ such that

wn ∈ ∂f0(zn), ‖wn − u‖ ≤ 1/n and ‖zn − yn‖ ≤ 1/n. (6.1.4)

It now follows that
〈zn, wn〉 ≥ 0. (6.1.5)

According to (6.1.3), one has

‖yn‖ → ‖u‖, 〈yn, u〉 → −‖u‖2, as n →∞, (6.1.6)

which combined with (6.1.4) and (6.1.5) yields u = 0. Therefore, yn → 0. Because
f0 is lsc, x = 0 minimizes f0(x)+ 1

2‖x‖2 and, using (6.1.2) we have

f0(0)+ f ∗0 (0) = 0.

This implies 0 ∈ ∂f0(0) which in turn implies u ∈ ∂f (x0) as desired.

Let x0 be in the closure of D(T ) where T is a multifunction from a topological
space X to a normed space Y . We will say that T is locally bounded at x0 ∈ X if there
exists an open neighborhood U of x0 so that T (U ) is a bounded subset of Y . The
following result thus generalizes the local boundedness property of the subdifferential
(Proposition 4.1.26).

Theorem 6.1.6. Let X be a Banach space, and let T : X → 2X ∗ be a monotone
operator. If x ∈ core dom T , then T is locally bounded at x.

Proof. See Exercise 6.1.6.

Consider an upper-semicontinuous (USC) set-valued mapping T from a topological
space X into the subset of a topological (resp. linear topological) space Y . Then T
is called a usco (resp. cusco) on X if for each x ∈ X , T (x) is nonempty, (resp.
convex) and compact. These names arise because the mappings are (convex) upper-
semicontinuous compact valued. Figure 6.1 illustrates the behavior of a cusco in R2.

An usco (cusco) mapping T from a topological space X to subsets of a topological
(linear topological) space Y is called a minimal usco (minimal cusco) if its graph does

U (x0)

Ω (x0)
Ω (x1)

V 

x0
x1

Figure 6.1 A cusco with 
(x0) ⊂ V .
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Figure 6.2 Two nonminimal cuscos on [−2, 2].

Figure 6.3 A minimal cusco and smaller minimal usco on [−2, 2].

not strictly contain the graph of any other usco (cusco) mapping X into the subsets
of Y . Figure 6.2 shows two nonminimal cuscos. Figure 6.3 shows a minimal cusco
and a smaller minimal usco inside the cuscos of Figure 6.2.

The notions of monotone and maximal monotone operators can be extended natu-
rally to subsets of Banach spaces. With all of this in mind, the next result shows that
minimal weak∗-cusco’s are natural generalizations of maximal monotone operators.

Theorem 6.1.7. Let U be an open set in a Banach space X , and let T : X → 2X ∗ be
a maximal monotone operator with U ⊂ D(T ). Then TU is a minimal weak∗-cusco.

The proof of this theorem will use the following lemma.

Lemma 6.1.8. Let X be a Banach space and suppose that D ⊂ X is open. If T : D →
2X ∗ is monotone and norm-to-weak∗ upper-semicontinuous and T (x) is nonempty,
convex and weak∗-closed for all x ∈ D, then T is maximal monotone in D.

Proof. We need only show that if (y, y∗) ∈ D× X ∗ satisfies

〈y∗ − x∗, y − x〉 ≥ 0 for all x ∈ D, x∗ ∈ T (x), (6.1.7)

then y∗ ∈ T (y). So suppose such a y∗ �∈ T (y), by the weak∗-separation theo-
rem (4.1.22) there exists z ∈ X such that T (y) ⊂ W where W = {z∗ ∈ X ∗ : 〈z∗, z) <
〈y∗, z〉}. Because W is weak∗-open and T is norm-to-weak∗ upper-semicontinuous,
there exists a neighborhood U of y in D such that T (U ) ⊂ W . For t > 0 sufficiently
small, y+ tz ∈ U , and consequently T (y+ tz) ⊂ W . For any u∗ ∈ T (y+ tz), equation
(6.1.7) implies that

0 ≤ 〈y∗ − u∗, y − (y + tz)〉 = −t〈y∗ − u∗, z〉,

and consequently 〈u∗, z〉 ≥ 〈y∗, z〉. From this, one sees that u∗ �∈ W which is a
contradiction.

Proof. We now turn to the proof of Theorem 6.1.7. First, Exercise 6.1.3 implies that
TU is a weak∗-cusco, so it remains to show it is minimal. Indeed, if F : U → 2X ∗ is a
weak∗-cusco such that G(F) ⊂ G(TU ), then according to Lemma 6.1.8 F is maximal
monotone. Consequently, F = TU as desired.

Multifunctions can be an effective tool for classifying Banach spaces, and we state
the following result as an example of this. First, recall that an Asplund space is a
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Banach space on which every continuous convex function is Fréchet differentiable
on a dense subset.

Theorem 6.1.9. A Banach space X is Asplund if and only if every locally bounded
minimal weak∗-cusco from a Baire space into X ∗ is generically single-valued and
norm-continuous.

Of course, the ‘if’part of this theorem implies that X isAsplund if every continuous
convex function is generically Fréchet differentiable on X . The ‘only if’ part states
that a more general phenomenon occurs in Asplund spaces. We refer the reader to
[68, 104] for a proof of this result, and related work. We will provide some other
characterizations of Asplund spaces in Section 6.6.

6.1.1 Selections and fixed points in Banach space

We now examine briefly the Banach space forms of the Euclidean material of
Section 3.4. The Banach space form of Theorem 3.4.1 is due to Fan.

Theorem 6.1.10 (Kakutani–Fan [208]). If ∅ �= C ⊂ X is a compact convex subset
of a Banach space, then every cusco 
 : C → C has a fixed point.

This uses the Banach space version of Theorem 3.4.3 with Brouwer’s theorem
replaced by Schauder’s fixed point theorem (Exercise 6.1.11).

Theorem 6.1.11 (Cellina approximate selection theorem [21]). Let X , Y be Banach
spaces with K ⊂ X compact and convex. Suppose 
 : K → Y is an usco. For any
ε > 0 there is a continuous map f : K → Y such that

dG(
)(x, f (x)) < ε for all points x in K , (6.1.8)

and with range f ⊆ conv range
.

The distance dG is defined analogously as in Theorem 6.1.11 and the proof is largely
unchanged (Exercise 6.1.13).

A topological space is said to be paracompact if every open cover of the topolog-
ical space has a locally finite open refinement. Any compact or metrizable space is
paracompact. Equivalently, for every open cover of a paracompact space K , there
exists a (continuous) partition of unity on K subordinate to that cover. While this is
some work to show in generality, in the metrizable case the Euclidean proof we used
needs little change. The full version of Theorem 3.4.4 follows. It is well described
in [260].

Theorem 6.1.12 (Michael selection theorem [315]). Let K be a paracompact space
and let Y be a Banach space. Suppose 
 : K → Y is LSC with nonempty closed
convex images. Then given any point (x̄, ȳ) in G(
), there is a continuous selection
f of 
 satisfying f (x̄) = ȳ.

Conversely, fix a topological space K. Suppose every LSC multifunction with
nonempty convex closed values mapping K to an arbitrary Banach space, admits
a continuous selection. Then K is paracompact.
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In the monotone case we rarely have LSC mappings and we settle for finding
selections which are generically continuous in some topology.

Exercises and further results

6.1.1. Let X be a Banach space and suppose f : X → R is a function. Define the
multifunction Tf : X → 2R by Tf (x):={t ∈ R : t ≥ f (x)}. Show that Tf is USC if
and only if f is lsc.

Notwithstanding this example, one should see Exercise 6.2.10 below that illustrates
the rationale for the term upper-semicontinuous in terms of lim sup as defined for sets.

Hint. Suppose f is lsc. Let U ⊂ R be open. Either V :={x : Tf (x) ⊂ U } is empty,
or x̄ ∈ V for some x̄ ∈ X . Then (a,+∞) ⊂ U where a < f (x̄), and use the
lower-semicontinuity of f to find δ > 0 so that Bδ(x̄) ⊂ V .

Conversely, let x̄ ∈ X , and let ε > 0. Let U :={t : t > f (x̄)− ε}. Use the fact that
V = {x : Tf (x) ⊂ U } is open to conclude f is lsc.

6.1.2 (Nonexpansive extensions).�� There is a tight relationship between nonexpan-
sive mappings and monotone operators in Hilbert spaces:

Lemma 6.1.13. Let H be a Hilbert space. Suppose P and T are multifunctions from
H to 2H whose graphs are related by the condition (x, y) ∈ graph P if and only if
(v, w) ∈ graph T where x = w + v and y = w − v. Then dom P = range(T + I).
Moreover, P is nonexpansive (and single-valued) if and only if T is monotone.

The Kirszbraun–Valentine theorem on the existence of nonexpansive extensions
to all of Hilbert space of nonexpansive mappings follows easily.

Theorem 6.1.14. [Kirszbraun–Valentine)] Let H be a Hilbert space with D a subset of
H . Suppose P : D → H is a nonexpansive mapping. Then there exists a nonexpansive
mapping P̂ : H → H with dom P = H and P̂|D = P.

Hint. Associate to P a monotone T as in Lemma 6.1.13 and extend T to a maximal
T̂ . Define P̂ from T̂ using Lemma 6.1.13 again. Theorem 9.3.5 shows dom(P̂) =
range(T̂ + I) = H . Finally, check that P̂ is an extension of P.

This result is highly specific to Hilbert space. For example, if the preceding result
holds in a strictly convex space X with dimension exceeding one, then X is a Hilbert
space [387].
6.1.3.� Suppose that X is a Banach space and T : X → 2X ∗ is maximal monotone.
Suppose that D ⊂ D(T ) is a nonempty open subset, show that T |D is a weak∗-cusco.

Hint. Use the local boundedness of T (Theorem 6.1.6); see [121, Exercise 5.1.17] for
further details.

6.1.4. Suppose f : X → (−∞,+∞] is a convex function that is continuous
at x0. Show that ∂f (x0) is a singleton if and only each (resp. some) selection
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for ∂f is norm-to-weak∗ continuous at x0. Generalize this to maximal monotone
operators.

Hint. We discuss the convex case only. There are many reasons for this, for example,
∂f (x0) is a singleton if and only if f is Gâteaux differentiable at x0. So this fol-
lows from Šmulian’s theorems. This exercise also follows directly by combining
Proposition 6.1.3 and 6.1.1.

6.1.5.� (a) Prove Proposition 6.1.4.
(b) State and prove Proposition 6.1.4 in the more general norm-to-τβ setting.

Hint. For (b) replace, e.g. Gâteaux differentiability and weak∗-topology with β-
differentiability and the τβ -topology in the statement. The use the β-differentiability
version of Šmulian’s theorem (Exercise 4.2.8) along with Proposition 6.1.3 to prove
the result.

6.1.6.� Prove Theorem 6.1.6.

Hint. Following the argument as in [121, Theorem 5.1.8], let x∗ ∈ T (x) and replace
T with y 
→ T (y + x) − x∗; thus we may assume x = 0 and 0 ∈ T (0). Define
f : X → (−∞,+∞] by

f (x) := sup{〈y∗, x − y〉 : y ∈ dom T , ‖y‖ ≤ 1 and y∗ ∈ T (y)}.

Then f is lsc and convex as a supremum of such functions. Use the monotonicity of
T to show f (0) = 0. Then use the monotonicity of T and that fact 0 ∈ core dom T
to show 0 ∈ core dom f . Thus f is bounded on a neighborhood of 0. Then show T is
bounded on a neighborhood of 0.

6.1.7. Let X := �2. Show there is a maximal monotone operator T : X → X such that
T is everywhere norm-to-weak continuous, but fails to be norm-to-norm continuous
at some point in X .

Hint. Exercise 5.1.26 shows there is a norm, say ||| · ||| on X that is everywhere Gâteaux
differentiable on SX , but fails to be Fréchet differentiable at some point of SX . Let
f (·):=||| · |||2, and consider T :=∂f .

6.1.8.� Let X and Y be Hausdorff spaces and suppose T : X → 2Y is an usco (resp.
cusco). Show that there is a minimal usco (resp. cusco) contained in T .

Proof. Use Zorn’s lemma. See, for example [121, Proposition 5.1.23].

6.1.9. Let X be a Banach space whose dual norm is strictly convex. Show that every
minimal weak∗-cusco from a Baire space into X ∗ is generically single-valued.

Hint. See [120, Theorem 2.10]; this is a generalization of Exercise 4.6.6, the proof
is similar where here one considers the weak∗-cusco in place of the subdifferential
mapping.
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6.1.10 (Nongenericity of Gâteaux differentiability points [320, 321]).�� Herein all
topological spaces are assumed to be at least completely regular, K is a compact Haus-
dorff space and M ,� : (C(K), ‖ ·‖∞)→ R are defined by M ( f ) := sup{ f (k) : k ∈
K}, and �( f ) := {k ∈ K : f (k) = M ( f )}.
(a) � is a minimal usco that is also an open mapping.
(b) M is a continuous convex function on (C(K), ‖·‖∞) and is Gâteaux differentiable

at f ∈ C(K) if and only if �( f ) is a singleton.
(c) One can use the prior part to show that if K has a dense set composed of Gδ-points

then M is Gâteaux differentiable at the points of a dense subset of (C(K), ‖ ·‖∞).
This leads to:

Theorem 6.1.15. If M is Gâteaux differentiable at the points of a dense Gδ-
subset, G, in (C(K), ‖ · ‖∞) then K contains a dense Gδ-subset X that is
(completely) metrizable.

Hint. Define F : K → 2G by,

F(k) := { f ∈ C(K) : k ∈ �( f )} ∩ G.

Then F is densely defined and has closed graph relative to K×G. Moreover, F is
demi-lower-semicontinuous [320] and [320] shows there exists a dense Gδ-subset
X of K and a continuous selection σ : X → G of F |X . Since�|G is single-valued
(and so may be viewed as a continuous mapping) and �|G(σ (x)) = {x} for all
x ∈ X , σ−1 is also continuous. Hence X is homeomorphic to σ(X ) ⊆ G; which
is metrizable with respect to the usually metric on (C(K), ‖ ·‖∞). The fact that X
is completely metrizable follows from the fact that a metric space P is completely
metrizable (by some metric) if, and only if, it is Čech-complete [201].

(d) Let S be a first countable Baire space that does not contain a dense completely
metrizable subset (e.g. the Sorgenfrey line). Then for Čech compactification
K := β(S), M is densely Gâteaux differentiable but not on any dense Gδ-subset
of (C(K), ‖ · ‖∞).

(e) An explicit example of a continuous convex function that is densely differentiable
but not on any second category set is given in [321].

6.1.11 (Schauder fixed point theorem).� Let K ⊂ X be a compact convex subset of
a Banach space X and let f : K → K be norm-continuous. Show that f has a fixed
point in K .

Hint. Since K is compact we can and do suppose that X is separable and has a
strictly convex norm. We also suppose 0 ∈ K . For each finite-dimensional subspace
F ⊂ X let PF : K → K ∩ F be the continuous metric projection onto K ∩ F . Define
fF : K ∩ F → K ∩ F via fF (k) := PF ( f (k)). Then each fF has a fixed point. Now
take limits.

6.1.12.� Prove Theorem 6.1.10.
6.1.13.� Prove Theorem 6.1.11 .
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6.2 Epigraphical convergence: an introduction

We begin by illustrating that pointwise convergence does not necessarily preserve
minimizers of functions, nor is it necessarily preserved through conjugation (for
this, given a function h, we use the terminology argmin h := {x : h(x) = inf h}).
These deficiencies can be overcome, in many settings, using notions of epigraphical
convergence as we shall see throughout this section.

Example 6.2.1. (a) Consider Lipschitz convex functions fn : R → R defined by
fn(t) := n|t − 1/n| − 1 for n ∈ N . Then ( fn) converges pointwise to f := δ{0}, and
argmin fn is a subset of the compact set [0, 1] for each n, however

lim
n→∞ inf

R

fn = −1 < 0 = inf
R

f .

(b) Consider functions gn : R → R defined by gn(t) := t/n for n ∈ N . Then gn → 0
uniformly on bounded sets, but g∗n = δ{1/n} and g∗ = δ{0} and so (g∗n ) does not even
converge pointwise to g∗.

In addition to addressing issues raised by the previous example, limits of sets, or
epigraphical convergence as applied to epigraphs of functions, is an important tool
in the study of multifunctions as seen in works such as [22]. In our limited coverage
our primary focus will be directly on limits of epigraphs of functions. These epi-
limits will be natural tools for which to analyze approximations of functions when
minimizers are of primary concern, and they also provide a setting with which to
study generalized derivatives of functions as outlined in Exercise 6.2.27.

This section introduces the following notions of convergence: Kuratowski–
Painlevé, Mosco, Attouch–Wets, Wijsman, and slice convergence. All of these forms
of convergence are equivalent for lsc convex functions on Rn (see Theorem 6.2.13).
These notions are often introduced in the language of sets, and then the respective defi-
nitions apply naturally to epigraphs of functions. We begin with Kuratowski–Painlevé
convergence because of its relation with lower and upper limits of sets.

Definition 6.2.2. Let Y be a Hausdorff topological space and let (Fi) be a sequence
of subsets of Y . The sequential lower and upper limits of (Fi) are defined by

lim inf
i→∞ Fi :=

{
lim

i→∞ yi : yi ∈ Fi for all i = 1, 2, . . .
}

and

lim sup
i→∞

Fi :=
{

lim
k→∞

yik : yik ∈ Fik for some ik →∞
}

.

When the two limits are equal, that is, if F = lim inf i→∞ Fi = lim supi→∞ Fi we
say (Fi) converges Kuratowski–Painlevé to F .

In a metric space both the sequential lower and upper limits are closed. However,
this is not true in general (Exercise 6.2.2). It is also easy to check that these lower
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and upper limits in metric spaces can be described by using the distance between a
set and a point.

Lemma 6.2.3. Let X be a metric space and let (Ai) be a sequence of subsets in X .
Then

lim inf
i→∞ Ai =

{
x ∈ X : lim sup

i→∞
dAi (x) = 0

}
and

lim sup
i→∞

Ai =
{
x ∈ X : lim inf

i→∞ dAi (x) = 0
}
.

Proof. Exercise 6.2.3.

Because our primary focus is on functions, we will say a sequence of functions
fn : X → [−∞,+∞] converges Kuratowski–Painlevé to the lsc function f : X →
[−∞,+∞] if the epigraphs of fn converge Kuratowski–Painlevé to the epigraph of
f in X × R endowed with any equivalent product norm. This is often referred to
as epi-convergence, and it is easy to see that this convergence is invariant under
equivalent renormings. In fact, this can be very nicely formulated for functions as
follows.

Lemma 6.2.4. Let X be a metric space and let f , f1, f2, f3, . . . be lsc functions mapping
X to (−∞,+∞]. Then ( fi) converges Kuratowski–Painlevé to f if and only if at each
point x ∈ X one has

lim inf
i→∞ fi(xi) ≥ f (x) for every sequence xi → x (6.2.1)

and

lim sup
i→∞

fi(xi) ≤ f (x) for some sequence xi → x. (6.2.2)

Proof. Exercise 6.2.4.

Epigraphical convergence of functions has useful applications in minimization
problems as we now illustrate.

Theorem 6.2.5. Let X be a metric space and let fi : X 
→ (−∞,+∞] be a sequence
of lsc functions that converges Kuratowski–Painlevé to f . Then

lim sup
i→∞

(argmin fi) ⊂ argmin f . (6.2.3)

If, moreover, there is a compact set K ⊂ X such that argmin fi ⊂ K and argmin
fi �= ∅ for all i, then

lim
i→∞(inf fi) = inf f , (6.2.4)
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Proof. For the first part, we may assume lim sup(argmin fi) �= ∅ otherwise there is
nothing to do. Let x̄ ∈ lim sup(argmin fi). Then there exist xij ∈ argmin fij so that
xij → x̄. It follows from Lemma 6.2.4, f (x̄) ≤ lim inf j fij (xij ) ≤ lim supi(argmin fi).
On the other hand, given any x ∈ X there exists a sequence zk → x so that
lim sup fk(zk) ≤ f (x). Therefore,

f (x̄) ≤ lim sup(argmin fi) ≤ lim sup fk(zk) = f (x).

This shows x̄ ∈ argmin f as desired.
For the ‘moreover’ part, given α > inf f , we may choose x̄ ∈ X so that f (x̄) < α.

According to Lemma 6.2.4, there exists a sequence xi → x̄ so that

f (x̄) ≥ lim sup fi(yi) ≥ lim sup(inf fi).

Consequently, inf f ≥ lim sup(inf fi). On the other hand, let yi ∈ argmin fi, using
compactness and Lemma 6.2.4, there is a convergent subsequence, say yik → ȳ such
that

f (ȳ) ≤ lim inf
k→∞

fik (yik ) = lim inf (inf fi) ≤ lim sup(inf fi) ≤ inf f ,

which completes the proof.

In Exercise 6.2.7 it is shown that the ‘moreover’part of the previous theorem can fail
in the absence of compactness. Because of this, and because bounded sets in reflexive
Banach spaces are relatively weakly compact, the following notion of convergence
has been widely used in reflexive Banach spaces. We will focus on closed convex
subsets of Banach spaces when considering further notions of set convergence.

Definition 6.2.6. [Mosco convergence] Let X be a Banach space and let Cn, C be
closed convex subsets of X . We will say (Cn) converges Mosco to C if each of the
following conditions hold.

(M1) For each x ∈ C there is a sequence (xn) converging in norm to x such that
xn ∈ Cn for each n ∈ N.

(M2) Whenever n1 < n2 < n3 < . . ., and xnk ∈ Cnk is such that xnk →w x,
then x ∈ C.

Given a sequence of proper lsc convex functions ( fn) on a Banach space X , we will
say ( fn) converges Mosco to the lsc convex function f if (epi fn) converges Mosco to
epi f as subsets of X × R.

It is clear that Mosco and Kuratowski–Painlevé convergence are equivalent in
finite-dimensional spaces. Because our primary interest here is, as we noted, with
functions, we state the following reformulation of Mosco convergence for functions
as follows.

Fact 6.2.7. Let X be a Banach space, and let (fn) be a sequence of proper lsc convex
functions on X . Then ( fn) converges Mosco to the lsc convex function f if and only
if both of the following two conditions are true.
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(M1) For each x ∈ X , there exist xn → x such that lim sup fn(xn) ≤ f (x).
(M2) lim inf n→∞ fn(xn) ≥ f (x) whenever xn →w x.

The proof of this fact is left as Exercise 6.2.6. Because lsc convex functions are
automatically weakly-lsc, Mosco convergence is nicely suited for preserving bounded
sets of minimizers in reflexive Banach spaces, more precisely we have the following.

Theorem 6.2.8. Let X be a Banach space and let (fn) be a sequence of proper lsc
convex functions that converges Mosco to the proper lsc convex function f . Then

lim sup
i→∞

(argmin fi) ⊂ argmin f (6.2.5)

where the limsup is considered in the weak topology. If, moreover, there is a weakly
compact set K ⊂ X such that argmin fi ⊂ K and argmin fi �= ∅ for all i,then

lim
i→∞(inf fi) = inf f . (6.2.6)

Proof. Modify the proof of Theorem 6.2.5 as appropriate.

Some other properties of minimizers can be found in Exercise 6.2.7. In addi-
tion to its nice properties concerning minimization problems, Mosco convergence is
preserved through conjugation on reflexive Banach spaces as detailed in the next the-
orem. Also the various forms of epigraphical convergence we discuss in this section
are implied by uniform convergence on bounded sets, however, none of the forms of
epigraphical convergence we discuss imply or are implied by pointwise convergence;
see Theorem 6.2.14 below.

Theorem 6.2.9. Let X be a reflexive Banach space, and let f : X → (−∞,+∞] be
a proper lsc convex function. Then the sequence of proper lsc convex functions ( fn)
converges Mosco to f if and only if ( f ∗n ) converges Mosco to f ∗.

Proof. Suppose ( fn) converges Mosco to f on X . Let φ ∈ X ∗ and φn →w φ, and let
α < f ∗(φ). Now choose x ∈ X so that φ(x)− f (x) > α. According to Fact 6.2.7 there
exists a sequence xn → x such that fn(xn) → f (x). Consequently, φn(xn) → φ(x)
and so

lim inf
n→∞ f ∗n (φn) ≥ lim inf

n→∞ φn(xn)− fn(xn)

= lim inf
n→∞ φ(xn)− f (xn) = φ(x)− f (x) > α.

It now remains to show given φ ∈ X ∗ that there is a sequence (φn)→ φ such that
lim supn→∞ f ∗n (φn) ≤ f ∗(φ). If f ∗(φ) = ∞, there is nothing further to do, otherwise
choose xn ∈ X such that

φ(xn)− f (xn) ≥ f ∗(φ)− 1

n
.
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Let α := f ∗(φ), then φ(x) − α ≤ f (x) for all x ∈ X . Consider the affine function
Ln(x) := φ(x)− α − 1/n. Then Ln(xn) ≥ f (xn)− 2/n. Let

Wn := conv({±x1,±x2, . . . ,±xn} + nBX ).

Then Wn is a closed convex weakly compact set. Using Fact 6.2.7 and the Eberlein–
Šmulian theorem, we also can choose nk such that

fn(x) ≥ f (x)− 1

k
for x ∈ Wk , n ≥ nk .

Consider gn = Ln − δWn . According to the sandwich theorem (4.1.18), there is an
affine function An say An = φn − αn such that fn ≥ An ≥ gn. Accordingly,

lim inf
n→∞ (An − Ln) ≥ 0

uniformly on bounded sets. Again, using Fact 6.2.7, we can choose xk ,j such that
‖xk ,j − xk‖ ≤ 1

k and fj(xk ,j) ≤ f (xk)+ 1/k for j ≥ nk . Now for j ≥ nk

Lj(xk ,j) ≥ Lj(xk)− ‖φ‖‖xk ,j − xk‖
≥ f (xk)− 2

k
− ‖φ‖‖xk ,j − xk‖

≥ fj(xk ,j)− 3

k
− ‖φ‖‖xk ,j − xk‖

≥ Ank (xk ,j)− 3

k
− ‖φ‖‖xk ,j − xk‖.

According to Exercise 6.2.1 we conclude that

‖φk − φ‖ → 0 and αk → α.

Then f ∗k (φk) ≤ αk and lim supk→∞ f ∗k (φk) ≤ f ∗(φ) as desired. The converse can be
deduced using biconjugates.

It is important to note that the previous theorem is valid only in reflexive spaces,
because if Mosco convergence of sequences of proper lsc convex functions is pre-
served through conjugation, then the space is reflexive; see [46, Theorem 3.3]. Thus,
we now introduce a form of convergence that is stronger than Mosco convergence
in infinite-dimensional spaces. Let X be a normed linear space and let A and B be
nonempty, closed and bounded subsets of X . Then the Hausdorff distance DH between
A and B is defined by DH (A, B) := max{e(A, B), e(B, A)} where excess functional is
defined by e(A, B) := sup{dB(a) : a ∈ A}. Let A, A1, A2, A3, . . . be closed subsets of
X , we will say (An) converges Attouch–Wets to A if dAn(·) converges uniformly to
dA(·) on bounded subsets of X .

We will say a sequence of lsc functions fn convergesAttouch–Wets to the lsc function
f onX if (epi fn) convergesAttouch–Wets to epi f inX×R endowedwith an equivalent
product norm. It is easy to see that Attouch–Wets convergence is invariant under
renorming, and that it is implied by uniform convergence on bounded sets. One can
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intuitively visualize Attouch–Wets convergence as being uniform convergence of
epigraphs on bounded sets. WhileAttouch–Wets convergence is weaker than uniform
convergence of the functions on bounded sets, for certain nice functions the two
notions are equivalent (Exercise 6.2.18). Additionally, Attouch–Wets convergence
has the advantage of being preserved under conjugation as seen in the following
important theorem that is stated without proof.

Theorem 6.2.10. Let X be a Banach space, and let f , f1, f2, f3, . . . be proper lsc
convex functions on X . Then ( fn) converges Attouch–Wets to f if and only if ( f ∗n )
converges Attouch–Wets to f ∗.

For a proof of this theorem, one can consult [44, Theorem 7.2.11] or [297, Theorem
9.1.4]. The next theorem, which again, we only state, shows the precise connection
between Attouch–Wets convergence of convex functions, and convergence of their
regularizations.

Theorem 6.2.11. Suppose X is a normed linear space and let f , fn be proper lsc
convex functions. Then ( fn) converges Attouch–Wets to f if and only if fn λ‖ · ‖
converges uniformly on bounded sets to f λ‖ · ‖ for all sufficiently large λ.

One can consult [45, Theorem 4.3] for a proof of the preceding theorem. The
final two notions of set convergence that we will introduce are as follows. Let X
be a normed space, and let (Cα) and C be nonempty closed convex sets in X . The
net (Cα) is said to converge Wijsman to C if dCα (x) → dC(x) for every x ∈ X . If
d(W , Cα)→ d(W , C) for every closed bounded convex subset W of X , then (Cα) is
said to converge slice to C. Again, these notions apply to lsc convex functions when
we apply them to epigraphs under a product norm on X × R.

It is evident that slice convergence is formally stronger than Wijsman convergence,
and that both of the previous definitions depend on the norm of X (or X × R for
epigraphs). However, slice convergence is invariant under renorming while Wijsman
convergence is not, that and more is captured in the following nice geometric theorem.

Theorem 6.2.12. Let X be a normed space, and let Cα , C be closed convex sets in
X . Then (Cα) converges slice to C if and only if (Cα) converges Wijsman to C with
respect to every equivalent norm on X . In particular, slice convergence in invariant
under renorming.

Proof. See Exercise 6.2.23.

The usefulness of slice convergence stems from the fact it agrees with Mosco con-
vergence in reflexive Banach spaces, and carries many of the nice features of Mosco
convergence to the nonreflexive setting. Exercise 6.2.7 illustrates its application to
minimization problems. Roughly speaking, Mosco convergence is the weakest form
of epigraphical convergence that extends the key nice properties of epiconvergence
in finite-dimensional spaces to reflexive spaces, and then slice convergence is the
weakest form of epigraphical convergence that preserves these properties in general
normed spaces. With all of these notions now defined, let us observe
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Theorem 6.2.13. Let X be a finite-dimensional normed space. Then Kuratowski–
Painlevé, Mosco, Attouch–Wets, Wijsman and slice convergence are equivalent for
sequences of closed convex sets in X .

Proof. See Exercise 6.2.15.

Theorem 6.2.14. Let X be a normed space and let f , fn : X → (−∞,+∞] be a
sequence of lsc proper convex functions. Consider the following statements

(a) ( fn) converges uniformly on bounded sets to f .
(b) ( fn) converges Attouch–Wets to f .
(c) ( fn) converges slice to f .
(d) ( fn) converges Mosco to f .
(e) ( fn) converges Wijsman to f .
(f) ( fn) converges Kuratowski–Painlevé to f .
(g) ( fn) converges pointwise to f .

Then (a)⇒ (b)⇒ (c)⇒ (d) , (c)⇒ (e), (d)⇒ (f), (e)⇒ (f), (a)⇒ (g), but none
of these implications reverse in general. Moreover, in general, (d) �⇒ (e), (e) �⇒ (d),
(b) �⇒ (g) and (g) �⇒ (f).

Proof. Many of these relations and more are developed in Exercises 6.2.5, 6.2.11,
6.2.16, 6.2.12, 6.2.14, 6.2.7, and the remaining are left for Exercise 6.2.17.

Historically, Wijsman convergence is important because it was the mode of
epigraphical convergence that was shown to be preserved under conjugation in finite-
dimensional spaces. However, outside of finite-dimensional spaces it fails to preserve
bounded miminizing sequences (Exercise 6.2.7) and it is not generally preserved
under conjugation (Exercise 6.2.13). Nevertheless, these are far from reasons to dis-
miss Wijsman convergence, and in fact, in �p spaces with 1 < p < ∞ under their
usual norms, it is equivalent to (the much harder to check) slice convergence as
follows from the next general theorem.

Theorem 6.2.15. Let X be a Banach space. Then Wijsman and slice convergence
coincide for nets of closed convex sets if and only if the dual norm on X ∗ is weak∗-
Kadec.

The proof of this theorem can be found in [111], however, it is easy to verify the
‘only if’portion of this theorem (see Exercise 6.2.22). Moreover, for reflexive Banach
spaces a proof is suggested in Exercise 6.2.24.

Exercises and further results

6.2.1.� Suppose αn = �n − an and βn = φn − bn are continuous affine functions on
X (i.e., �n,φn ∈ X ∗ and an, bn ∈ R for each n) such that:
(a) lim inf n→∞(βn − αn) ≥ 0 uniformly on bounded sets; and
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(b) there are sequences (xn) ⊂ X and εn → 0+ such that βn(xk) < αn(xk) + εk for
all k ≤ n.
Show that (�n−φn)→ 0 in X ∗ and (cn−kn)→ 0 in R. Conclude that (αn−βn)→ 0
uniformly on bounded sets.

Hint. Let ε > 0 and then choose εk such that εk < ε/2. Now let n0 ≥ k be such that

βn(x) ≥ αn(x)− ε/2 if x ∈ xk + BX , n ≥ n0.

Because n0 ≥ k , we also obtain

αn(xk) > βn(xk)− ε/2 if n ≥ n0.

Now for h ∈ BX , and n ≥ n0 we have

(�n − φn)(h) = (αn − βn)(h)

= (αn − βn)(xk + h)− (αn − βn)(xk)

≤ ε

2
+ ε

2
= ε.

Therefore, ‖�n − φn‖ ≤ ε for n ≥ n0. Thus (�n − φn)→ 0 as desired.
Now fix xk , by what was just shown, we know that (φn − �n)(xk) → 0, and for

all sufficiently large n,
−εk < (βn − αn)(xk) < εk .

Consequently, limn→∞ |an − bn| ≤ εk for each k .

6.2.2.� Let X be a metric space, and let (Ai) be a sequence of subsets of X . Show
that lim sup Ai and lim inf Ai are both closed. Show that this may fail if X is merely
a Hausdorff topological space.
6.2.3.� Prove Lemma 6.2.3.
6.2.4.� Prove Lemma 6.2.4.
6.2.5 (Examples concerning epigraphical and pointwise convergence).�

(a) Find an example of a sequence of Lipschitz convex functions on �2 that converges
Mosco but not pointwise to 0.

(b) Find a sequence of equi-Lipschitz convex functions on �2 that converges
pointwise but not Mosco to 0.

(c) Suppose (fn) is a sequence of equicontinuous convex functions on a Banach space.
Suppose (fn) converges Kuratowski–Painlevé to the lsc proper convex function
f . Show that (fn) converges pointwise to f .

(d) Suppose f , f1, f2, . . . are lsc proper convex functions on a Banach space such that
fn ≥ f for all n, and (fn) converges pointwise to f . Show that (fn) converges
Mosco (in fact slice) to f .

(e) Find a sequence of proper lsc convex functions (fn) on R that convergesAttouch–
Wets but not pointwise to a proper lsc convex function f .

Hint. (a) Let f := 0 and define fn by fn(·) := n2|〈en, ·〉|. For x := (1/n) ∈ �2 we have
f (x) = 0 while fn(x) = n so fn(x) → ∞. Clearly (M2) is satisfied because fn ≥ 0
for each n. For any u := (un) ∈ �2, define the sequence (xn) ⊂ �2 by xn(j) := uj if
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j �= n, and xn(j) := 0 if j = n. Then (xn)→ u and fn(xn) = 0 for each n which shows
fn(xn)→ fn(u). Thus (M1) is satisfied.

(b) Let f := 0 and fn := 〈en, ·〉. Then fn → 0 pointwise because en →w 0.
However, given xn := −en, we have xn →w 0, but fn(xn) = −1. Then
lim inf n→∞ fn(xn) < f (0) and so (fn) does not converge Mosco to f .

(c) Let x0 ∈ X , if f (x0) = ∞, there is nothing to do since lim inf fn(x0) ≥ f (x0).
Otherwise, select (xn)→ x0 so that fn(xn)→ f (x). Choose δ > 0 so that |fn(y−x0)| <
ε/2 if |y− x0| < δ for all n, and choose n0 so that |fn(xn)− fn(x0)| < ε/2 for n ≥ n0.
Then for n ≥ n0, we have

|fn(x0)− f (x0)| ≤ |fn(x0)− fn(xn)| + |fn(xn)− f (x0)| < ε/2+ ε/2 = ε.

(d) (M1) follows immediately from pointwise convergence. For (M2), suppose
xn →w x, then lim inf n→∞ fn(xn) ≥ lim inf n→∞ f (xn) ≥ f (x). For slice con-
vergence, use pointwise convergence to show lim sup d(W , epi fn) ≤ d(W , epi f )
for any set W ⊂ X × R. Because epi fn ⊂ epi f for all n, it is clear that
lim inf d(W , epi fn) ≥ d(W , epi f ).

(e) Consider fn := δ[0,1−1/n] and f := δ[0,1]. Then fn(1) = ∞ for all n, while
f (1) = 0.

6.2.6.� Prove Fact 6.2.7.
6.2.7 (Epigraphical convergence and minimizing sequences).� Assume X is a Banach
space and all functions are proper lsc convex functions on X .

(a) Suppose (fn) converges Kuratowski–Painlevé to f . Verify that

lim sup
n→∞

(
inf
X

fn

)
≤ inf

X
f .

(b) Suppose (fn) converges Mosco to f and (xn) is a sequence converging weakly to
x such that fn(xn) ≤ inf X fn + εn where εn → 0+. Show that x ∈ argmin f and
f (x) = limn→∞(inf X fn).

(c) Suppose X is reflexive, (fn) converges Mosco to f , fn(xn) = inf X fn and (xn) is a
bounded sequence. Show that inf X f = limn→∞ fn(xn) and argmin f �= ∅.

(d) Suppose X is not reflexive. Let (xn) ⊂ SX be a sequence with no weakly conver-
gent subsequence. Let fn(x) := −t when x = txn for 0 ≤ t ≤ 1 and fn(x) := +∞
otherwise. Show that (fn) converges Mosco to δ{0} but lim (inf X fn) < inf X δ{0}.
See also [46, Theorem 5.1] for further results.

(e) Consider the Lipschitz convex functions fn : R → R defined by fn(t) := −t/n
if t ≤ n2 and fn(t) := −n if t > n2. Verify that (fn) converges Mosco to 0, but
lim supn→∞ fn(n2) = −∞while inf R f = 0. Similarly, let gn(t) := −t/n; verify
(gn) converges Mosco to 0. Deduce the ‘moreover’ part of Theorem 6.2.5 may
fail when the argmins are empty or not contained in a compact set.

(f) Suppose (fn) converges slice to f and there exists a bounded sequence (xn) such
that lim inf n→∞ fn(xn) = lim inf n→∞(inf X fn). Show that

inf
X

f = lim
n→∞

(
inf
X

fn

)
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(g) Let X = c0 endowed with its usual norm, and consider the functions fn defined
by fn(x) := max{〈en, x〉,−1} and let f := 0. Show that (fn) converges pointwise
and Wijsman to f with respect to �1-product norm defined on X ×R. In contrast
to (f), observe that inf X fn = −1 is attained on BX , but lim (inf X fn) < inf X f .
Does (fn) converges Wijsman to f with respect to the �∞-product norm on X ×R?

Hint. (a) This follows from (6.2.2) in Lemma 6.2.4. For (b), observe that

f (x) ≤ lim inf
n→∞ fn(xn) ≤ lim inf

n→∞ (inf
X

fn + εn)

= lim inf
n→∞ (inf

X
fn) ≤ lim sup

n→∞

(
inf
X

fn

)
≤ inf

X
f .

Deduce (c) from (b) and the Eberlein–Šmulian theorem. In (e), notice that the
sequence converges uniformly on bounded sets.

(f) By part (a) it suffices to show that inf f ≤ lim inf n→∞(inf fn). Assuming the
contrary, we suppose there exists a number α such that

lim inf
n→∞ (inf fn) < α < inf f .

Let C = {(x,α) : ‖x‖ ≤ M }where M > 0 is chosen so that ‖xn‖ ≤ M for all n. Then
d(C, epi f ) ≥ inf f −α (using the �1-product norm) while lim inf n→∞ d(C, epi fn) =
0 which contradicts slice convergence.

(g) Observe that (fn) converges pointwise to f . Now let (x, t) ∈ X×R. If t ≥ 0, then
depi f ((x, t)) = 0 and since (fn) converges pointwise to 0, depi fn((x, t)) ≤ |fn(x)| → 0.
If t < 0, depi f ((x, t)) = |t|. If n0 is such that fn(x) > t for n > n0 show that
depi fn((x, t)) = |fn(x)− t| for n > n0. For the last question, consider depi f (0,−1) = 1
in the �∞ product norm. However, (−en/2,−1/2) ∈ epi fn for each n, and thus
depi fn(0,−1) ≤ 1/2.

6.2.8. Use fn(t) :=
{

an if t = xn

∞ if t �= xn
and f (t) :=

{
a if t = x̄
∞ if t �= x̄

to show that any

form of convergence that reasonably preserves minimizers on weakly compact sets
implies Mosco convergence.
6.2.9. Let X be a Banach space, show that the following are equivalent.

(a) There is a sequence (φn) ∈ SX ∗ that converges weak∗ to 0.
(b) There is a sequence of equi-Lipschitz convex functions (fn) on X that converges

Wijsman to 0 with respect to the �1-product norm on X × R, such that

lim inf

(
inf
BX

fn

)
< 0.

Hint. (a) ⇒ (b): Let fn := φn. (b) ⇒ (a): Since (fn) converges pointwise to 0 by
Exercise 6.2.5(c), we may and do assume fn(0) = 0 for all n, and we choose xn ∈ BX

such that lim inf fn(xn) < α < 0. Letφn ∈ ∂fn(0). Then lim sup ‖φn‖ ≥ |α|. However,
(φn) →w∗ 0, otherwise there is an h ∈ X such that lim supφn(h) > 0, and the
subdifferential inequality would yield lim sup fn(h) > 0 which is a contradiction.
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6.2.10.� Let X and Y be Banach spaces and suppose T : X → Y is a multifunction.
This exercise shows some relation of the upper-semicontinuity of T to the lim sup of
sets as given in Definition 6.2.2.

(a) Suppose Y is finite-dimensional and T is locally bounded at x̄. Show that T
is norm-to-norm upper-semicontinuous at x̄ if lim sup Txn ⊂ T x̄ in the norm
topology on Y whenever ‖xn − x̄‖ → 0.

(b) Suppose Y is reflexive and T is locally bounded at x̄. Show that T is norm-to-
weak upper-semicontinuous at x̄ if lim sup Txn ⊂ T x̄ in the weak topology on Y
whenever ‖xn − x̄‖ → 0.

Hint. For (b), suppose T is not norm-to-weak upper-semicontinuous at x̄. Then there
is a weak open neighborhood W of T x̄ and xn → x̄ such that Txn �⊂ W , and by the
local boundedness property we may assume Txn ⊂ MBY for some M > 0 and all n.
Now choose yn ∈ Txn \W . By the Eberlein–Šmulian theorem (see e.g., [199, p. 85]),
there is a subsequence (ynk ) that is weakly convergent, say to ȳ. Now ȳ �∈ W . This is
a contradiction because lim sup Txn �⊂ T x̄ in the weak topology on Y .

6.2.11.� Let X be a Banach space, show that the following are equivalent.

(a) There is a sequence (φn) ⊂ SX ∗ such that (φn)→w∗ 0.
(b) There is a sequence of 1-Lipschitz convex functions converging Mosco but not

Attouch-Wets to 0.
(c) There is a sequence of nonnegative 1-Lipschitz convex functions converging slice

but not Attouch-Wets to 0.

Thus, according to the Josefson–Nissenzweig theorem (8.2.1), Mosco, slice and
Attouch–Wets convergence agree if and only if a space is finite-dimensional.

Hint. (a) ⇒ (c): Consider X × R endowed with the �1-product norm. Let (φn) ⊂
SX ∗ be such that (φn) →w∗ 0. Define fn := max{φn, 0}. Then fn → 0 pointwise
and so it follows easily that (fn) converges slice to 0 (Exercise 6.2.5(d)). However,
consider xn ∈ 2BX such that φn(xn) = 1. Then (xn, 0) ∈ epi f , but depi fn((xn, 0)) ≥
|f (xn)− 0| = 1. Thus (fn) does not converge Attouch–Wets to f . Observe (c)⇒ (b)
is immediate because slice convergence implies Mosco convergence. To show (b)
implies (a), suppose (b) is not true. Because Mosco convergence implies pointwise
convergence for equi-Lipschitz functions (Exercise 6.2.5(c)), we deduce there exist
a bounded sequence (xn) and ε > 0 so that fn(xn) > ε for infinitely many n (if
fn(yn) < −ε for infinitely many n, use the convexity and fact fn → 0 pointwise to
find the xn). For such n, let Cn:={x : fn(x) ≤ ε}. By the separation theorem (4.1.17),
choose φn ∈ SX ∗ so that φn(xn) > supC φn. Use the fact fn → 0 pointwise to deduce
that φn →w∗ 0.

6.2.12.� Show that Wijsman convergence implies Kuratowski–Painlevé convergence,
but not conversely in infinite-dimensional spaces.

Hint. Let (Cn) be a sequence of closed convex sets converging Wijsman to the closed
convex set C. If x ∈ C, then dCn(x) → dC(x) = 0. Consequently, there exists
xn ∈ Cn so that xn → x. On the other hand, suppose xnk ∈ Cn,k and xnk → x̄. Then
dCn,k (x̄)→ 0, and so x̄ ∈ C as desired.
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Let X = c0, and consider X × R in the �∞ norm, then consider the sequence (fn)
given in the proof of Exercise 6.2.7(g). Then (fn) does not converge Wijsman to 0 in
the �∞-product norm on c0 × R. However, it converges Wijsman in the �1-product
norm to 0, thus by the previous paragraph it converges Kuratowski–Painlevé in X×R.
Now use the Josefson–Nissenzweig theorem (8.2.1) to produce an analogous example
in any infinite-dimensional Banach space.

6.2.13. Let X be an infinite-dimensional Banach space. Show there is a sequence of
1-Lipschitz convex functions (fn) converging Wijsman to f := 0 with respect to the
�1-product norm, but (f ∗n ) fails to converge Kuratowski–Painlevé to δ{0} = f ∗.
Hint. Use the Josefson–Nissenzweig theorem (8.2.1) to choose (φn)

∞
n=1 ⊂ SX ∗ such

that φn →w∗ 0. Let fn := φn and f := 0. Check that (fn) converges Wijsman to f
with respect to the �1-product norm on X × R. However, f ∗n = δ{φn} and f ∗ = δ{0}.
There is no sequence (x∗n) ⊂ X ∗ such that x∗n → 0 and f ∗n (x∗n) → f ∗(0). Thus (f ∗n )
does not converge Kuratowski–Painlevé to f ∗.

6.2.14.� (a) Show that slice convergence implies Mosco convergence for sequences
of closed convex sets in arbitrary normed spaces.
(b) Let X be a reflexive Banach space. Show that Mosco and slice convergence are
equivalent for sequences of closed convex sets.

Hint. (a) Slice convergence implies Mosco convergence in arbitrary normed spaces.
Indeed, suppose (Cn) converges slice to C. Let x ∈ C, then dC(x) = 0 and so
dCn(x) → 0 from which we conclude that there exist xn ∈ Cn such that xn → x.
Now suppose xnk ∈ Cnk is such that xnk →w x. Then (xnk ) is a bounded sequence
contained in MBX for some M > 0. Suppose x �∈ C, then choose φ ∈ X ∗ so that
φ(x) > α > supC φ. Consider W = MBX ∩ {u ∈ X : φ(u) ≥ α}. Then eventually
xnk ∈ W and so lim d(W , Cnk ) = 0 while d(W , C) > 0 which contradicts slice
convergence.

(b) Suppose (Cn) converges Mosco to C in the reflexive space X . If x ∈ C, then
there exist xn ∈ Cn with xn → x. Thus lim sup d(W , Cn) ≤ d(W , C) for any set W ∈
X . Now suppose there is a closed bounded convex set W such that lim inf d(W , Cn) <

d(W , C). Use weak compactness, and weak lower-semicontinuity of the norm to get
a contradiction.

6.2.15.� Prove Theorem 6.2.13.

Hint. By a compactness argument, slice and Wijsman convergence coincide in
finite-dimensional spaces. Also, Mosco and Kuratowski–Painlevé convergence are
equivalent in finite-dimensional spaces. Combining this with Exercise 6.2.14 shows
that all four of these notions are equivalent in finite-dimensional spaces. Finally,
Attouch–Wets convergence is the strongest of these notions in general, so we now
show that it is implied by Wijsman convergence in finite-dimensional spaces. Indeed,
if (An) converges Wijsman to A, then dAn(·)→ dA(·) pointwise, and thus uniformly
on bounded sets because they are equi-Lipschitz.

6.2.16.� Suppose X is a Banach space that is not reflexive. Show that there is a
sequence of proper lsc convex functions on X that converges Mosco but not Wijsman.
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Hint. Let H be a nonreflexive hyperplane of X , choose a sequence (hn) ∈ H with
‖hn‖ = 1/2 so that (hn) has no weakly convergent subsequence. Now let ‖x0‖ = 1
and consider xn:=hn + x0. Now (xn) has no weakly convergent subsequence. Let
Cn:=[0, xn], and let fn:=δCn and f = δ{0}. Then (fn) converges Mosco to f , but not
Wijsman in most any reasonable product norm. Consider distance of (x0, 0) to the
epigraphs.

6.2.17.� Prove Theorem 6.2.14.

Hint. Note that many of the relations or failure thereof can be found in Exercises 6.2.5,
6.2.11, 6.2.16, 6.2.12, 6.2.14, 6.2.7. Then establish the remaining statements.

6.2.18. Suppose f is convex and bounded on bounded sets and that (fn) is a sequence
of proper lsc convex functions. Suppose (fn) convergesAttouch–Wets to f . Show that
(fn) converges uniformly to f on bounded sets.

Hint. Suppose (fn) does not converge to f uniformly on bounded sets. Then there
exists ε > 0 and a bounded sequence (xn) such that one of the following is true.

(i) fn(xn)+ ε < f (xn) for infinitely many n.
(ii) f (xn)+ ε < fn(xn) for infinitely many n.
If (i) occurs, then Attouch–Wets convergence fails (use Lipschitz property of f to

show that the excess of epi fn over f is uniformly large).
In the case of (ii), suppose Attouch–Wets convergence doesn’t fail. Then there are

(yn, sn) ∈ epi fn such that ‖yn − xn‖ ≤ εn and |sn − f (xn)| < εn where εn → 0. Now
let tn = f (xn) + ε and use the sandwich theorem (4.1.18) to find φn ∈ X ∗, αn ∈ R
so that φn − αn separates (xn, tn) and epi fn for infinitely many n. Now, passing to a
subsequence

φn(xn − yn)

‖xn − yn‖ ≥ tn − sn

εn
= ε − εn

εn
= Mn.

where Mn → ∞. Choose hn such that ‖hn‖ = 1 and φn(hn) ≥ Mn − 1 and let
zn = xn + hn. Then f (z) ≤ f (xn) + 2M where M is a Lipschitz constant for f on
{xn}∞n=1+ 2BX and ‖z− zn‖ ≤ 1/2. However, fn(z) ≥ f (xn)+ φ(z) ≥ f (xn)+Mn−
1−Mn/2 ≥ f (xn)+Mn/2− 1 for ‖z − zn‖ ≤ 1/2. Hence depi fn((xn, f (xn))) > 1/2
for large n.

6.2.19. The definition of Attouch–Wets convergence applies naturally to nonconvex
functions; see [44] for further details. Let (X , d) be a metric space and let (fn) be
a sequence of lsc real-valued functions on X such that f is Lipschitz on bounded
subsets of X and (fn) is eventually equi-Lipschitz on bounded subsets of X . Suppose
that (fn) convergesAttouch–Wets to f , show that (fn) converges uniformly on bounded
sets to f .

Hint. See [44, Proposition 7.1.3].

6.2.20. Suppose f , f1, f2, . . . are real-valued functions on X such that (fn) converges
uniformly to f on X . Show that dom f ∗n = dom f ∗ for all large n, and (f ∗n ) converges
uniformly to f ∗ on the domain of f ∗.
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Hint. Let ε > 0, and choose n0 ∈ N so that |fn(x) − f (x)| ≤ ε for all n ≥ n0. Let
φ ∈ X ∗, then

φ(x)− fn(x)− ε ≤ φ(x)− f (x) ≤ φ(x)− fn(x)+ ε

for all n ≥ n0. Consequently, if f ∗(φ) <∞, then |f ∗n (φ)− f ∗(φ)| ≤ ε for all n ≥ n0.
If f ∗(φ) = ∞, then f ∗n (φ) = ∞ for all n ≥ n0.

6.2.21. Suppose f is convex, supercoercive and bounded on bounded sets and that
(fn) is a sequence of proper lsc convex functions on X . Show that (fn) converges to f
uniformly on bounded sets if and only if (f ∗n ) converges uniformly to f ∗ on bounded
sets.

Hint. Suppose (fn) converges to f uniformly on bounded sets, then (fn) converges
Attouch–Wets to f . According to Theorem 6.2.10, (f ∗n ) converges Attouch–Wets
to f ∗. Now f ∗ is bounded on bounded sets, so according to Exercise 6.2.18, (f ∗n )
converges uniformly on bounded set to f ∗.

Now f ∗ is supercoercive and bounded on bounded sets. Hence so is f ∗∗. The
argument from the previous paragraph shows that (f ∗∗n ) converges to f ∗∗ uniformly
on bounded sets, hence the same is true for their restrictions to X , and these restrictions
are fn and f according to Proposition 4.4.2.

6.2.22. Suppose the dual norm on X ∗ does not have the weak∗-Kadec property
(sequentially). Then we can choose norm-attaining φn,φ ∈ SX ∗ such that φn →w∗ φ
while ‖φn − φ‖ > ε for some ε > 0. Let Cn:={x ∈ X : φn(x) = 1} and
C:={x ∈ X : φ(x) = 1}. Show that (Cn) converges Wijsman but not slice to C.

Hint. Use the Bishop–Phelps theorem (4.3.4) to find the appropriate norm–attaining
functionals.

6.2.23.� Let (X , ‖ · ‖) be a normed space and let Cα , C be closed convex subsets
of X . Show that (Cα) converges slice to C if and only if (Cα) converges Wijsman
to C with respect to every equivalent norm on X . In particular slice convergence is
invariant under renorming.

Hint. First show that Wijsman convergence implies

lim sup
α

d(W , Cα) ≤ d(W , C)

for all closed bounded sets W , and each equivalent norm on X . For the second step,
show that if (Cα) converges slice to C, then lim inf dCα (x) ≥ dC(x) for each x ∈ X ,
and with respect to each equivalent norm on X . For the third step, show that if slice
convergence fails, then there is a norm with respect to which Wijsman convergence
fails.

To verify the first step, let ε > 0 and let ||| · ||| be an equivalent norm on X . Fix
x ∈ W and c ∈ C so that |||x−c||| ≤ d|||·|||(W , C)+ε. Because (Cα) converges Wijsman
to C with respect to some norm on X , there exist cα ∈ Cα such that cα → c. Now

lim sup
α

d|||·|||(W , Cα) ≤ lim sup |||x − cα||| ≤ d|||·|||(W , C)+ ε.
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For the second step, let x ∈ X \C and let r = dC(x)−εwhere the distance is measured
with respect to ||| · |||. Now let W = x + rB where B is the unit ball with respect to
||| · |||. Now d(W , C) > 0, and so limα dCα (x) > 0 which implies that Cα ∩ W = ∅
eventually, and so

lim inf
α

dCα (x) ≥ dC(x).

This shows the second step; moreover, the first two steps together prove that
slice convergence implies Wijsman convergence with respect to every equivalent
norm on X .

Conversely, if convergence is not slice, choose W closed bounded and convex for
which d(W , Cα) �→ d(W , C). If Wijsman fails with respect to the given norm, we are
done. So, suppose not. Then by part (a) we know that lim sup d(W , Cα) ≤ d(W , C).
Suppose W + rB meets a subnet of (Cα), but W + (r + ε)B ∩ C = ∅. Without loss
of generality, assume 0 ∈ W . Separating these sets, say W + rB ⊂ {x : φ(x) ≤ k}
where k > 0, but C ⊂ {x : φ(x) ≥ k + δ}. Let U = {x : |φ(x)| ≤ k , ‖x‖ ≤ M }
where M is so large that W + rBX ⊂ U . Conclude that Wijsman convergence fails
with respect to the norm whose unit ball is U . See [44, Theorem 2.4.5] for further
details.

6.2.24. A net of nonempty closed convex sets (Cλ) is said to converge Mosco to
a nonempty closed convex set C, if (i) for every x ∈ C, there is a net xλ → x
where xλ ∈ Cλ for all λ; and (ii) for every weakly compact set W such that W ∩
Cλα �= ∅ for a subnet, W ∩ C �= ∅. Prove that Wijsman convergence implies Mosco
convergence for nets of closed convex sets in a Banach space X if and only if Mackey
and weak∗-convergence agree on the sphere of its dual ball.

Hint. Suppose Mackey and weak∗-convergence do not coincide. Find norm-attaining
functionals φα ∈ SX ∗ such that (φα) →w∗ φ but (φα) does not converge Mackey
to φ. Let Cα:=φ−1

α (1) and C:=φ−1(1). Show that (Cα) converges Wijsman but not
Mosco to C.

Conversely, suppose Mackey and weak∗-convergence coincide on the dual sphere.
Suppose also that there is a net of closed convex sets (Cα) that converges Wijsman
but not Mosco to C. Then there is a weakly compact set W with xαλ ∈ Cαλ ∩ W
for some subnet, but W ∩ C = ∅. By passing to a further subnet, assume (xλα )
converges weakly to x̄. Then x̄ ∈ W and so dC(x̄) > 0. By Wijsman convergence
lim dCα (x̄) = dC(x̄). Let rα := dCα (x̄). Choose φα ∈ S∗X so that φα separates Cα

and the interior of xα + rαBX . Now (φα) has a subnet weak∗-convergent to φ; let
xn ∈ C be such that ‖x̄ − xn‖ → dC(x̄). Choose nets (xn,α)α → xn, xn,α ∈ Cα , now
φα(xn,α − x̄) ≥ rα and one can thus show φ(xn − x̄) ≥ r for all n. Thus φ ∈ SX ∗ ;
however (φα) does not converge uniformly on weakly compact sets to φ because
φ(xαλ − x̄)→ 0 while φαλ(xαλ − x̄) ≥ rα .

6.2.25. Show that Wijsman and Mosco convergence coincide for sequences of closed
convex sets in a Banach space X if and only if X is reflexive and the weak and norm
topologies coincide on its dual sphere.

Hint. Look at solutions to Exercises 6.2.16 and 6.2.24. A proof of this result that
integrates several other equivalent conditions can be found in [81].
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6.2.26 (Stability under addition). Suppose f , f1, f2, . . . , g, g1, g2, . . . are all proper lsc
extended real-valued functions on a Banach space X . Show that (fn + gn) converges
Mosco and pointwise to f + g if (fn) and (gn) converge both Mosco and pointwise to
f and g respectively.

Hint. Let xn = x for each n. Then xn → x and lim(fn + gn)(x) = f (x)+ g(x). Also,
suppose xn → x weakly, then

lim inf
n→∞ (fn + gn)(xn) ≥ lim inf

n→∞ fn(xn)+ lim inf
n→∞ gn(xn)

≥ f (x)+ g(x).

which completes the proof of Mosco convergence.

6.2.27 (Generalized derivatives).�� This outlines some results of Rockafellar’s from
[377] which generalize some of the second-order results from Section 2.6. Let f :
Rn → (−∞,+∞] be a proper convex function. If

f (x + h) = f (x)+ f ′(x; h)+ o(‖h‖)
where x ∈ int dom f , then f is said to be semidifferentiable at x. If the limit

lim
h′→h,t↓0

f (x + th′)− f (x)− f ′(x; h′)
1
2 t2

converges uniformly on bounded sets to some continuous function d2f (x)(·), one
then has

f (x + h) = f (x)+ f ′(x; h)+ 1

2
d2f (x)(h)+ o(‖h‖2)

and f is said to be twice semidifferentiable at x. Now, consider the ‘limit’

lim
w′→w,t↓0

∂f (x + tw′)− ∇f (x)

t
= lim

w′→w,t↓0
�t[∂f ](x)(w′), (6.2.7)

where x ∈ dom∇f . If the set limit in (6.2.7) exists and is nonempty in the sense of
the liminf of sets for every w, then ∂f is said to be semidifferentiable at x, if this is
true for almost every w, then ∂f is said to be almost semidifferentiable. With this, we
state

Theorem 6.2.16 (Rockafellar [377]). Let x ∈ dom∇f . Then f is twice semidifferen-
tiable at x if and only if ∂f is almost semidifferentiable at x.

The reader can consult the paper [377] for full details and more information on
other notions of generalized derivatives that use set-convergence on Rn. A more
comprehensive treatment on this subject can be found in the monograph [378]. See
also [107, Section 6] for an approach to generalized second-order differentiability in
infinite-dimensional spaces. Also, along these lines, we should mention the following
theorem, because it (and its predecessors by Attouch [18, 19]) which related epi-
convergence of functions with convergence of their subdifferentials have played an
important role in this subject; see, for example, [374, 375, 377].
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Theorem 6.2.17 (Attouch–Beer [20]). Let X be a Banach space, and let f , f1, f2, . . .
be proper lsc convex functions on X . Then (fn) converges slice to f if and only if the
following two conditions are satisfied
(a) ∂f = lim ∂fn in the Kuratowski–Painlevé sense; and
(b) there exist z ∈ ∂f (u) and for each n, zn ∈ ∂fn(un) for which (u, f (u), z) =
limn→∞(un, f (un), zn).

Hint. See [20, Theorem 4.2]. See also [297, Theorem 9.3.1] for a proof in the simpler
reflexive space setting.

6.3 Convex integral functionals

6.3.1 The autonomous case

This section will look at integral functionals of the form

Iφ(x):=
∫

S
φ(x(s)) dµ(s)

where (S,µ) is a finite, complete measure space, and x ∈ L1(S,µ), and φ : R →
(−∞,+∞] is convex. There are much more general approaches to convex integral
functionals (where there is dependence on s not only x(s) as is discussed in the notes
at the end of this section). This section will present a fairly naive approach that will
capture results suitable for thedevelopment of strongly rotund functions inSection6.4.
Throughout this section, φ : R → (−∞,+∞] will be a convex proper lsc function.

Proposition 6.3.1. Suppose φ : R → (−∞,+∞] is proper, convex and lsc, then Iφ
is proper, lsc and convex on L1(S,µ).

Proof. Suppose xn →L1 x, but lim inf n→∞Iφ(xn) < Iφ(x). Then we fix ε > 0 and
a subsequence (xnk ) such that Iφ(xnk ) < Iφ(x) − ε for all k ∈ N. Now passing to a
further subsequence, we may assume xnk → x a.e. (since mean convergence implies
convergence in measure). Suppose, for now, that φ ≥ 0, then φ ◦ xnk ≥ 0, and the
lower-semicontinuity of φ ensures that lim inf k→∞φ(xnk (s)) ≥ φ(x(s)) a.e. Thus
Fatou’s lemma implies

lim inf
k

∫
φ(xnk (s)) dµ(s) ≥

∫
φ(x(s)) dµ(s).

The remaining case of the proof of the lower-semicontinuity of Iφ is left as
Exercise 6.3.1, as are the other parts of the proposition.

In this section, in a couple of places we will need the following (deeper) character-
ization of weak compactness. For this, recall that a subset W ⊂ L1(S,µ) is said to be
uniformly integrable if for each ε > 0, there is a δ > 0, so that for each measurable
subset K of S with µ(K) < δ, one has∫

K
|x(s)| dµ(s) < ε for each x ∈ W .
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Theorem 6.3.2 (Dunford–Pettis criterion). Asubset W of L1(S,µ) is relatively weakly
compact if and only if it is bounded and uniformly integrable.

Proposition 6.3.3. Suppose φ : R → (−∞,+∞] is supercoercive. Then Iφ has
weakly compact lower level sets.

Proof. Let C := {x ∈ L1 : Iφ(x)≤ k} for some k ∈ R. Because φ is bounded below

and S is finite measure space, there is a bound M1 such that
∫

E
φ(x(s)) dµ(s) ≤ M1

for any measurable subset E ⊂ S and x ∈ C.
Now choose M2 > 0 so that M1/M2 < ε/2. The supercoercivity of φ implies there

exists α > 0 so that φ(t) ≥ M2|t| for |t| ≥ α. For a fixed x ∈ C, consider the two
measurable sets

Sx,1:={s : |x(s)| ≤ α} and Sx,2:={s : |x(s)| > α}.

Now observe that for any measurable K ⊂ S, with µ(K) < ε/2α, and x ∈ C,∫
K
|x(s)| dµ(s) =

∫
K∩Sx,1

|x(s)| dµ(s)+
∫

K∩Sx,2

|x(s)| dµ(s)

≤ αµ(K)+ 1

M2

∫
Sx,2

φ(x(s)) dµ(s)

≤ αµ(K)+M1/M2 < ε.

Thus C is uniformly integrable, we leave it as an elementary analysis exercise to show
C is bounded. The result then follows from the Dunford–Pettis theorem (6.3.2).

Recall that a simple function is a function of the form y = ∑n
k=1 akχSk where

ak ∈ R, and since ak may be 0, we may assume
⋃n

k=1 Sk = S, and we may assume
the Sk ’s are disjoint. The following beautiful conjugacy result is now accessible.

Theorem 6.3.4. Let φ : R → (−∞,+∞] be a closed, proper convex function. Then
(Iφ)∗ = Iφ∗ .

Proof. For y ∈ L∞(S,µ) observe that

(Iφ)
∗(y) = sup

x∈L1

{
〈x, y〉 −

∫
S
φ(x(s)) dµ(s)

}
= sup

x∈L1

∫
S
[x(s)y(s)− φ(x(s))] dµ(s)

≤
∫

S
φ∗(y(s)) dµ(s) = Iφ∗(y).

For the reverse inequality, first consider the case where y is a simple function,

say y =
n∑

k=1

akχSk with the S ′ks disjoint, and their union is all of S. Suppose also
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that φ∗ is finite-valued (hence continuous); then we may choose tk ∈ R such that
ak tk − φ(tk) = φ∗(ak) and let x :=∑n

k=1 tkχSk . Then

Iφ∗(y) =
n∑

k=1

∫
Sk

φ∗(ak) dµ(s) =
n∑

k=1

φ∗(ak)µ(Sk)

=
n∑

k=1

(ak tk − φ(tk))µ(Sk) =
∫

x(s)y(s)− φ(x(s)) dµ(s) ≤ (Iφ)
∗(y).

Consequently, Iφ∗(y) ≤ (Iφ)∗(y) whenever y ∈ L∞(S,µ) is a simple function.
Still assume that φ∗ is everywhere finite. Then φ∗ is continuous and bounded on

bounded sets, so the same is true of Iφ∗ since S is a finite measure space, and thus
(Iφ)∗ is bounded above on bounded sets. Thus both Iφ∗ and (Iφ)∗ are continuous and
are equal on a norm dense set (the collection of simple functions) in L∞(S), which
implies their equality everywhere.

In the case φ∗ is not everywhere finite, consider the infimal convolution
f ∗n :=φ∗ n| · |. Then the reader can check that f ∗n ≤ φ∗ and f ∗n → φ∗ pointwise
on R (Exercise 6.3.5). Observe thatψ(t):=φ∗(t)+at+b > 0 for all t for appropriate
real numbers a, b the same is true of f ∗n (t)+ at + b where n > |a|. Now use Fatou’s
lemma to conclude that If ∗n (y)→ Iφ∗(y) for all y ∈ L∞(S,µ). Finally, fn ≥ φ, and
so (Iφ)∗(y) ≥ (Ifn)

∗(y) for all y ∈ L∞(S,µ) and all n. Altogether this implies the
theorem is true.

Lemma 6.3.5. Suppose φ is not supercoercive (if and only if φ∗ is not finite every-
where) and suppose S has a collection of measurable subsets {An}∞n=1 such that
µ(An)→ 0+, then Iφ does not have weakly compact level sets.

Proof. We consider the case where there is M > 0 so that

lim sup
t→∞

|φ(t)|
t

≤ M .

Now let αn:=µ(An) and xn:= 1
αn
χAn . Then

∫
An

xn(s) dµ(s) = 1

for all n, and so {xn}∞n=1 is not uniformly integrable. However,

∫
S
|φ(xn(s))| dµ(s) ≤

∫
S

M |xn(s)| dµ(s) = M .

Therefore, by the Dunford–Pettis theorem (6.3.2), the level set {x : Iφ(x) ≤ M } is
not relatively weakly compact. The other case is similar.
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Exercises and further results

6.3.1.� Complete the proof of Proposition 6.3.1.

Hint. For lower-semicontinuity, use the separation theorem (4.1.17) to find a, b ∈ R
so that ψ(t) := φ(t) + at + b ≥ 0. Apply the proof already given to ψ and use L1

convergence along with the fact the measure space is finite. Given that φ(t0) < ∞,
it follows that Iφ(x0) < ∞ when x0 = t0χS . Also, given that φ(t) > at + b, then
Iφ(x) > −|a|‖x‖L1 − |b|µ(S) > −∞. The convexity of Iφ follows directly from
properties of integrals and the convexity of φ.

The following exercises illustrate some of the problems that may occur if we relax
conditions on φ or S. Hence additional restrictions on φ will be needed in the general
case which we reference in some further results stated at the end of this section.
6.3.2. Consider S:=[0, 1] with the usual Lebesgue measure. Let φ : R →
(−∞,+∞] be such that φ(t):=0 for t < 1, φ(1):=1 and φ(t):=∞ for t > 1.
Show that Iφ is not lsc.

Hint. Consider xn :=(1− 1/n)χ[0,1] and x := χ[0,1].

6.3.3.� Consider S = R with µ the usual Lebesgue measure, and let φ(t) := −√t if
t ≥ 0, and φ(t) := +∞ otherwise. Show that Iφ is not lsc on L1(R). Furthermore, Iφ
is not bounded below and it takes the value −∞ as an improper integral.

Hint. Let fn:= 1
n2χ[n,2n]. Then ‖fn‖L1 → 0. Now Iφ(0) = 0, but

Iφ( fn) =
∫ 2n

n
−1

n
= −1,

and so Iφ is not lsc. Also, if x := 1
t2
χ[1,∞), then Iφ(x) = −∞ as an improper integral.

6.3.4.� Consider L1(R) with φ(t) := max{t2 − 1, 0}. Then φ is supercoercive, but
the lower level set {x ∈ L1(R) : Iφ(x) ≤ 0} is not bounded.

Hint. Let fn:=χ[0,n]. Then ‖fn‖1 = n and Iφ( fn) = 0 for all n.

6.3.5.� Verify the assertions concerning f ∗n in the proof of Theorem 6.3.4.

6.3.6 (Lebesgue–Radon–Nikodým theorem [389]).�� The theorem has many proofs.
What follows is a proof-sketch based on viewing the problem via an abstract convex
quadratic program. We wish to show that if µ and ν are probability measures on
a measure space (
,�) then one can find a µ-null set N ∈ � and a measurable
function g such that for all E ∈ �

ν(E) = ν(E ∩ N )+
∫

E
g dµ. (6.3.1)

Note that for ν - µ this is the classical Radon–Nikodým theorem for which a
neat approach due to von Neumann applies the Riesz representation theorem to the
continuous linear function f 
→ ∫



fdµ on L2(µ+ ν).
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(a) Let Q( f ) := 1
2

∫



f 2dµ− ∫



fdν. For n ∈ N, show the minimum of

vn := inf {Q( f ) : 0 ≤ f ≤ n},

is attained by some gn ∈ L1(µ+ ν).

Hint. Q is convex and Lipschitz on order intervals of L1(µ+ν)which are weakly
compact by the Dunford–Pettis criterion.

(b) Without loss, assume gn is everywhere finite. Set Cn := {ω : gn(ω) < n} and
Nn := {ω : gn(ω) = n}. Use Exercise 4.1.50 to show that ν(E) = ∫

E gn dµ,
for E ⊆ Cn and ν(E) ≥ ∫

E gn dµ = n ν(E) for E ⊆ Nn. (Exercise 4.1.49 only
applies directly when ν - µ.)

(c) Set An := Dn \ (C1 ∪ C2 ∪ · · · ∪ Cn−1) and N := ∩n∈NNn. Deduce that g :=∑∞
n=1 χAngn and N are as required.

(d) Extend the result to σ -finite measures.

Further results. One can consider more general integral functionals, such as

I(x):=
∫

S
h(x(s), s) dσ(s), (6.3.2)

where I : X → [−∞,+∞], X is some space of functions x : S → X , and X is a real
linear space. First, one needs to address whether such a functional is well-defined.
Following [371, p. 7] we shall say that I is well-defined if for each x ∈ X the function
s 
→ h(x(s), s) is measurable. If there exists a real-valued function α : S → R which
is summable with respect to σ and satisfies α(s) ≥ h(x(s), x) almost everywhere, the
integral (6.3.2) has an unambiguous value either finite or −∞ which we assign to
I(x). Otherwise, we define I(x) to be∞.

In most applications, X has topological structure, hence we can use the Borel sets
(members of the algebra generated by open sets) for notions of measurability. As
such, the integrand h : X × S → [−∞,+∞] is said to be measurable on X × S if
h is measurable with respect to the σ -algebra on X × S generated by the sets B × A
where B is a Borel set and A is measurable in S. In this case, h(x(s), s) is measurable
in s whenever x(s) is measurable in s, since the latter measurability implies that of the
transformation s → (x(s), s), such functionals are called normal integrands. Then
[371, Theorem 3] is as follows.

Theorem 6.3.6. The integral functional I given in (6.3.2) is well defined on X in the
above sense if, relative to the Borel structure on X generated by some topology, the
integrand h : X × S → [−∞,+∞] is measurable and the functions x : S → X
are all measurable. If, in addition, h is convex in the X argument, then I is a convex
function on X .

With the convexity of the integral functional I established in this more general
setting, it is then interesting to look at its conjugate, subdifferentiability, and other
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natural properties. Under appropriate dual pairings, results such as

I∗(v) =
∫

S
h∗(v(s), s) dσ(s)

and v ∈ ∂I(x) if and only if v(s) ∈ ∂h(x(s), s) for almost every s can be derived. We
refer the reader to [371, p. 58ff] for a development and precise statements of results
of this nature.

More precisely, a normal integrand is a proper extended real-valued function on
RN ×
, where (
, M,µ) is (for simplicity) a complete σ -finite measure space such
that (a) φ(·, s) is lsc for each s in 
 and (b) the epigraph multifunction Eφ(s) :=
{(x,α) : φ(x, s) ≤ α} is a so-called measurable multifunction which when φ is
closed is equivalent to the measurability of the epigraph of φ in the product space.
Full details are given in [372]. For us it suffices to know that φ and−φ are normal if
and only if φ is measurable in S and continuous in x. A special case of more general
results of Rockafellar is:

Theorem 6.3.7 (Theorems 3C and 3H, [372]). For 1 ≤ p <∞ let X = Lp(
, RN ).
Suppose that φ is a normal integrand on
×RN and that there exists x ∈ Lp(
, RN )

and y ∈ Lp(
, RN ) (1/p + 1/q = 1) with Iφ(x) < ∞ and I∗φ(y) < ∞. Then I∗∗φ is
the largest lsc functional majorized by Iφ . In particular Iφ is lsc if and only if φ(·, s)
is convex for almost all s in 
. In this latter case,

I∗φ = Iφ∗

and if p > 1 also

I∗∗φ = Iφ∗∗ .

There is a somewhat more delicate result when p = 1.
6.3.7. Under the hypotheses of Theorem 6.3.7, show that λ ∈ ∂Iφ(x) if and only if
λ(s) ∈ ∂φ(x(s), s) for almost all s in 
, the subgradient being taken with respect to
the first variable.

6.4 Strongly rotund functions

Following [94], we will say a function f : X → (−∞,+∞] has the Kadec property
if for each x̄ ∈ dom f one has xn → x̄ in norm whenever f (xn)→ f (x̄) and xn → x̄
weakly. A proper lsc function f : X → (−∞,+∞] is said to be strongly rotund if
f is strictly convex on its domain, has weakly compact lower level sets, and has the
Kadec property.

Throughout this section, we suppose that (S,µ) is a complete finite measure space
(with nonzero µ), and φ : R → (−∞,+∞] is a proper, closed, convex function. We
denote the interior of the domain of φ by (α,β) where −∞ ≤ α < β ≤ ∞.
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Since φ is a normal convex integrand, one can define the proper weakly lsc
functional (see Proposition 6.3.1)

Iφ : L1(S,µ)→ (−∞,+∞] by Iφ(x) =
∫

S
φ(x(s)) dµ(s).

Then the conjugate is I∗φ : L∞(S,µ)→ (−∞,+∞] is given by I∗φ = Iφ∗ where φ∗
is the conjugate of φ; see Theorem 6.3.4.

Lemma 6.4.1. Iφ is strictly convex on its domain if and only if φ is strictly convex
on its domain.

Proof. See Exercise 6.4.2.

Lemma 6.4.2. Iφ∗ is Fréchet differentiable everywhere on L∞(S,µ) if and only if φ∗
is differentiable everywhere on R.

Proof. Suppose φ∗ is differentiable on R, then it is continuously differentiable. Given
any y ∈ L∞(S,µ), pick m and M in R with m ≤ y(s) ≤ M almost everywhere.
Because ∇φ∗ is uniformly continuous on [m− 1, M + 1], for almost every s, given
any ε > 0, there is a δ > 0 such that |∇φ∗(y(s) + v) − ∇φ∗(y(s))| < ε whenever
|v| < δ. According to the mean value theorem, for some v′ ∈ (−δ, δ), we have

|φ∗(y(s)+ v)− φ∗(y(s))− v(∇φ∗(y(s))| = |v||∇φ∗(y(s)+ v′)− ∇φ∗(y(s))|
≤ ε|v|,

thus, if ‖h‖∞ ≤ δ, one has∣∣∣∣Iφ∗(y + h)− Iφ∗(y)−
∫

S
h(s)∇φ∗(y(s)) dµ(s)

∣∣∣∣ ≤ ε‖h‖∞.

This shows that Iφ∗ has Fréchet derivative ∇Iφ∗(y) = ∇φ∗(y(·)) at y.
The converse is left as an exercise by considering constant functions.

Lemma 6.4.3. If x ∈ L∞(S,µ) with ess inf x > α and ess sup x < β, then
∂Iφ(x) �= ∅.

Proof. See Exercise 6.4.3.

For any m ∈ N, define for a fixed x ∈ L1(S,µ),

Sm :=
{

s ∈ S : (−m) ∨
(
α + 1

m

)
≤ x(s) ≤

(
β − 1

m

)
∧ m

}
.
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Lemma 6.4.4. If α < x(s) < β almost everywhere, then µ(Sc
m) ↓ 0 as m →∞.

Proof. The sets Sm are nested and increasing with

∞⋃
m=1

Sm = {s : α < x(s) < β}.

Consequently, µ(Sm) ↑ µ(S) as m →∞.

For any measurable subset T of S, we denote the restrictions of µ and x to T by
µ|T and xT , and IT

φ : L1(T ,µT ) → (−∞,+∞] by IT
φ (z):=

∫
T φ(z(s)) dµ(s). With

this notation

Lemma 6.4.5. Suppose xn → x weakly in L1(S,µ) and Iφ(xn) → Iφ(x) < ∞.
Then for any measurable subset T of S, xn|T → x|T weakly in L1(T ,µ|T ) and
IT
φ (xn|T )→ IT

φ (x|T ) <∞.

Proof. The weak convergence of xn|A to xA follows by integrating with respect to
functions zero on Ac for any measurable A ⊂ S. Because IT

φ and ITc

φ are both weakly
lsc, it then follows that

lim inf IT
φ (xn|T ) ≥ IT

φ (x|T ) and lim inf ITc

φ (xn|Tc) ≥ ITc

φ (x|Tc).

On the other hand, because Iφ(z) = IT
φ (z|T )+ ITc

φ (z|Tc) for any z, one has

lim sup IT
φ (xn|T ) = lim sup(Iφ(xn)− ITc

φ (xn|Tc))

= Iφ(x)− lim inf ITc

φ (xn|Tc)

≤ Iφ(x)− ITc

φ (x|Tc) = IT
φ (x|T ),

from which the result follows.

Lemma 6.4.6. Suppose φ∗ is differentiable everywhere on R. If xn → x weakly in
L1(S,µ), Iφ(xn)→ Iφ(x) <∞ and α < x(s) < β almost everywhere, then it follows
that ‖xn − x‖1 → 0.

Proof. Because xn → x weakly, it follows that {xn}∞n=1 ∪ {x} is weakly compact
in L1(S,µ). Let ε > 0 be fixed. According to the Dunford–Pettis theorem (6.3.2),
there exists δ > 0 so that if µ(T ) ≤ δ, then

∫
T |xn(s)|dµ(s) < ε for all n, and∫

T |x(s)|dµ(s) < ε. By Lemma 6.4.4, there is an m with µ(Sc
m) ≤ δ, and so∫

Sc
m
|xn(s)− x(s)|dµ(s) < 2ε for all n.

Now, Lemma 6.4.5 implies as n →∞, xn|Sm → x|Sm weakly in L1(Sm,µ|Sm) and
ISm
φ (xn|Sm)→ ISm

φ (x|Sm) <∞, and certainly x|Sm ∈ L∞(Sm,µ|Sm) with

α < ess inf x|Sm and ess sup x|Sm < β.
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Thus by Lemma 6.4.3, ∂ISm
φ (x|Sm) �= ∅, so noting that Iφ∗ is Fréchet differentiable by

Lemma 6.4.2 we can apply Exercise 6.4.1 (on L1(Sm,µ|Sm)) to deduce that
∫

Sm
|xn(s)−

x(s)| dµ(s)→ 0 as n →∞.
Finally, for all n one has

‖xn − x‖1 =
∫

Sm

|xn(s)− x(s)| dµ(s)+
∫

Sc
m

|xn(s)− x(s)| dµ(s)

<

∫
Sm

|xn(s)− x(s)| dµ(s)+ 2ε.

This implies lim sup ‖xn − x‖1 ≤ 2ε, and thus the result follows.

Theorem 6.4.7. Suppose φ∗ is differentiable everywhere on R. If xn → x weakly in
L1(S,µ) and Iφ(xn)→ Iφ(x) <∞, then ‖xn − x‖1 → 0.

Proof. Because Iφ(x) < ∞, α ≤ x(s) ≤ β almost everywhere and for all n
sufficiently large α ≤ xn(s) ≤ β almost everywhere. Define

Sγ := {s ∈ S : α < x(s) < β}, and Sα := {x ∈ S : x(s) = α}
Sβ := {s ∈ S : x(s) = β}.

According to Lemma 6.4.5, xn|Sγ → x|Sγ weakly in L1(Sγ ,µ|Sγ ), and

ISγ
φ (xn|Sγ )→ ISγ

φ (x|Sγ ) <∞,

so applying Lemma 6.4.6,
∫

Sγ |xn(s)− x(s)| dµ(s)→ 0. But now for all n sufficient
large,

‖xn − x‖1 =
∫

Sγ
|xn(s)− x(s)| dµ(s)+

∫
Sα
|xn(s)− x(s)| dµ(s)

+
∫

Sβ
|xn(s)− x(s)| dµ(s)

=
∫

Sγ
|xn(s)− x(s)| dµ(s)+

∫
Sα
(xn(s)− α) dµ(s)

+
∫

Sβ
(β − xn(s)) dµ(s)

→ 0,

as n →∞.

We are now ready for the central result of this section.

Theorem 6.4.8. If φ∗ is differentiable everywhere on R, then Iφ is strongly rotund
on L1(S,µ). The converse is also true if (S,µ) is not purely atomic.
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Proof. Suppose φ∗ is differentiable everywhere on R. Then Exercise 5.3.14(c),
implies φ is strictly convex on its domain. Moreover, because dom φ∗ = R,
Exercise 4.4.23 implies φ is supercoercive. Consequently Iφ is strictly convex on its
domain (Lemma 6.4.1) and Iφ has weakly compact lower level sets (Proposition 6.3.3).
Finally, Theorem 6.4.7 establishes the Kadec property.

Conversely, the strict convexity of φ follows from the strict convexity of Iφ by
Lemma 6.4.1. Because Iφ has compact lower level sets, we deduce that φ∗ is every-
where finite by Lemma 6.3.5. Becauseφ∗∗ = φ is strictly convex, Proposition 5.3.6(a)
implies φ∗ is differentiable.

Exercises and further results

6.4.1.� Suppose f : X → (−∞,+∞] is lsc and f ∗ is Fréchet differentiable on the
domain of ∂f ∗. Suppose xn → x̄ weakly and f (xn) → f (x̄) and ∂f (x̄) �= ∅. Show
that ‖xn − x̄‖ → 0.

Hint. Let φ ∈ ∂f (x̄). Then x̄ = ∇f ∗(φ). Now 〈xn,φ〉 − f (xn) → 〈x̄,φ〉 − f (x̄) and
so ‖xn − x̄‖ → 0. (Use Šmulian’s theorem (4.2.10) or characterizations of strongly
exposed points.)

6.4.2.� Prove Lemma 6.4.1.
6.4.3.� Prove Lemma 6.4.3.

Hint. With x as in Lemma 6.4.3, let ψ = φ′+ ◦ x, show that ψ ∈ L∞(S); use the
fact that φ′+ is nondecreasing and bounded above and below on [ess inf x, ess sup x],
see Theorem 2.1.2. Then show ψ ∈ ∂Iφ(x). This follows because φ′+(a)(b − a) ≤
φ(b)− φ(a) for any α < a < β, therefore,

ψ(y)− ψ(x) =
∫

S
ψ(s)[y(s)− x(s)] dµ(s) =

∫
S
φ′+(x(s))[y(s)− x(s)] dµ(s)

≤
∫

S
φ(y(s))− φ(x(s)) dµ(s) = Iφ(y)− Iφ(x).

For an alternate proof, see [94, Lemma 3.3].

6.4.4. Suppose X is a Banach space. Show that there exists an everywhere finite
strongly rotund function on X if and only if X is reflexive.

Hint. For one direction, use the Baire category theorem to show X has a weakly
compact set with nonempty interior. For the other consider f (x) := ‖x‖2 where ‖ · ‖
is a locally uniformly convex Fréchet differentiable norm on the reflexive space X ;
see [94, Corollary 4.3].

6.4.5. Let φ(t):=t log t, show that Iφ(x) =
∫

S x(s) log(x(s)) dµ(s) is strongly rotund
on L1(S,µ)when S is a finite measure space. Hence (minus) the Boltzmann–Shannon
entropy is strongly rotund.
6.4.6 (L1-norm nonattainment). Show that

inf

{∫ 1

0
|x(t)| dt :

∫ 1

0
t x(t)dt = 1, x(t) ≥ 0 a.e.

}
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is not attained – ‖ · ‖1 is very far from strongly rotund. Note that the problem is
unchanged if the objective is replaced by the linear functional

∫ 1
0 x(t) dt.

6.4.7 (Strongly rotund functions and optimal value problems).�� Let X be a Banach
space, f : X → (−∞,+∞] a proper convex function with weakly compact lower
level sets, and suppose C1, C2, . . . and C∞ are closed convex subsets of X . Consider
the optimization problems

(Pn) inf { f (x) : x ∈ Cn}, n = 1, 2, . . . ,∞,

and let V (Pn) ∈ [−∞,+∞] denote the value of each problem. Consider the condi-
tions (M1), (M2) from the definition of Mosco convergence (6.2.6) applied to Cn,
C∞, and

C∞ ⊂
∞⋃

m=1

∞⋂
n=m

Cn. (6.4.1)

(a) Suppose (M2) holds. Show that lim inf n→∞ V (Pn) ≥ V (P∞) (finite or infinite).
(b) Suppose (6.4.1) holds. Show that lim supn→∞ V (Pn) ≤ V (P∞).
(c) Suppose (M2) holds, V (Pn) → V (P∞), and (P∞) has a unique optimum, say

x∞. Show that for any sequence of optimum solutions xn for (Pn), xn → x∞
weakly.

(d) Suppose (Cn) converges Mosco to C, and that int(dom f ) ∩ C∞ �= ∅. Show
that V (Pn)→ V (P∞) < ∞. Furthermore, if f ∗ is Fréchet differentiable on the
domain of ∂f ∗, show that (Pn) and (P∞) have unique optimal solutions xn and
x∞, respectively for all n sufficiently large, and ‖xn − x∞‖ → 0.

(e) Suppose (M2) and (6.4.1) hold. Show that V (Pn)→ V (P∞) (finite or infinite).
Furthermore, if V (P∞) <∞ and f is strongly rotund, show that (Pn) and (P∞)
have unique optimal solutions xn and x∞, respectively (for all n sufficiently large),
and ‖xn − x∞‖ → 0.

Hint. See [94, pp. 147–149].

6.4.8 (Burg entropy nonattainment).�� Letting φ(t):=− log t, it is easy to show that
generally Iφ(x) = −

∫
S log(x(s))dµ(s) is is not strongly rotund on L1(S,µ) when S

is a finite measure space. Hence (minus) the Burg entropy is not strongly rotund.
Indeed, suppose S is the cube in three dimensions and consider the simple spectral

estimation problem

v(α) := inf

{
−
∫

S
log x(t) dV :

∫
S

x(t)dV = 1,∫
S

x(t) cos(2πu)dV =
∫

S
x(t) cos(2πv)dV =

∫
S

x(t) cos(2πw)dV = α

}
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where t := (u, v, w) and dV := dudvdw. One can show that for 0 ≤ α < 1 the
value v(α) is finite but that there is an value α ≈ 0.34053 . . . such that for α > α the
value is not attained and for α ≤ α it is attained. Nothing changes in the qualitative
appearance of the problem. Moreover the value is related to Watson integrals for
so-called face centered cubic lattices [93]. More of the corresponding mathematical
physics is outlined in [74, pp. 120-121].
6.4.9.�� A lovely companion result linking weak and norm convergence was given
by Visintin in [427]. The main result of the paper is the following:

Theorem 6.4.9. Let
 be endowed with a σ -finite, complete measure and let un → u
weakly in L1(
)

N . If u(x) is an extremal point of the closed convex hull of {un(x) : n =
1, 2, · · · } a.e. in 
, then un → u strongly in L1(
)

N .

The phenomenon described in Theorem 6.4.9 is well known in the calculus of
variations where, as in Theorem 6.4.8, a weakly convergent minimizing sequence
is usually strongly convergent. The result is applied to partial differential equations
including a nonlinear generalization of the Stefan problem.

Use Visintin’s theorem to show that all weakly convergent minimizing
sequences for

min
x∈C

Iφ(x)

are norm convergent if φ is closed and strictly convex while C is closed and convex
in L1(
)

N .

6.5 Trace class convex spectral functions

The useful patterns observed in Section 3.2 extend to some central classes of infinite-
dimensional functions. We sketch the situation. Details are to be found in [109] and
[121, §7.3]. Let �C

2 be the complex Hilbert sequence space, and consider the bounded
self-adjoint operators on �C

2 , denoted by Bsa. An operator T ∈ Bsa is positive (denoted
T ≥ 0) if 〈Tx, x〉 ≥ 0 for all x ∈ �C

2 . Each T ∈ Bsa induces a unique positive operator

|T | = (T ∗T ) 1
2 ∈ Bsa (see Exercise 6.5.1) and thence T± := (|T | ± −T )/2.

For T ≥ 0 in Bsa the (possibly infinite) trace is given by

tr(T ) :=
∞∑

i=1

〈Tei, ei〉, (6.5.2)

which is independent of the orthonormal basis {ei} used. The trace is extended to
Bsa using tr(T ) := tr(T+) − tr(T−). Let U denote the unitary operators on �C

2 (i.e.
U ∗ = U−1). Denote by B0 the space of compact, self-adjoint operators, and by B1

those with finite trace. The following is well known.

Theorem 6.5.1. For all T ∈ B0 there exists U ∈ U with T = U ∗ diag(λ(T ))U.
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Theorem 6.5.1 and the fact that tr(ST ) = tr(TS) makes proving Lidskii’s Theorem
easy for self-adjoint operators:

tr(T ) =
∞∑

i=1

λi(T )

where (λi(T )) is any spectral sequence for T : any sequence of eigenvalues of T (with
multiplicity), as in Euclidean space.

The self-adjoint Hilbert–Schmidt operators B2 are those T ∈ Bsa with T 2 = T ∗T ∈
B1. As sets B1 ⊂ B2 ⊂ B0 ⊂ Bsa, The Schatten p-spaces Bp ⊂ B0 are defined for
p ∈ [1,∞) by placing T ∈ Bp if ‖T‖p := (tr(|T |p))1/p <∞. When T is self-adjoint

‖T‖p := (
tr(|T |p))1/p = ( ∞∑

i=1

|λi(T )|p
)1/p

.

For 1 < p, q < ∞ with 1/p + 1/q = 1, Bp and Bq are paired, and the sesquilinear
form 〈S, T 〉 := tr(ST ) implements the duality on Bp × Bq. We likewise pair B0 with
B1. For each x ∈ �C

2 define the operator x 1 x ∈ B1 by (x 1 x)y = 〈x, y〉x, and for
x ∈ �∞ we define the operator diag x ∈ Bsa pointwise by

diag x :=
∞∑

i=1

xi(e
i 1 ei).

For 1 ≤ p < ∞, if x ∈ �p then diag x ∈ Bp and ‖ diag x‖p = ‖x‖p. If x ∈ c0, then
diag x ∈ B0 and ‖ diag x‖ = ‖x‖∞. This motivates:

Definition 6.5.2. (Spectral sequence space) For 1 ≤ p <∞we say �p is the spectral
sequence space for Bp and c0 the spectral sequence space for B0.

Definition 6.5.3. (Paired Banach spaces) We say that V and W are paired Banach
spaces V ×W , if V = �p and W = �q and 1 ≤ p, q ≤ ∞ satisfy p−1 + q−1 = 1 or
V = c0 and W = �1 or vice versa. We denote the norms on V and W by ‖ · ‖V and
‖ · ‖W respectively.

Similarly, we say V and W are paired Banach spaces V ×W where V = Bp and
W = Bq or where V = B0 (with the operator norm) and W = B1 (or vice versa). We
denote the norms on V and W by ‖ · ‖V and ‖ · ‖W respectively.

We always take V , W to be the spectral sequence space for the operator space V , W .
Thus, fixing V ×W fixes V ×W and vice versa.

Unitarily and rearrangement invariant functions. Operators S and T in Bsa are
unitarily equivalent if there is a U ∈ U such that U ∗TU = S. We say φ : V →
(−∞,+∞] is unitarily invariant if φ(U ∗TU ) = φ(T ) for all T ∈ V , U ∈ U .

In Section 3.2 we showed that a unitarily invariant function φ can be represented
as φ = f ◦ λ where f : Rn → (−∞,+∞] is a rearrangement invariant function and
λ : Sn → Rn is the spectral mapping. We now sketch an analogous result for unitarily
invariant functions on V . A function f : V → (−∞,+∞] is rearrangement invariant
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if f (xπ ) = f (x) for any rearrangement π . The definition of a spectral mapping is less
straightforward.

We need to mimic arranging components of a vector in Rn in lexicographic order.
Let I>(x) := {i : xi > 0}, I=(x) := {i : xi = 0}, and I<(x) := {i : xi < 0}. The
mapping � : V → V is defined for x ∈ V as follows. We pick the largest positive
component of x, next a 0 component, then the most negative component and so on.
If any of the sets I>(x), I=(x) or I<(x) is exhausted we skip the corresponding step.
The outcome is �(x). We summarize useful properties of � [121, §7.3].

Proposition 6.5.4. For each x ∈ �2 there is a permutation π with (�(x))i = xπ(i)
for all i ∈ N, and for x, y ∈ �2 we have �(x) = �(y) if and only if there exists
a permutation π with yi = xπ(i) for all i ∈ N. Moreover, �2 = � and f : �2 →
(−∞,+∞] is rearrangement invariant if and only if f = f ◦�.

Proof. Exercise 6.5.2.

We now define the eigenvalue mapping λ : V → V as follows. For any T ∈ V let
µ(T ) be any spectral sequence of T . Then λ(T ) := �(µ(T )), gives us a canonical
spectral sequence for each compact self-adjoint operator T .

Proposition 6.5.5. The mapping λ is unitarily invariant, and � = λ ◦ diag.

Proof. Exercise 6.5.3.

Moreover, λ and diag act as inverses in the following sense.

Proposition 6.5.6 (Inverses). For x ∈ �2, (λ ◦ diag)(x) is a rearrangement of x, and
for T ∈ V , (diag ◦λ)(T ) is unitarily equivalent to T .

Proof. Exercise 6.5.4.

For any rearrangement invariant f : V → (−∞,+∞] we have that f ◦ λ is uni-
tarily invariant, and for any unitarily invariant φ : V → (−∞,+∞] that f ◦ diag is
rearrangement invariant.

Theorem 6.5.7 (Unitary invariance). Let φ : V → (−∞,+∞]. The following are
equivalent: (a) φ is unitarily invariant; (b) φ = φ ◦ diag ◦λ; (c) φ = f ◦ λ for some
rearrangement invariant f : V → (−∞,+∞]. If (c) holds then f = φ ◦ diag.

Proof. Exercise 6.5.5.

Symmetrically we have:

Theorem 6.5.8 (Rearrangement invariance). Let f : V → (−∞,+∞]. The following
are equivalent: (a) f is rearrangement invariant; (b) f = f ◦λ◦diag; (c) f = φ ◦diag
for some unitarily invariant φ : V → (−∞,+∞]. If (c) holds then φ = f ◦ λ.

Proof. Exercise 6.5.6.

We now have the following useful formulas: ‖ diag(x)‖V = ‖x‖V , for all x ∈ V
and ‖λ(T )‖V = ‖T‖V , for all T ∈ V (see Exercise 6.5.7).
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Conjugacy of unitarily invariant functions. Proofs of the following results are in
[109] and [121, §7.3]. Note their fidelity to those of Section 3.2.

Theorem 6.5.9 (Conjugacy). Let φ : V → (−∞,+∞] be unitarily invariant. Then
φ∗ ◦ diag = (φ ◦ diag)∗.

Corollary 6.5.10 (Convexity). Let φ : V → (−∞,+∞] be unitarily invariant. Then
φ is proper, convex, and lsc if and only if φ ◦ diag is proper, convex, and lsc.

Theorem 6.5.11. Let f : V → (−∞,+∞] be rearrangement invariant. Then
( f ◦ λ)∗ = f ∗ ◦ λ.

Theorem 6.5.12. Let φ : V → (−∞,+∞] be unitarily invariant. Then φ = f ◦ λ
for a rearrangement invariant f : V → (−∞,+∞]. Furthermore φ∗ = f ∗ ◦ λ.

Let f : V → (−∞,+∞] be rearrangement invariant. Then f = φ ◦ diag for a
unitarily invariant φ : V → (−∞,+∞]. Furthermore f ∗ = φ∗ ◦ diag .

Subdifferentials of unitarily invariant functions. Key to the analysis is the
following nontrivial result:

Theorem 6.5.13 (Commutativity). Let f : V → (−∞,+∞] be unitarily invariant
lsc and convex. If T ∈ ∂f (S) for (S, T ) ∈ V ×W then TS = ST .

Theorem 6.5.14 (Convex subgradient). Let f : V → (−∞,+∞] be a unitarily
invariant lsc convex function. For (S, T ) ∈ V ×W we have T ∈ ∂f (S) if and only
if there exist U ∈ U and (x, y) ∈ V ×W with S = U∗(diag x)U, T = U ∗(diag y)U
and y ∈ ∂( f ◦ diag)(x).

The final result shows that differentiability of a convex unitarily invariant function
f is again characterized by that of f ◦ diag.

Theorem 6.5.15. Let f : V → (−∞,+∞] be a unitarily invariant lsc convex func-
tion. Then f is Gâteaux differentiable at A ∈ V if and only if f ◦ diag is Gâteaux
differentiable at λ(A) ∈ V .

We illustrate these spectral results with a couple of examples.

Example 6.5.16. The standard norm on �p for 1 < p < ∞ is Gâteaux differen-
tiable away from zero. Immediately by Theorem 6.5.15, so is the Schatten norm of
Bp since λ(A) = 0 implies A = 0. Theorem 6.5.18 below extends this to Fréchet
differentiability.

We next consider the Calderón norm.

Example 6.5.17. For 1 < p < ∞ and q satisfying 1/p + 1/q = 1 the symmetric
norm defined by

‖|x‖|p := sup
n

(
n−

1
q

n∑
i=1

λi(diag x)
)
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is the Calderón norm on �p. Clearly, this is rearrangement invariant and continuous
on the sequence space, so ‖|T‖|V ,p := ‖|λ(T )‖|p induces a unitarily invariant function
on Bp. Now apply Theorem 6.5.12 to get (as with Schatten p-norms) the very pleasant
dual norm formula

(‖| · ‖|V ,p)
∗ = (‖| · ‖|p ◦ λ)∗ = (‖| · ‖|p)∗ ◦ λ = ‖| · ‖|V ,q.

A generalization can be found in Exercise 6.5.9.

The Fréchet case. With a good deal more work, Fréchet differentiability of spec-
tral operators is similarly induced from rearrangement invariant functions. This
requires a carefully constructed spectral map λ̂(T ) described in [101, §2]. The key
nonexpansivity property given in [101, Theorem 2.3] is that

‖̂λ(T )− λ̂(S)‖p ≤ ‖T − S‖p

for S, T ∈ Bp (or in B0). By contrast λ is not even always continuous. This leads to:

Theorem 6.5.18 (Fréchet differentiability [101]). Suppose that V := �p for 1 < p <

∞ or V := c0. Let φ be a rearrangement invariant proper closed convex function on
V . Then φ ◦ λ̂ is norm-continuous or Fréchet differentiable at T ∈ V if and only if φ
is norm-continuous or Fréchet differentiable at λ̂(T ).

Moreover, when φ is insensitive to zero-eigenvalues, φ ◦ λ̂ = φ ◦ λ.

Exercises and further results

We have seen that the central results of Section 3.2 extend neatly to compact self-
adjoint operators.
6.5.1 (Square-root iteration).�� Show that each positive semidefinite symmetric and
bounded linear operator T on a Hilbert space has a unique positive semidefinite square
root T 1/2. Show, in addition, that T 1/2 commutes with all bounded linear operators
that commute with T .

Hint. Consider the iteration of Exercise 3.2.4. In the compact setting the proof in
Exercise 3.2.4 does not change significantly; but the iteration converges as required
in full generality [28, §23.1].

6.5.2.� Prove Proposition 6.5.4.
6.5.3.� Prove Proposition 6.5.5.
6.5.4.� Prove Proposition 6.5.6.
6.5.5.� Prove Theorem 6.5.7.
6.5.6.� Prove Theorem 6.5.8.
6.5.7. Let V and V be as in Definition 6.5.3. Prove that

‖ diag(x)‖V = ‖x‖V , for all x ∈ V , ‖λ(T )‖V = ‖T‖V , for all T ∈ V .

Our next exercise revisits the k-th largest eigenvalue; but now of a positive self-
adjoint operator.
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6.5.8 (k-th largest eigenvalue).�� Consider 0 < S ∈ Bp. Denote the k-th largest
eigenvalue of S by µk(S). Then µk = φk ◦ λ where φk : �2 → R is defined to be the
k-th largest component of x. Show µk is locally Lipschitz on Bp.

Hint. As in the matrix case express φk as the difference of two convex continuous
permutation invariant functions. Then σk is continuous, permutation invariant and
convex and φk = σk − σk−1.

Thus, φk is a locally Lipschitz permutation invariant function on �p, and therefore
µk is a unitarily invariant locally Lipschitz function on Bp: µk is DC with continuous
finite components by Theorem 6.5.18.

6.5.9 (Calderón norms).�� For any x of c0, rearrange the components of (|xi|) into
decreasing order to obtain a new element x̄ of c0.

(a) Show that for a fixed decreasing sequence ti → 0 (ti ≥ 0, not all zero)

x ∈ V → sup
n∈N

{∑n
i=1 x̄i∑n
i=1 ti

}
,

and

y ∈ W →
∞∑

i=1

tiȳi

are a pair of dual norms;
(b) Show their compositions with λ are dual norms on the spaces V and W .
(c) if ti := i1/q − (1− i)1/q 1 < q <∞ the pair are classical Calderón norms.

6.6 Deeper support structure

Let A be a subset of a Banach space X , recall that the support function of A, denoted
by σA is defined on X ∗ by σA(φ) = sup{φ(x) : x ∈ A}, where φ ∈ X ∗.

Lemma 6.6.1. Let C be a closed convex bounded subset of X . Then x0 ∈ C is strongly
exposed by φ ∈ X ∗ if and only if σC is Fréchet differentiable at φ, and σ ′C(φ) = x0.

Proof. Suppose x0 ∈ C is strongly exposed by φ ∈ X ∗. Then φ(x0) = supC φ,
and this implies x0 ∈ ∂σC(φ) (Exercise 6.6.11). Now suppose xn ∈ ∂εnσC(φ) where
εn → 0+. Using the separation theorem (4.1.17) we deduce that xn ∈ C. Now for
any � ∈ X ∗,

〈xn,�− φ〉 ≤ σC(�)− σC(φ)+ εn which implies

〈xn,�− φ〉 ≤ σC(�)− φ(x0)+ εn.

Because this is true for � = 0, the previous inequality implies that φ(xn)→ φ(x0).
Because x0 is strongly exposed by φ, this means ‖xn − x0‖ → 0, and so the result
follows from Šmulian’s theorem (4.2.10).

Conversely, suppose σC is Fréchet differentiable at φ. Then ∂σC(φ) = {x0} for
some x0 ∈ X (see Exercise 4.2.11). Then it is straightforward to verify that x0 ∈ C, and
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σC(φ) = φ(x0) (Exercise 6.6.11). Suppose that xn ∈ C is such that φ(xn)→ φ(x0),
then xn ∈ ∂εnσC(φ) where εn = φ(x0)− φ(xn), and then Šmulian’s theorem (4.2.10)
implies that ‖xn − x0‖ → 0 which shows that φ strongly exposes C at x0.

Proposition 6.6.2. Let C be a closed bounded convex subset of a Banach space X .
Then the following are equivalent.

(a) The strongly exposing functionals of C form a dense Gδ-subset of X ∗ and C is
the closed convex hull of its strongly exposed points.

(b) σC is Fréchet differentiable on a dense Gδ-subset of X ∗.

Proof. (a)⇒ (b): This is an immediate consequence of Lemma 6.6.1.
(b)⇒ (a): Lemma 6.6.1 shows that if σC is Fréchet differentiable at φ ∈ X ∗, then

σ ′C(φ) = x0 where x0 ∈ C and φ strongly exposes x0 and these are the only strongly
exposing functionals of C. Thus the strongly exposing functionals of C form a dense
Gδ-subset in X . Now suppose C1 is the closed convex hull of the strongly exposed
points of C and C1 �= C. Then there is an x0 ∈ C \C1. Because G, the set of strongly
exposing functionals of C is dense in X ∗, the separation theorem (4.1.17) ensures
that there is a φ ∈ G such that φ(x0) > σC1(φ) which is a contradiction with the fact
that φ is a strongly exposing functional of C. Hence C is the closed convex hull of
its strongly exposed points.

6.6.1 Asplund spaces

Recall that a Banach space X is an Asplund space provided each continuous convex
function on X is Fréchet differentiable on a dense Gδ-subset of X .

Lemma 6.6.3. If X is an Asplund space, then every nonempty bounded subset of X ∗
admits weak∗-slices of arbitrarily small diameter.

Proof. Let A be a nonempty and bounded subset of X ∗, define the sublinear functional
p(x) := σA(x) = sup{x∗(x) : x∗ ∈ A}. Then σA(x) ≤ M‖x‖ where M > 0 is
chosen so that A ⊂ MBX ∗ . Now suppose every weak∗-slice of A has diameter greater
than some ε > 0. Then given x ∈ X , the slice S(x, A, ε/3n) has diameter greater
than ε. Thus we choose x∗n , y∗n ∈ S(x, A, ε/n) such that ‖x∗n − y∗n‖ > ε, it simple
to check x∗n , y∗n ∈ ∂ε/np(x) and so by Šmulian’s theorem (4.2.10) p is not Fréchet
differentiable at x.

Theorem 6.6.4. A separable Banach space X is an Asplund space if and only if X ∗
is separable.

Proof. If X ∗ is separable, then X is an Asplund space by Theorem 4.6.6.
Conversely, suppose X ∗ is not separable. Then neither is BX ∗ and so there is an

uncountable ε-net, say (x∗α) ⊂ BX ∗ for some ε > 0. That is ‖x∗α − x∗β‖ > ε if α �= β.
Because X is separable it follows that BX ∗ is metrizable in its weak∗-topology. Thus
A has at most countably many points which are not weak∗-condensation points. Now
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let B denote the set of the weak∗-condensation points of A. Consequently any weak∗-
slice of B must contain at least two distinct points from (x∗α) and so its diameter is at
least ε.

Lemma 6.6.5. Suppose X is a Banach space, and f : X → R is a continuous convex
function. Let A ⊂ X ∗ be such that every bounded subset of A is weak∗-denotable.
Let Gn be the set of x ∈ X such that there is an open neighborhood V of x such that
diam(∂f (V ) ∩ A) < 1/n where by convention we let the diameter of the empty set
be 0. Then Gn is a dense open subset of X .

Proof. Clearly, Gn is open by definition, and now we will show it is dense. Let x ∈ X
and let U be any open neighborhood of x. Because f is continuous, by replacing
U with a smaller neighborhood if necessary, we may and do assume that ∂f (U ) is
bounded. Now let D := ∂f (U ) ∩ A. If D is empty there is nothing further to do as
x ∈ Gn. Otherwise, by hypothesis, let

S := {φ ∈ D : φ(z) > α}
be a slice of D whose diameter is less than 1/n. Suppose φ ∈ S. Then φ ∈ ∂f (x0) for
some x0 ∈ U and φ(z) > α. Now fix r > 0 so that x1:=x0+ rz ∈ U . Let� ∈ ∂f (x1).
Then

�(x1 − x0) ≥ f (x1)− f (x0) ≥ φ(x1 − x0)

which implies r〈� − φ, z〉 ≥ 0. Consequently, �(z) ≥ φ(z) > α. Because the
subdifferential map is norm-to-weak∗ upper-semicontinuous (Proposition 6.1.1) it
follows that there exists δ > 0 such that Bδ(x1) ⊂ U , and ∂f (y) ⊂ {x∗ ∈ X ∗ : x∗(z) >
α} for any y ∈ Bδ(x1). Now, ∂f (Bδ(x1))∩A is a possibly empty subset of S that
has diameter less than 1/n. Thus, x1 ∈ Gn ∩ U , and the density of Gn has been
established.

Theorem 6.6.6. A Banach space X is an Asplund space if and only if every nonempty
bounded subset of X ∗ admits weak∗-slices of arbitrarily small diameter.

Proof. ⇒: This follows from Lemma 6.6.3.
⇐: Suppose f : X → R is a continuous convex function. Let Gn be as in

Lemma 6.6.5 where we take A therein to be X ∗. Now let x ∈ G where G := ⋂
Gn.

Let (xk) be a sequence converging to x. Let φn ∈ ∂f (xk); Now fix kn so that xk ∈ Gn

for k ≥ kn. Because we are applying Lemma 6.6.5 with A = X ∗, we conclude that
‖φk−φ‖ < 1/n for k ≥ kn, and soφn → φ.According to Šmulian’s theorem (4.2.10),
f is Fréchet differentiable at each x in the dense Gδ-set G.

Corollary 6.6.7. Let X be a Banach space, then the following are equivalent.

(a) X is an Asplund space.
(b) Given any convex open subset U of X , and any continuous convex function

f : U → R, f is Fréchet differentiable on a dense Gδ-subset of U .
(c) Every equivalent norm on X is Fréchet differentiable at least one point.
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Proof. (a)⇒ (b) is Exercise 4.6.11, while (b)⇒ (c) is obvious.
Let us now prove (c)⇒ (a) using a contrapositive argument. Suppose X is not an

Asplund space, then there is a bounded nonempty subset A of X ∗ and an ε > 0 so
that every weak∗-slice of A has diameter greater than ε. Let C := A ∪ −A, and let
B be the weak∗-closed convex hull of C + BX ∗ . It is left as Exercise 6.6.8 to verify
that B is the ball of an equivalent dual norm on X ∗, and that the predual norm on X
is nowhere Fréchet differentiable.

Proposition 6.6.8. A closed subspace of an Asplund space is an Asplund space.

Proof. Let Y be a closed subspace of anAsplund space X .According toTheorem 6.6.6
it suffices to show that every bounded nonempty subset A of Y ∗ = X ∗/Y⊥ has weak∗-
slices of arbitrarily small diameter. Without loss of generality we may assume that A
is weak∗-compact and convex. The quotient map Q : X ∗ → Y ∗ is norm one, onto and
weak∗-to-weak∗ continuous. Let ε > 0. Because Q is an open map, Q(BX ∗) contains
a neighborhood of the origin in Y ∗. Because A is bounded, there is a λ > 0, so that
Q(λBX ∗) = λQ(BX ∗) ⊃ A. According to Zorn’s lemma there exists a minimal (under
inclusion) set with these properties. Let C1 be such a minimal set. Because X is an
Asplund space, there is a weak∗-slice S := S(x, C1,α) of C1 of diameter less than
ε. Because S is relatively weak∗-open, the set A1 := Q(C1 \ S) is a weak∗-compact
convex set, which according to the minimality of C1 is properly contained in A. If
x∗1, x∗2 ∈ A \ A1, there exists y∗1, y∗2 ∈ S such that Q(y∗i ) = x∗i and

‖x∗1 − x∗2‖ = ‖Q(y∗1 − y∗2)‖ ≤ ‖y∗1 − y∗2‖ < ε.

Thus diam(A \ A1) ≤ ε. The weak∗-separation theorem (4.1.22) implies there exists
a weak∗-slice of A which misses A1, and hence has diameter at most ε, and we
are done.

The following outlines a separable reduction argument that allows us to characterize
nonseparable Asplund spaces via their separable subspaces.

Theorem 6.6.9. A Banach space X is an Asplund space if every separable closed
subspace Y of X is an Asplund space.

Proof. We sketch the details as given in [350, Theorem 2.14, p. 23]. Suppose f is
continuous and convex on the nonempty open convex subset D of X and suppose that
the set G of points x ∈ D where f is Fréchet differentiable is not dense in D. We will
construct a separable subspace Y of X such that Y ∩D �= ∅, and the points of Fréchet
differentiability of f |Y are not dense in Y ∩ D. For each n, let

Gn( f ) :=
{

x ∈ D : sup
‖h‖=1

f (x + δh)+ f (x − δh)− 2f (x)

δ
<

1

n
, for some δ > 0

}
.

Now G := ⋂
Gn( f ), and thus for some m ∈ N, Gm( f ) is not dense in D. Thus we

let U be a nonempty open subset of D \ Gm( f ). Next, we construct an increasing
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sequence Yk of separable subspaces of X . First, fix x1 ∈ U . It follows that there exists
a sequence (h1,j) ⊂ SX such that for all δ > 0,

sup
j

f (x1 + δh1,j)+ f (x1 − δh1,j)− 2f (x1)

δ
≥ 1

2m
.

Let Y1 be the closed linear span of x1 and {h1,j}∞j=1. Then Y1 is separable, and x1 ∈
Y1∩U .At this stage, f |Y1 fails to be differentiable at x1 ∈ Y1, and thus x1 �∈ G2m( f |Y1).
Now if Y1 ⊂ Y2 ⊂ . . . ⊂ Yn have been chosen, one can choose a countable dense
subset {xn,i}∞i=1 in Yn ∩ U , and then a countable set of directions {hn,k ,i} ⊂ SX to
ensure that xn,i �∈ G2m( f |Yn+1) where Yn+1 is the closed linear span of Yn and {hn,k ,i}.
Letting Y := ⋃

Yn one can then show that f |Y is not Fréchet differentiable at any
point of Y ∩ U . It is left to the reader to more rigorously fill in the details.

Putting Theorem 6.6.4, Proposition 6.6.8 and Theorem 6.6.9 together, we obtain

Corollary 6.6.10. A Banach space is an Asplund space if and only if every separable
subspace has a separable dual if and only if each of its subspaces is an Asplund space.

6.6.2 Radon–Nikodým and Krein–Milman properties

A nonempty subset of a Banach space is said to be dentable if it admits slices of
arbitrarily small diameter. A Banach space X is said to have the Radon–Nikodým
property (RNP) if every bounded nonempty subset of X is dentable. Further we shall
say a nonempty bounded subset A of X has the Radon–Nikodým property if all of its
nonempty subsets are dentable.

First, we state some basic facts about dentability and the RNP.

Fact 6.6.11. Let X be a Banach space and suppose A is a nonempty subset of X .

(a) If A has a strongly exposed point, then A is dentable.
(b) If A is not dentable, then neither are conv(A), A, A ∪ (−A), A+ BX .
(c) A has the RNP if and only if conv(A) has the RNP if and only if each closed

convex subset of conv(A) has the RNP.

In particular, a closed bounded convex set C has the RNP if each of its closed
convex subsets has a strongly exposed point, and a Banach space has the RNP if and
only if each of its bounded closed convex subsets has the RNP.

Proof. See Exercise 6.6.10

A Banach space X is said to be a weak∗-Asplund space if every continuous weak∗-
lsc convex function on X ∗ is Fréchet differentiable on a dense Gδ-set.

Theorem 6.6.12. Suppose X is a Banach space and C is a closed bounded convex sub-
set of X . Then C has the RNP if and only if for each proper lsc bounded below function
f : C → (−∞,+∞], f ∗ is Fréchet differentiable on a dense Gδ-subset of X ∗.
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Proof. ⇐: Let D ⊂ C be closed and convex, then δ∗D = σD is Fréchet differentiable
on a dense Gδ-subset of X ∗, and so D has a strongly exposed point by Lemma 6.6.1.
According to Fact 6.6.11, C has the RNP.
⇒: Let K > 0 be such that C ⊂ KBX . Because f is bounded below, there exists

b ∈ R so that f ≥ δC + b. Therefore, f ∗ ≤ δ∗C − b and so f ∗ has Lipschitz constant
K on X ∗. Now let Gn be the set of φ ∈ X ∗ for which there is an open neighborhood
V of φ so that ∂f ∗(V )∩C has diameter at most 1/n. According to Lemma 6.6.5, Gn

is a dense open subset of X ∗. Also, let f̂ := f ∗∗|X . Then dom f̂ ⊂ C and (f̂ )∗ = f ∗.
Let φ ∈ ⋂∞

n=1 Gn and suppose f ∗ is not Fréchet differentiable at φ. Then there exist
y∗n ∈ SX ∗ , ε > 0 and tn → 0+ so that

f ∗(φ + tny∗n)+ f ∗(φ − tny∗n)− 2f ∗(φ) ≥ εtn.

The Brøndsted–Rockafellar theorem (4.3.2) implies range ∂ f̂ ⊃ dom f ∗ and so we
choose φn,ψn ∈ range ∂ f̂ , say φn ∈ ∂ f̂ (xn) and ψn ∈ ∂ f̂ (yn) so that

‖φn − (φ + tny∗n)‖ ≤
εtn
8K

‖ψn − (φ − tny∗n)‖ ≤
εtn
8K

.

Because f ∗ has Lipschitz constant K , this implies

f ∗(φn)+ f ∗(ψn)− 2f ∗(φ) ≥ 3εtn
4

.

Then the Fenchel–Young equality (Proposition 4.4.1(a)) implies

φn(xn)− f (xn)+ φn(yn)− f (yn)− 2f ∗(φ) ≥ 3εtn
4

.

Now using the fact that xn, yn ∈ KBX , this implies

(φ + tny∗n)(xn)− f (xn)+ (φ − tny∗n)(yn)− 2f ∗(φ) ≥ εtn
2

.

This last inequality along with the fact φ(xn)− f (xn) ≤ f ∗(φ) and φ(yn)− f (yn) ≤
f ∗(φ) implies ‖xn − yn‖ ≥ ε/2. Because (φn)→ φ and (ψn)→ φ this contradicts
that φ ∈ Gn when n > 2/ε.

We now list several corollaries of the preceding result.

Corollary 6.6.13. Let C be a closed bounded convex subset of a Banach space X .
Then C has the RNP if and only if every closed convex subset of C is the closed convex
hull of its strongly exposed points and its strongly exposing functionals form a dense
Gδ-subset of X ∗.

Proof. Suppose C has the RNP, and let D be a closed convex subset of C. Then
σD = δ∗D, and so Theorem 6.6.12 implies that σD : X ∗ → R is Fréchet differentiable
on a dense Gδ-subset of X ∗. According to Proposition 6.6.2, D is the closed convex
hull of its strongly exposed points. The converse follows easily from Fact 6.6.11.
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Theorem 6.6.14. For a Banach space X , the following are equivalent.

(a) X has the RNP.
(b) Every weak∗-lsc Lipschitz convex function on X ∗ is Fréchet differentiable on a

dense Gδ-set.
(c) X ∗ is a weak∗-Asplund space.
(d) For every closed convex subset C of X , the strongly exposing functionals of C

are a dense Gδ-subset in X ∗, and/or C is the closed convex hull of its strongly
exposed points.

Proof. (a) ⇒ (b): Let f : X ∗ → R have Lipschitz constant K and be weak∗-lsc.
Then f̂ = ( f ∗|X )∗ by Proposition 4.4.2(b), and dom( f ∗) ⊂ KBX ∗∗ according to
Proposition 4.4.6. Consequently, dom f̂ ⊂ KBX , and f̂ is bounded below because
it is a lsc convex function with bounded domain. According to the Theorem 6.6.12,
f = (f̂ )∗ is Fréchet differentiable on a dense Gδ-subset of X ∗.

For the remaining implications, observe that (b)⇒ (c) is similar to Exercise 4.6.11,
while (c)⇒ (d) follows from Corollary 6.6.13, and (d)⇒ (a) is in Fact 6.6.11.

Before presenting versions of Stegall’s variational principle, we present a simple
general variational principle.

Proposition 6.6.15. Suppose that X is a Banach space and f : X → (−∞,+∞] is
a proper lsc function such that f ∗ is Fréchet differentiable at φ ∈ X ∗, then

(a) ( f ∗)′(φ) = x0 where x0 ∈ dom f , and
(b) ( f − φ) attains its strong minimum at x0.

Proof. First, Exercise 4.4.2, implies ( f ∗)′(x∗0) = x0 ∈ X and f ∗∗(x0) = f (x0),
and the Fenchel–Young equality (Proposition 4.4.1(a)) ensures that f ∗∗(x0) < ∞.
This shows (a), and moreover implies that f ∗(φ) = φ(x0) − f (x0). Now suppose
(f − φ)(xn) ≤ (f − φ)(x0)+ εn where εn → 0+. Then (φ − f )(xn) ≥ f ∗(φ)− ε and
so

〈y∗ − φ, xn〉 = 〈y∗ − f , xn〉 − 〈φ − f , xn〉
≤ f ∗(y∗)− (f ∗(φ)+ εn).

Therefore, xn ∈ ∂εn f ∗(φ). Because f ∗ is Fréchet differentiable at φ, Šmulian’s
theorem (4.2.10) implies ‖xn − x0‖ → 0 as desired.

Corollary 6.6.16. Suppose that X is a Banach space with the RNP and that f :
X → (−∞,+∞] is a lsc function for which there exist a > 0 and b ∈ R such that
f (x) ≥ a‖x‖ + b for all x ∈ X . Then there is an ε > 0 so that the set

{x∗ ∈ εBX ∗ : f − x∗ attains its strong minimum on X }
is residual in εBX ∗ .

Proof. The growth condition implies that f ∗ is bounded on a neighborhood of the
origin (Fact 4.4.9) and hence is continuous on a neighborhood εBX ∗ of the origin
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(Proposition 4.1.4). Thus f ∗ is Fréchet differentiable on a dense Gδ-subset G of
εBX ∗ . By Proposition 6.6.15, f − x∗ attains its strong minimum at ( f ∗)′(x∗) ∈ dom f
for each x∗ ∈ G.

Corollary 6.6.17 (Stegall’s variational principle). Suppose C ⊂ X is a nonempty
closed bounded convex set with the RNP, and suppose that f : C → R is a lsc
function on C that is bounded below. Then the set

S = {x∗ ∈ X ∗ : f − x∗ attains its strong minimum on X }

is residual in X ∗.

Proof. According toTheorem 6.6.12, f ∗ is Fréchet differentiable on a dense Gδ-subset
of X ∗. Hence, like the previous corollary the result follows from Proposition 6.6.15.

We close this section by mentioning some related results without proof.

Theorem 6.6.18. A Banach space X is an Asplund space if and only if X ∗ has
the RNP.

We shall not prove this theorem, but let us note that Theorem 6.6.6 immediately
implies X ∗ has the RNP if X is an Asplund space. A nice proof of the converse is
given in [350, pp. 80–82].

ABanach space X is said to have the Krein–Milman property (KMP) if every closed
convex subset of X is the closed convex hull of its extreme points. Because strongly
exposed points are extreme points, it is clear that a Banach space with the RNP has
the KMP. However, the converse is still not resolved. Nevertheless, there are partial
results, for example if X ∗ is a dual space with the KMP, then it has the RNP (see [126,
Theorem 4.4.1]).

Exercises and further results

6.6.1. Use Stegall’s variational principle to give an alternate proof of the following.
Suppose that C ⊂ X is a nonempty bounded closed convex set with the RNP. Then
C is the closed convex hull of its strongly exposed points. Moreover, the functionals
which strongly expose points of C form a dense Gδ-subset of X ∗.
Hint. For the second assertion, let

Gn := {x∗ ∈ X ∗ : diam S(x∗, C,α) < 1/n for some α > 0}.

Show that Gn is open (easy exercise) and Stegall’s variational principle easily shows
that Gn is dense. Then show x∗ ∈⋂Gn if and only if x∗ strongly exposes C. For the
first assertion, let D be the closed convex hull of the strongly exposed points of C
If D �= C, use the second assertion with the separation theorem (4.1.17) to derive a
contradiction.
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6.6.2. Use Stegall’s variational principle (6.6.17) to derive the ‘only if’ implication
in Theorem 6.6.12.

Hint. See Exercise 5.2.12.

The next exercise exhibits an ingenious variational proof from [207] of a classical
result originally proven with more technology.
6.6.3 (Pitt’s theorem). Suppose 1 ≤ p < q < ∞. Show that every bounded linear
operator from �q → �p is compact.

Hint. Let T be such a bounded linear operator. Apply Corollary 6.6.16 to f (x) :=
‖x‖q

q − ‖Tx‖p
p to find x ∈ �q and x∗ ∈ �∗q such that

f (x + h)− f (x)− 〈x∗, h〉 ≥ 0 h ∈ �q.

This implies f (x + h)+ f (x − h)− 2f (x) ≥ 0 for all h ∈ �q. Thus for all h ∈ �q,

‖x + h‖q
q + ‖x − h‖q

q − 2‖x‖q
q ≥ ‖T (x + h)‖p

p + ‖T (x − h)‖p
p − 2‖Tx‖p

p.

Let (xi) be a bounded sequence in �q, which by passing to a subsequence may be
assumed to converge weakly to some y ∈ �q. Show that ‖Txi − Ty‖ → 0 as i →∞;
see [121, Theorem 6.3.13] for full details.

6.6.4.�� Using a result of Moors [319] that shows (f)⇒ (a) in Theorem 6.6.19, prove
Theorem 6.6.19.

Hint. Clearly (b) ⇒ (c). One can show (c) ⇒ (a) by contraposition, i.e. if X fails
the RNP, then X has a closed bounded set that is not dentable. Consequently, X
has an equivalent norm whose unit ball is not dentable. Then the dual norm is not
Fréchet differentiable anywhere. Thus (a) through (d) are equivalent. Finally, it is clear
that (d) ⇒ (e) ⇒ (f), while, as mentioned, the implication (f) ⇒ (a) can be found
in [319].

Theorem 6.6.19. Let X be a Banach space. The following are equivalent.

(a) X has the RNP.
(b) X ∗ is a weak∗-Asplund space.
(c) Every equivalent dual norm on X ∗ is Fréchet differentiable at at least one point.
(d) Every nonempty closed bounded convex subset C of X is the closed convex hull

of its strongly exposed points, and the strongly exposing functional form a dense
Gδ-subset in X ∗.

(e) The support functionals for every nonempty closed bounded convex set in X form
a residual set in X ∗.

(f) The norm-attaining functionals for each equivalent norm on X form a residual
set in X ∗.

6.6.5.� Verify that x∗n , y∗n ∈ ∂ε/np(x) for each n in the proof of Lemma 6.6.3.

Proof. First x∗n(x) > p(x) − ε by definition of a slice. Also, x∗n(y) ≤ p(y) for all
y ∈ X by the definition of p. Therefore, x∗n(y) − x∗n(x) < p(y) − p(x) + ε for all
y ∈ X . Similarly, for y∗n .
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6.6.6. Let X be a nonseparable Banach space, show that BX contains an uncountable
ε-net for some ε > 0.

Hint. Suppose not, then consider {xn,j}∞j=1 a countable collection of maximal 1/n-nets
in BX . This is a countable dense subset of BX which is a contradiction.

6.6.7 (Tang [414]).�� Suppose C is a weak∗-closed convex subset of X ∗. Every subset
of C is weak∗ dentable if and only if every continuous convex function f : X → R
such that there exist a > 0 and b ∈ R with f ≤ aσC + b is Fréchet differentiable on a
dense Gδ-subset of X . For further related characterizations related to this, see Tang’s
paper [414] on Asplund functions.

Hint. ⇐: Let D be a weak∗-closed convex subset of A. Then σD ≤ σC and so it is
Fréchet differentiable on a dense subset of X . Conclude that D has strongly exposed
points.
⇒: Suppose f ≤ aσC + b. Then f is Fréchet differentiable on a dense Gδ-subset

of X if and only if 1
a ( f − b) is. Thus we may assume a = 1 and b = 0. Now f ≤ σC

implies f ∗(φ) ≥ σ ∗C(φ) = δC(φ). Consequently, dom f ∗ ⊂ C, and so dom ∂f ⊂ C.
Now apply Lemma 6.6.5 with A = C as in the proof of Theorem 6.6.6.

6.6.8.� Complete the details for the proof of Corollary 6.6.7.

Hint. For (c) ⇒ (a), check that the weak∗-slices of B have diameter greater than
ε. Now B has no strongly exposed points, and so the predual norm has no point of
Fréchet differentiability.

6.6.9. Let A be a nonempty set in a Banach space. A point x0 ∈ A is called a denting
point of A if for every ε > 0, there is a slice S of A containing x0 of diameter
less than ε. Show that x0 is a denting point of A if and only if for every ε > 0,
x0 �∈ conv(A \ Bε(x0)).
6.6.10.� Prove Fact 6.6.11.
6.6.11.� Let X be a Banach space.

(a) Suppose that A is a closed bounded subset of X , and x0 ∈ A is such that σA(φ) =
φ(x0). Show that x0 ∈ ∂σA(φ).

(b) Let C be a nonempty closed convex bounded set. Suppose x0 ∈ ∂σC(φ). Show
that x0 ∈ C, and φ(x0) = σC(φ).

(c) Let C be a nonempty closed bounded convex set, and suppose y ∈ ∂εσC(φ) for
some ε > 0, show that y ∈ C.

Hint. (a) Let � ∈ X ∗, then 〈x0,� − φ〉 ≤ σA(�) − φ(x0) = σA(�) − σA(φ) as
desired.

(b) By (c), we know that x0 ∈ C. The subdifferential inequality implies

〈x0, 0− φ〉 ≤ σC(0)− σC(φ)

and so φ(x0) ≥ σC(φ), and since x0 ∈ C, this means φ(x0) = σC(φ).
(c) Suppose y �∈ C. According to the separation theorem (4.1.17), we can find � ∈

X ∗ so that�(y) > supC �+3ε. Also, we choose z ∈ C such that φ(z) > σC(φ)− ε.
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Then

〈y,�− φ〉 > σC(�)− σC(φ)+ 2ε

which contradicts that y ∈ ∂εσC(φ).

6.6.12 (Anti-proximinal norms [88]).�� Two equivalent norms ‖ · ‖ and ||| · ||| are said
to form an anti-proximinal pair when neither the problem

inf {‖x − z‖ : |||x||| ≤ 1}

nor the problem

inf {|||x − z||| : ‖x‖ ≤ 1}

is ever achieved except trivially – when z lies in the feasible set. Each such norm is
called a companion to the other.

(a) Show that this mutual nonattainment is equivalent to openness of the sum
{x : |||x||| ≤ 1} + {x : ‖x‖ ≤ 1}. Thus we exhibit two closed convex bodies
whose sum is open.

(b) Show than no such pair can exist in a Banach space with the RNP.
(c) Find a companion norm in c0, endowed with the usual norm ‖ · ‖∞.

Hint. Find a bounded linear mapping T on c0 whose adjoint sends nonzero support
functionals in �1 to nonsupport functionals and consider |||x||| := ‖Tx‖∞.

6.6.13. Show that the closed unit ball of c0 under its usual norm does not have any
extreme points. Show likewise that the closed unit ball in L1[0, 1] in its usual norm
has no extreme points while the closed unit ball for C[0, 1] in its usual norm has only
two extreme points. In particular, conclude that none of c0, L1[0, 1] or C[0, 1] have
the RNP.
6.6.14. Let X be a Banach space.

(a) Suppose the norm on X is locally uniformly convex, show that the dual norm
is Fréchet differentiable on a dense subset of X ∗. Conclude that the strongly
exposing functionals of BX form a dense Gδ-set in X ∗.

(b) Give an example of a closed convex bounded subset C of a Banach space X such
that the strongly exposing functionals of C forms a dense Gδ-subset of X ∗, yet
C fails the RNP.

Hint. For (a), use the local uniform convexity of the norm along with the dual ver-
sion of Šmulian’s theorem (Exercise 5.1.5) to conclude that the dual norm is Fréchet
differentiable at every norm attaining functional. Then apply the Bishop–Phelps the-
orem (4.3.4). For (b), use that fact that the separable space c0 admits an equivalent
locally uniformly convex norm and Exercise 6.6.13.

6.6.15 (Special case of Theorem 6.6.12). Let C be a closed bounded convex subset
of X . If C has the RNP, then σC is Fréchet differentiable on a dense Gδ-subset
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of X ∗. Mimic the proof of Theorem 6.6.12 to prove this using the Bishop–Phelps
theorem (Exercise 4.3.6) instead of the Brøndsted–Rockafellar theorem (4.3.2).

Hint. Since C is bounded, assume ‖ · ‖ is an equivalent norm on X so that C ⊂ BX .
Let Gn be the set of φ ∈ X ∗ such that there exists an open neighborhood U of φ such
that the diameter of ∂σC(U ) ∩ X is less than 1/n. According to Lemma 6.6.5, Gn

is a dense open set in X ∗ for each n ∈ N. Now suppose φ ∈ ⋂
Gn, and ‖φ‖ ≤ 1,

but that σC is not Fréchet differentiable at φ. Then there exist tn → 0+, y∗n such that
‖y∗n‖ = 1 and

σC(φ + tny∗n)+ σC(φ − tny∗n)− 2σC(φ) ≥ εtn.

Using the Bishop–Phelps theorem (Exercise 4.3.6), we choose ψn and φn that attain
their suprema on C such that

‖φn − (φ + tny∗n)‖ ≤
ε

8
tn and ‖ψn − (φ − tny∗n)‖ ≤

ε

8
tn.

Then let xn, yn ∈ SX be points such that φn(xn) = ψn(yn) = 1. Then

φn(xn)+ ψn(yn)− 2σC(φ) ≥ 3

4
εtn, which implies

(φ + tny∗n)(xn)+ (φ − tny∗n)(yn)− 2σC(φ) ≥ εtn
2

.

Then tny∗n(xn − yn) ≥ εtn
2 and so ‖xn − yn‖ ≥ ε

2 . Now (φn) → φ and (ψn) → φ

therefore φ �∈ Gn when 1
n < ε

2 , which is a contradiction.

6.6.16 (Smooth variational principles on RNP spaces).�� Suppose X is a Banach
space with the RNP, and that X has a Ck -smooth bump function b. Given any proper
bounded below lsc function f : X → (−∞,+∞], show that there is a Ck -smooth
function g and x0 ∈ X so that f (x0) = g(x0) and f ≥ g (i.e. X admits a Ck-smooth
variational principle).

Hint. Let φ := f +b−2 and apply Corollary 6.6.16; see [205, Theorem 19] for further
details.

6.6.17 (Smooth variational principles and superreflexivity).�� Suppose k > 1. Show
that X admits a Ck -smooth variational principle if and only if X is superreflexive and
admits a Ck -smooth bump function.

Combined with Exercise 6.6.16, this shows that a Banach space with the RNP that
admits a C2-smooth bump function is superreflexive. Stronger results in this direction
can be found in [312, Proposition 2.3] which built upon [178] to show that the con-
tinuous bump function on a space with the RNP need only have a Gâteaux derivative
that satisfies a directional Hölder condition at each point, in order for the space to be
superreflexive.

Hint. For necessity, apply the Ck -smooth variational principle to 1/‖ · ‖ to obtain a
Ck -smooth bump. To obtain superreflexivity, it is enough to show every separable
subspace Y of X is superreflexive. For that, let | · | be an equivalent locally uniformly
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convex norm on Y . Then apply the variational principle to f defined by f (x):=1/|x|
if x ∈ Y , and f (x):=∞ otherwise. Use the local uniform convexity of | · | to then
construct a bump function on Y with Lipschitz derivative, and hence use Exercise 5.5.7
to conclude Y is superreflexive. The converse follows from Exercise 6.6.16. For more
details, see [205, Theorem 20].

6.7 Convex functions on normed lattices

This section assumes the reader is familiar with normed lattices; notions not explained
here can be found in [386]. We write the lattice operations as x ∨ y and x ∧ y for the
supremum and infimum of x and y respectively. As usual, we denote x+:=x ∨ 0 and
x−:=(−x)+, and |x|:=x ∨ (−x).

In this section, use ∂af to denote the algebraic subdifferential of f , that is elements
from the algebraic dual X ′ that satisfy the subdifferential inequality. The proof of the
next two simple facts are left as Exercise 6.7.2.

Fact 6.7.1. Let X be a topological vector space, and f : X → (−∞,+∞] a pos-
itively homogeneous convex function. Then for φ ∈ X ∗, φ ∈ ∂f (x̄) if and only if
φ ∈ ∂f (0) and φ(x̄) = f (x̄).

Fact 6.7.2. Let X be a normed lattice. Define g : X → R by g(x) = ‖x‖. For x̄ �= 0,

∂g(x̄) = {φ ∈ X ∗ : ‖φ‖ = 1,φ(x̄) = ‖x̄‖}, ∂g(0) = BX ∗ .

Proposition 6.7.3. Let X be a normed lattice. Then x 
→ ‖x+‖ is a continuous convex
function.

Proof. For x1, x2 ∈ X and 0 ≤ λ ≤ 1 we have λx+1 ≥ λx1, 0 and (1 − λ)x+2 ≥
(1 − λ)x2, 0. Adding these we obtain λx+1 + (1 − λ)x+2 ≥ (λx1 + (1 − λ)x2)

+.
Because X is a normed lattice, this yields

‖(λx1 + (1− λ)x2)
+‖ ≤ ‖λx+1 + (1− λ)x+2 ‖
≤ λ‖x+1 ‖ + (1− λ)‖x+2 ‖,

which establishes the desired convexity. Continuity follows from the continuity of
lattice operations; see [386, Section II.5.2].

The previous proposition and the max formula (4.1.10) yield

Corollary 6.7.4. Let X be a normed lattice. Define f : X → R by f (x) = ‖x+‖.
Then ∂f (x) �= ∅ for all x ∈ X .

Proposition 6.7.5. Let X be a normed lattice. Define f : X → R by f (x) = ‖x+‖.
For x̄ �∈ −X+,

∂f (x̄) = {φ ∈ X ∗ : φ ≥ 0, ‖φ‖ = 1,φ(x̄−) = 0,φ(x̄+) = ‖x̄+‖}.



330 Further analytic topics

For x̄ ≤ 0,

∂f (x̄) = {φ ∈ X ∗ : φ ≥ 0, ‖φ‖ ≤ 1,φ(x̄) = 0}.

Proof. The positive homogeneity of f along with Fact 6.7.1 establish that φ ∈ ∂f (x̄)
if and only if φ ∈ ∂f (0) if and only if φ(x̄) = f (x̄). Now φ ∈ ∂f (0) if and only if
φ(x) ≤ ‖x+‖, for all x ∈ X ; this is equivalent to φ ≥ 0 and ‖φ‖ ≤ 1. Accordingly,
φ ∈ ∂f (x̄) if and only if φ ≥ 0, ‖φ‖ ≤ 1 and φ(x̄) = ‖x̄+‖. This implies ‖x̄+‖ =
φ(x̄+ − x̄−) ≤ φ(x̄+) ≤ ‖φ‖‖x̄+‖ ≤ ‖x̄+‖, and so the result follows.

The following makes this more precise when x is not negative.

Proposition 6.7.6. Let X be a normed lattice. Define f , g : X → R by f (x) = ‖x+‖,
g(x) = ‖x‖ for all x ∈ X . Then for x̄ �∈ −X+,

∂f (x̄) = ∂g(x̄+) ∩ {φ ∈ X ∗ : φ ≥ 0,φ(x̄−) = 0}.

In particular, for x̄ �∈ −X+, if the norm ‖ · ‖ is differentiable at x̄+, then f is
differentiable at x̄ with the same derivative.

Proof. The formula for ∂f (x̄) follows from Fact 6.7.2 and Proposition 6.7.5. Also,
if g is differentiable at x̄+, then ∂g(x̄+) is a singleton. Now, Corollary 6.7.4 ensures
∂f (x̄) �= ∅, and thus ∂f (x̄) = {∇g(x̄+)}.

Example 6.7.7. As before, let f (x) := ‖x+‖, for x ∈ X .

(a) Let X = Lp(T ,µ). For x �= 0, ∇‖x‖p = ‖x‖1−p
p |x|p−2x (Exercise 6.7.3).

According to Proposition 6.7.6, f is differentiable for x �∈ −X+, and ∇f (x) =
‖x+‖1−p

p (x+)p−1.
(b) Let X = L1(T ,µ). From Proposition 6.7.5 it follows that for any x and φ ∈

L∞(T ,µ), φ ∈ ∂f (x) if and only if

φ =


1 a.e., where x(t) > 0;

0 a.e., where x(t) < 0;

∈ [0, 1] a.e., where x(t) = 0.

Thus f is differentiable at x if and only if |x(t)| > 0 a.e., and in this case,
∇f (x) = χ{t : x(t)>0}.

(c) Let X = L∞(T ,µ) with the weak∗-topology. According to Proposition 6.7.5, for
φ ∈ L1(T ,µ) and x �∈ −X+, φ ∈ ∂f (x) if and only if,

∫
T φdµ = 1, φ = 0

a.e. where x(t) < 0 and
∫

T φx+dµ = ess sup x+, which is equivalent to φ ≥ 0,
φ|TC

x
= 0 and

∫
Tx
φdµ = 1, where Tx = {t ∈ T : x(t) = ess sup x}. It follows

that if x(t) < ess sup x a.e. then ∂f (x) = ∅. Also, f is never differentiable at x if
(T ,µ) is nonatomic.

(d) Let X = C(T ) where T is a compact Hausdorff space. For x ∈ X , define
Tx = {t ∈ T : x(t) = maxτ x(τ )}. According to Proposition 6.7.5, for −x ∈ X+,
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using the Riesz representation theorem,

∂f (x) = {φ ∈ M (T ) : φ ≥ 0,φ(T ) = 1, suppφ ⊂ Tx},

(in other words, probability measures supported on Tx). Thus for x �∈ −X+,
f is differentiable at x if and only if Tx is a singleton, {t0} say, in which case
∇f (x) = δt0 , a unit mass concentrated at t0.

Let us note that a subspace I of X is an ideal if y ∈ I whenever x ∈ I and |y| ≤ |x|.
An ideal I of X is called a band if A ⊂ I and sup A = x ∈ X implies x ∈ I . We denote
the collection of bands in X by X b.

Proposition 6.7.8. Let (X , Y ) be a dual pair, with X a vector lattice and Y partially
ordered by (X+)+. Suppose y0 ∈ Y , y0 ≥ 0, and define h : X → R by h(x):=〈x+, y0〉.
Then h is a positively homogeneous convex function such that, for any x ∈ X ,

∂h(x) = {y ∈ Y : 0 ≤ y ≤ y0, 〈x−, y〉 = 0, 〈x+, y0 − y〉 = 0}.

If Y is an ideal in X b, then ∂ha(x) = ∂h(x).

Proof. Clearly, h is positively homogeneous. Now let x1, x2 ∈ X and 0 ≤ λ ≤ 1.
Then λx+1 ≥ λx+2 and (1− λ)x+2 ≥ (1− λ)x2, 0, so

(λx1 + (1− λ)x2)
+ ≤ λx+1 + (1− λ)x+2

and then, because y0 ≥ 0, it follows that

〈(λx1 + (1− λ)x2)
+, y0〉 ≤ λ〈x+1 , y0〉 + (1− λ)〈x+2 , y0〉.

This shows h is convex. Now y ∈ ∂h(0) if and only if 〈x, y〉 ≤ 〈x+, y0〉 for all x ∈ X ;
this is equivalent to y ∈ [0, y0]. According to Fact 6.7.1, y ∈ ∂h(x) if and only if
y ∈ [0, y0] and 〈x, y〉 = 〈x+, y0〉. But then

〈x+, y0〉 ≥ 〈x+, y〉 ≥ 〈x, y〉 = 〈x+, y0〉.

Thus there is equality throughout and the result follows.
When φ ∈ X ′, φ ∈ ∂ah(0) if and only if φ(x) ≤ 〈x+, y0〉 for all x ∈ X . This is

equivalent to φ ≥ 0 and y0 − φ ≥ 0. Thus φ ∈ X b and 0 ≤ φ ≤ y0, for φ ∈ Y
because Y is an ideal. Therefore, ∂ah(0) = ∂h(0), and consequently ∂ah(x) = ∂h(x)
for all x ∈ X .

Proposition 6.7.9. Let X be a normed lattice, � ∈ X ∗, � ≥ 0, and define h : X →
R by h(x) := �(x+). Then h is a continuous convex function, and in particular,
∂h(x) �= ∅ for all x ∈ X .

Proof. The convexity follows from Proposition 6.7.8, and the continuity follows from
properties of normed lattices as in [386, II.5.2]. The subdifferentiability then follows
from the max formula (4.1.10).
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6.7.1 Hilbert lattices

A Hilbert lattice is a Banach lattice in which the norm induces an inner product. It
is well known that a Hilbert lattice is isomorphic to L2(S,µ) in the usual ordering
for some measure space (S,
,µ) [386]. Thus, one is in fact looking at spaces like
L2([0, 1]), �2(N), �2(R) and their products.

Since convex functions on Hilbert space are so central in applications, we describe
some of the striking order theoretic results characterizing Hilbert lattices within
Banach lattices.

Theorem 6.7.10 (Hilbert lattice characterizations). Let H be a vector lattice Hilbert
space with ordering cone S. Then the following are equivalent.

(a) H is a Hilbert lattice.
(b) For x, y in S, ‖x ∧ y‖2 ≤ 〈x, y〉 ≤ ‖x ∨ y‖‖x ∧ y‖.
(c) For x, y in H, x ∧ y = 0 ⇔ 〈x, y〉 = 0, x ∈ S, y ∈ S.
(d) S = S+.

Proof. (a)⇒ (b): It suffices to verify that

〈x ∧ y, x ∨ y〉 = 〈x, y〉 (6.7.1)

whenever x, y ≥ 0. Then, as the norm is monotone and x ∨ y ≥ x ∧ y ≥S 0 we
derive (b). Since the norm is absolute, we have that x ∨ y + x ∨ y = x + y and
‖x ∨ y − x ∧ y‖ = ‖x − y‖. By the parallelogram law we therefore have that

‖x ∨ y‖2 + ‖x ∧ y‖2 ± 2〈x ∧ y, x ∨ y〉 = ‖x‖2 + ‖y‖2 ± 2〈x, y〉.

Subtraction and cancellation yields the asserted result (6.7.1).
The implication (b)⇒ (c) is immediate.
(a) ⇒ (d): Since S ⊂ S+ ((a) implies (b)) it suffices to show the converse. Fix

x ∈ S+. Since 〈x+, x−〉 = 0 ((a) implies (c)) we have

‖x+‖2 + ‖x−‖2 = 〈x, x〉 ≤ 〈x+, x〉 ≤ 〈x+, x+〉

since x+ ≤S x. Hence x− = 0 and x = x+ ∈ S. Thus we have shown that all
properties hold in a Hilbert lattice. The converse is left as Exercise 6.7.5.

The self-duality of the semidefinite matrices (Proposition 2.4.9) shows how
strongly this result relies on vector lattice structure.

Example 6.7.11. The Sobolev space W 1,2([0, 1]) of all absolutely continuous func-
tions with square-integrable derivatives on [0, 1], endowed with the a.e. pointwise
order and normed by

‖x‖2 := ‖x′‖2
2 + |x(0)|2

provides an example of a Hilbert space which is a vector lattice but not a Banach lattice:
the norm preserves absolute values but is not order-preserving on the cone [119].
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Another useful connection between order and geometry is due to Nemeth. We state
it without proof.

Theorem 6.7.12 (Projection characterization [330]). Suppose K is a closed generat-
ing convex cone in a real Hilbert space H, and that PK is the metric projection onto
K. Then H ordered by K is a Banach lattice if and only if PK is isotone (y ≥K x
implies PK (y) ≥K PK (x)), and subadditive (PK (x) + PK (y) ≥K PK (x + y), for all
x, y ∈ H ).

Finally, we quote a pretty lattice variant on the classical Pythagorean characteriza-
tion of Hilbert space.

Theorem 6.7.13 (Pythagorean lattice characterization [196]). Let E be a Banach
lattice with norm ‖ · ‖ and ordering cone K. Then E is a Hilbert lattice if and only if

1

2
‖x + y‖2 + 1

2
‖x − y‖2 = ‖x‖2 + ‖y‖2

for all x, y in K.

Exercises and further results

6.7.1 (The semidefinite order is not a lattice order). Show the Loewner-order is not
a lattice order.

Hint. Suppose there is a matrix Z in S2 satisfying

W ≥
[

1 0
0 0

]
and W ≥

[
0 0
0 1

]
⇔ W ≥ Z ,

in the semidefinite order. By considering diagonal matrices W , prove Z =
[

1 a
a 1

]
for some real a. Now using W = I , prove Z = I . Finally derive a contradiction by

considering W := 2
3

[
2 1
1 2

]
.

It is illuminating to plot this situation.

6.7.2.� Prove Fact 6.7.1 and Fact 6.7.2.
6.7.3. Let X := Lp(T ,µ). For x �= 0, show that ∇‖x‖p = ‖x‖1−p

p |x|p−2x.

Hint. See [260, p. 170].

6.7.4. Let H be a Hilbert lattice ordered by S. Show that PS(x) = x+.

Hint. Using the characterization in Exercise 2.3.17(c) it suffices to show that 〈x −
x+, s− x+〉 ≤ 0 for all s ∈ S. Since S is a cone this means showing 〈x+, x−〉 = 0 and
x− ∈ S+. But S ⊂ S+ by (a) implies (c) of Theorem 6.7.10.
6.7.5.� Finish the proof of Theorem 6.7.10.

Hint. To show (b) implies (a) notice the norm is monotone, and x+ ∧ x− = 0 implies
the norm is absolute. For (c) implies (b), fix x, y ≥ 0. Let z := x ∨ y, w := x ∧ y.
Then x + y = w + z and (x − z) ∧ (y − z) = 0. By the parallelogram law 〈x, y〉 =
〈w, z〉 ≤ ‖z‖‖w‖. For (d) implies (c), suppose x, y ≥S 0. Let z := x ∧ y ≥S 0.
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Suppose 〈x, y〉 = 0. As S ⊂ S+, 0 = 〈x, y〉 ≥ 〈z, y〉 ≥ 〈z, z〉 ≥ 0 and so x ∧ y = 0.
Conversely, if z = 0 then x + y = x ∨ y = |x − y| one may derive (6.7.1), after first
showing the norm is absolute when S+ ⊂ S [119].

6.7.6 (New norms from old).�� In addition to methods already discussed there are
several accessible ways of generating useful new norms from lattice norms. Two
notable constructions are the following.

(a) (Substitution norms [172]). We call a Banach function space X on an index set
S full if |y(s| ≤ |x(s)|, for all s ∈ S and x ∈ X implies y ∈ X ; this holds in a
Banach lattice sequence space such as c0(N) or �p(N) for 1 ≤ p ≤ ∞. Let X
be a full function space and for each s in S, let (Xs, ‖ · ‖s) be a normed space.
Consider

PX (Xs) := {x : ψ(s) = ‖x(s)‖s ∈ X }.

Show that ‖|x|‖ := ‖ψ‖ defines a norm on PX (Xs). Show that PX (Xs) so normed
is complete if and only if each component space is.

(b) Suppose each Xs is complete. For 1 ≤ p ≤ ∞ and 1/q + 1/p = 1, define
Pp(Xs) := P�p(S)(Xs) and let m(S) denote the Radon measures on S in the vari-
ation norm. Show that (i) P1(X ∗s ) = Pc0(S)(Xs)

∗; (ii) P1(Xs)
∗ = Pm(S)(Xs); and

(iii) Pq(X ∗s ) = Pp(Xs)
∗.

In particular for 1 < p < ∞ the space Pp(Xs) is reflexive if and only if each
component space is.

(c) (Recursive norms on �1 [188]). Two fairly general constructions on �1 are as
follows.

(i) For 0 < γn ≤ γn+1 ≤ 1 the norm ‖x‖γ := supn γn
∑∞

k=n ‖xn‖ is an
equivalent norm on �1.

(ii) Let p := (pn)
∞
n=1 be a sequence of numbers decreasing to 1 and let

1/qn + 1/pn = 1. Let x = (xn)
∞
n=1 be a real sequence. Let S(x) :=

(x2, x3, . . . , xm, . . .) denote the unilateral shift. Define a sequence on semi-
norms νn(p, x) by ν1(p, x) := |x1| and

νn+1(p, x) := (|x1|p1 + νn(Sp, Sx)p1
)1/p1 .

Show that νn+1(p, ·) increases pointwise to a seminorm νp which is equivalent
to the 1-norm if and only if its conjugate νq is equivalent to the supremum
norm on c0. In particular, show this is the case if pn := 2n/(2n − 1). Note
the analogy to a continued fraction or radical in this construction.

6.7.7 (Lattice renorms).�� A striking result is that a Banach lattice has a locally
uniformly rotund (LUR) renorm if and only if order intervals in the lattice are weakly
compact [169]. (Equivalently the lattice is order continuous [169].) Deduce that,
given an order interval [0, x] in such a lattice, the end points are strongly exposed by
positive continuous linear functionals.
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Likewise a Banach lattice is reflexive if and only if it has an equivalent lattice
renorm in which both the norm and the dual norm are simultaneously Fréchet and
LUR [226].
6.7.8 (A weak lattice-like property [51]).�� Let X be a Banach space ordered by a
closed convex cone K . The order is directed if given x1, x2 ∈ X there exists z ∈ X
with z ≥K x1 and z ≥K x2. Clearly every vector lattice order is directed. An element
λ �= 0 of a convex cone is called an extreme direction if whenever λ = λ1 + λ2 for
k1, k2 ∈ K then actually λ1, λ2 ∈ R+λ.

(a) Check that if int K �= ∅ then K is directed.
(b) Show that if int K �= ∅ then ext K+ �= ∅.
(c) Suppose that λ ∈ ext K+ and that x1, x2 ∈ X satisfy 〈λ, x1〉 ≤ 0 and 〈λ, x2〉 ≤ 0.

Show that for every ε > 0 there exists zε ∈ X with x1 ≤K zε, x2 ≤K zε and
〈λ, zε〉 ≤ ε.

Hint. Consider the abstract linear program

−∞ < µ := inf {〈λ, z〉 : z ∈ X , z ≥K x1, z ≥K x2}.
Compute the dual linear program and justify the lack of a duality gap. Use the
extremal nature of λ to deduce that µ ≤ 0 [51].

(d) Use the point λ := (1, 1) in
(
R2+

)+
and x1 := (1,−1), x2 := (−1, 1) to show the

necessity for something like extremality in (c).
(e) Show that for 1 ≤ p < ∞ the Banach lattice cone in Lp([0, 1]), with respect to

Lebesgue measure, has no extreme directions.

6.7.9 (Cone quasiconvexity [51]).�� Let X , Z be Banach spaces with X ordered by a
closed convex cone K . A function F : Z → (X , K) is quasiconvex with respect to a
cone K if, for all x in X , all level sets {z ∈ Z : F(z) ≤K x} are convex. Clearly all
cone convex functions as in Exercise 2.4.28 – which extends to Banach space – are
cone quasiconvex. Show the following:

(a) Suppose that K is directed and K+ is the weak∗-closed convex hull of its extreme
directions. Then F is K-quasiconvex if and only if λ◦F is (scalarly) quasiconvex
for every λ ∈ ext K+.

(b) K+ is the weak∗-closed convex hull of its extreme directions if int K �= ∅. Thus
(a) applies whenever K has nonempty interior.

(c) The result in (a) applies in the Banach lattice �p(N) (1 ≤ p < ∞) whose cone
has empty interior: F is �+p -quasiconvex if and only if each coordinate is.

(d) Yet, the sum of two quasiconvex functions on R is usually not.

Hint. (a) Apply Exercise 6.7.8 (c). For (b) Suppose e ∈ int K �= ∅. Show that
C := {µ ∈ K+ : 〈µ, e〉 = 1} is a weak∗-compact base for the cone and use the
Krein–Milman theorem applied to C. (d) Consider the decomposition of any function
of bounded variation into the sum of an increasing plus a decreasing function.

6.7.10 (Continuous Hahn–Banach extension theorem for operators [63]).�� Show that
a Banach lattice Y is order-complete if and only if it has the continuous Hahn–Banach



336 Further analytic topics

extension property for Banach spaces. (That is, in the definition of Exercise 4.1.52
we require all spaces to be Banach and all mappings to be continuous.)

Hint.Adjust the construction of p from Exercise 4.1.52 so p is defined and continuous
on �1(I). Note one can assume A, B lie in an order interval.

6.7.11 (The convex geometry of choice [48, 65]).�� Let X be a Banach space ordered
by a closed convex cone K . It is proven in [65] for Zermelo–Frankel set theory (ZF)
with the axiom of choice (AC) that every weakly compact set C admits a point,
c∗, which is simultaneously extreme and maximal or Pareto efficient:c ≥K c∗, c ∈
C ⇒ c∗ ≥K c. (When K = 0 this is just a version of the Krein–Milman theorem.)
Remarkably, the converse is true. Indeed:

Theorem 6.7.14. The following are equivalent in Zermelo–Frankel:

(a) The axiom of choice obtains.
(b) The closed unit ball of every dual Banach lattice has an extreme point.
(c) The closed unit ball of every dual Banach lattice has a minimal point in the dual

lattice ordering.

Hint. We outline (c) implies (a) [65]. The idea behind (b) implies (a) is similar [48].
We need to construct a choice function for a family of sets {Ai : i ∈ I} which may
be assumed disjoint subsets of some set U . Let A := ∪i∈I Ai and let X be the normed
space defined by

X := {x ∈ RA : ‖x‖ :=
∑
i∈I

sup
a∈Ai

|x(a)| <∞}.

Then, in the language of Exercise 6.7.6 (a), X is the substitution space of the spaces
Xi := �∞(Ai) in �1(I) and has dual

X ∗ := {x∗∗ = (x∗i ) : ‖x∗‖ := sup
i∈I
‖x∗i ‖i <∞, x∗i ∈ X ∗i }.

Since each Xi is a Banach lattice, X ∗ is a dual Banach lattice with positive cone

K := {x∗ ∈ X ∗ : x∗i (xi) ≥ 0 for all xi ∈ �∞(Ai)+}.

We now build a (multiple) choice function as follows. Let g be a maximal element of
the ball. By maximality g = |g| ∈ K . Set αi := supAi

g and let

M (i) := {ai ∈ Ai : g(ai) > αi/2}.

We will show each M (i) is nonempty and finite from which (a) follows.
(i) To show M (i) �= ∅, it suffices to show αi > 0. Else g(Ai) = 0. Fix ai ∈ Ai

and let g′ agree with g except for j = i where g′i = δai (the Kronecker δ). Then
g ≤K g′ ∈ BX ∗ which violates maximality. (ii) M (i) is finite since 2 ≥ 2 g(δai ) ≥
2
∑

ai∈M (i) g(ai) ≥ αi #(M (i)), while αi > 0.
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Recall that weak∗-compactness of the dual ball follows from the Boolean prime
ideal theorem and so does not require the full axiom of choice – but combining
the conclusion of the Krein–Milman theorem does! In the same vein, a result of
Luxemburg is that the validity of the Hahn–Banach theorem is equivalent to Luxem-
burg’s even weaker axiom (AL): Every family with the finite intersection property of
weak∗-closed convex subsets of the dual ball of a Banach space has a common point.
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Barriers and Legendre functions

Considerable obstacles generally present themselves to the beginner, in studying the ele-
ments of Solid Geometry, from the practice which has hitherto uniformly prevailed in this
country, of never submitting to the eye of the student, the figures on whose properties he
is reasoning, but of drawing perspective representations of them upon a plane. . . . I hope
that I shall never be obliged to have recourse to a perspective drawing of any figure whose
parts are not in the same plane. (Augustus De Morgan)1

7.1 Essential smoothness and essential strict convexity

This chapter is dedicated to the study of convex functions whose smoothness and
curvature properties are preserved by Fenchel conjugation.

Definition 7.1.1. We will say a proper convex lower-semicontinuous function f :
RN → (−∞,+∞] is:

(a) essentially smooth in the classical sense if it is differentiable on int dom f �= ∅,
and ‖∇f (xn)‖ → ∞ whenever xn → x ∈ bdry dom f ;

(b) essentially strictly convex in the classical sense, if it is strictly convex on every
convex subset of dom ∂f ;

(c) Legendre in the classical sense, if it is both essentially smooth and essentially
strictly convex in the classical sense.

The duality theory for these classical functions is presented in [369, Section 26].
The qualification in the classical sense is used to distinguish the definition on Rn

from the alternate definition for general Banach spaces given below which allows the
classical duality results to extend to reflexive Banach spaces as shown in [35], which
we follow.

Definition 7.1.2. A proper lsc convex function f : X → (−∞,+∞] is said to be

(a) essentially smooth if ∂f is both locally bounded and single-valued on its
domain;

1 Augustus de Morgan, 1806–1871, First President of the London Mathematical Society, quoted in Adrian
Rice, “What Makes a Great Mathematics Teacher?” American Mathematical Monthly, June–July 1999,
p. 540.
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(b) essentially strictly convex, if (∂f )−1 is locally bounded on its domain and f is
strictly convex on every convex subset of dom ∂f ;

(c) Legendre, if it is both essentially smooth and essentially strictly convex.

In finite dimensions, where as usual the situation is both best understood and most
satisfactory, the local boundedness conditions above are superfluous, and conse-
quently the definitions above are compatible in Euclidean spaces as will be shown in
Theorem 7.3.8.

Exercises and further results

7.1.1 (Essential vs. strict convexity). Confirm that

max{(x − 2)2 + y2 − 1,−(xy)1/4},

drawn on p. 4, is essentially strictly convex with a nonconvex subgradient domain
and is not strictly convex. Compute and plot its essentially smooth conjugate.
7.1.2 (An alternating convex inequality [134]). Suppose that f is convex on [0, b],
with b ≥ a1 ≥ a2 ≥ · · · ≥ an ≥ 0 while 0 ≤ h1 ≤ h2 ≤ · · · ≤ hn. Show that

n∑
k=1

(−1)k−1hk f (ak) ≥ f

(
n∑

k=1

(−1)k−1hkak

)
.

7.2 Preliminary local boundedness results

This section develops rudimentary results that will be used in the next section to
develop the duality between essential strict convexity and essential smoothness.

Fact 7.2.1. Suppose f is a proper lsc supercoercive convex function. Then:

(a) φn ∈ ∂f (xn) and ‖xn‖ → ∞, imply ‖φn‖ → ∞;
(b) (∂f )−1 is bounded on bounded sets;
(c) if, additionally, f is strictly convex, then f is essentially strictly convex.

Proof. Fix x0 ∈ dom f . Because φn ∈ ∂f (xn), it follows that ‖φn‖ ≥ |f (xn) −
f (x0)|/‖xn‖; thus ‖φn‖ → ∞ by supercoercivity which proves (a). Now (b) is a
consequence of (a), while (c) is a consequence of (b) and the definitions involved.

The next few facts consider boundedness properties of subdifferentials. Related
results for Euclidean spaces were outlined in Exercises 2.1.23, 2.2.23 and
Exercise 2.4.7.

Lemma 7.2.2. Suppose f : X → (−∞,+∞] is a proper lsc convex function. Then
∂f fails to be locally bounded at each x ∈ bdry ∂f .

Proof. Suppose ∂f is locally bounded at x ∈ dom ∂f . Then choose xn → x and
φn ∈ ∂f (xn) and ‖φn‖ ≤ K . Now for some subnet φnα →w∗ φ, and one can check
that φ ∈ ∂f (x). Therefore x ∈ dom ∂f .
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Now suppose x ∈ bdry ∂f , then there exists a neighborhood U of x with ∂f (U )

bounded. According to the Bishop–Phelps theorem (Exercise 4.3.6), there exists
z ∈ U ∩ dom ∂f and w∗ ∈ X ∗ \ 0 such that w∗(z) = sup〈w∗, dom ∂f 〉. Thus, ∂f is
locally bounded at z and so by the first paragraph of this proof, z ∈ dom ∂f . Now let
z∗ ∈ ∂f (z). Then, for λ > 0,

〈z∗ + λw∗, x − z〉 ≤ f (x)− f (z)+ λw∗(x − z) ≤ f (x)− f (z)

for all x ∈ dom f . Therefore, z∗ + λw∗ ∈ ∂f (z) for all λ �= 0 and so ∂f (z) is
unbounded. This contradiction completes the proof.

Corollary 7.2.3. Suppose f : X → (−∞,+∞] is a proper lsc convex function and
x ∈ dom ∂f . Then x ∈ int dom f if and only if ∂f is locally bounded at x.

Proof. Suppose x ∈ int dom f . Then ∂f is locally bounded at x by Proposition 4.1.26.
The converse follows from Lemma 7.2.2.

Lemma 7.2.4. Suppose int dom f �= ∅ and x ∈ dom ∂f \ int dom f , then ∂f (x) is
unbounded.

Proof. Let x ∈ dom ∂f \ int dom f . Because dom f is convex with nonempty interior,
according to the separation theorem (4.1.15) there exists w∗ ∈ X ∗ \ 0 such that
〈w∗, x〉 = sup〈w∗, dom f 〉. As in the proof of Lemma 7.2.2, x∗ + λw∗ ∈ ∂f (x) if
x∗ ∈ ∂f (x) and λ > 0.

The previous result extends naturally to maximal monotone operators as the reader
can find in [350, p. 30].

Exercises and further results

7.2.1 (Asymptotically well-behaved convex functions [23]).��Aproper closed convex
function on Rn is said have good asymptotical behavior if for all sequences (xk), (yk)

such that yk ∈ ∂f (xk) and limk→∞ yk = 0 one has limk→∞ f (xk) = inf { f (x) : x ∈
Rn}. For the following, suppose f , g are proper lsc convex functions on Rn.

(a) Show that if f is inf-compact (i.e. for each λ, the set {x : f (x) ≤ λ} is bounded),
then it has good asymptotical behavior.

(b) Suppose {x : f (x) ≤ λ} lies in the relative interior of dom f for all λ > inf f .
Show that f has good asymptotical behavior.

(c) Consider the following example of Rockafellar [369]: f : R2 → [0,+∞) defined
by f (x, y) := y2/x if x > 0; f (0, 0) := 0, and f (x, y) := +∞ otherwise. Show
that f does not have good asymptotic behavior.

(d) Let f and g be proper lsc convex functions on Rn, and let h := f g. Suppose
further that f is inf-compact and for each x ∈ Rn there exists y ∈ Rn such that
h(x) = f (x− y)+ g(y). Show that g has good asymptotical behavior if and only
if h has good asymptotical behavior.

(e) Does an essentially smooth convex function necessarily have good asymptotical
behavior?
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Hint. For (c), consider the sequence xk = (k2, k). For (d), use the fact that
∂h(x) = ∂f (x − y) ∩ ∂g(y) when h(x) = f (x − y) + g(x). See [23, Proposition
2.9] for more details. For (e), find an appropriate convex function g : R2 → [0,+∞)

such that g(x, y) = 0 if x ≥ 1 and that f + g is essentially smooth. See [23] for
applications and further properties of asymptotically well-behaved convex functions.

7.2.2. Suppose f : X → R is continuous strictly convex and X is reflexive. (a) Is f ∗
Gâteaux differentiable everywhere on X ∗? (b) What if X = Rn and f is coercive? (c)
What if f is supercoercive?

Hint. Both (a) and (b) fail even when X = R. Indeed, we can take f (t) := et − t
which is strictly convex and coercive, but f ∗ is not defined everywhere.
(c) Because ( f ∗)∗ = f is strictly convex, it follows that f ∗ is Gâteaux differentiable
on the interior of its domain (see Proposition 5.3.6). Thus, if f is strictly convex and
supercoercive, then f ∗ is bounded on bounded sets (see Theorem 4.4.13), and so f ∗
is Gâteaux differentiable everywhere.

7.2.3. Verify the following relations.

(a) If f is continuous and Gâteaux differentiable everywhere, then f is essentially
smooth.
Find examples on finite-dimensional spaces for (b), (c), and (d).

(b) f continuous and strictly convex �⇒ f ∗ Gâteaux differentiable everywhere.
(c) f Gâteaux differentiable everywhere �⇒ f ∗ strictly convex on its domain.
(d) f essentially strictly convex �⇒ f is strictly convex.
(e) In finite dimensions, f strictly convex⇒ f essentially strictly convex; however,

produce an example showing this is not true in �2.

Hint. (a) is easy. For (b) see the previous exercise. For (c) see Exercise 5.3.10. (d) the
conjugate f ∗ of f in (c) is such and example. (e) See Example 7.3.9 below.

7.2.4 (Three classic functions). We revisit the sometimes subtle difference between
strict and essential strict convexity (see the example before Theorem 23.5 and
examples before Theorem 26.3 in [369]). Define on R2:

f1(r, s) :=
{

max
{
1− r1/2, |s|} if r ≥ 0;

∞ otherwise.

f2(r, s) :=


s2
/
(2r)− 2s1/2 if r > 0 and s ≥ 0;

0 if r = s = 0;

∞ otherwise.
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f3(r, s) :=


s2
/
(2r)+ s2 if r > 0 and s ≥ 0;

0 if r = s = 0;

∞ otherwise.

Confirm that

(a) dom ∂f1 is not convex, and f1 is not strictly convex on int dom f . Clearly, f1 is
not essentially strictly convex;

(b) f2 is not strictly convex. However, dom ∂f2 is convex, and f2 is essentially strictly
convex;

(a) dom f3 = dom ∂f3 is convex, f3 is strictly convex on int dom f3, but f3 is not
essentially strictly convex.

Finally, f4 below, given in Exercise 7.1.1 and drawn in Chapter 1, is perhaps more
borderline than any of the functions above:

f4(r, s) :=
{

max
{
(r − 2)2 + s2 − 1,−(rs)1/4} if r ≥ 0 and s ≥ 0;

∞ otherwise.
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Figure 7.1 The functions f1, f2, f3.



7.3 Legendre functions 343

Then f4 is not strictly convex, dom ∂f4 is not convex, yet f4 is essentially strictly
convex! (Note that the conjugates of f1, . . . , f4 are worth computing with respect to
essential smoothness.)

Figure 7.1 illustrates the first three functions of Exercise 7.2.4.
7.2.5. Suppose y ∈ int dom f and x ∈ dom ∂f . Choose M > 0, r > 0 such that
f (u) ≤ f (x) + M for all u ∈ y + rBX , and so that ‖φ‖ ≤ M for some φ ∈ ∂f (x).
Show that

(a) For 0 < λ < 1, let Uλ := (1 − λ)x + λ(y + rBX ). Show that f (x) − λM ≤
f (u) ≤ f (x)+ λM for all u ∈ Uλ.

(b) Let uλ = (1 − λ)x + λy for 0 < λ < 1. Show that ∂f (uλ) �= ∅, and
∂f (uλ) ⊂ M

r BX ∗ .

7.3 Legendre functions

This section highlights the satisfactory duality theory that exists for Legendre func-
tions in reflexive spaces, and also shows the compatibility of the classical and general
definitions in finite-dimensional spaces.

Lemma 7.3.1. Suppose f : X → (−∞,+∞] is a lsc proper convex function. Then:

(a) ∂f is single-valued on its domain if and only if f ∗ is strictly convex on line
segments in range ∂f .

(b) For all x, y ∈ X , x �= y ⇒ ∂f (x) ∩ ∂f (y) = ∅ ⇔ f is strictly convex on line
segments in dom ∂f .

Proof. (a) ⇒: We proceed by way of contradiction. Thus we assume there exist
y∗1, y∗2 ∈ range ∂f such that y∗1 �= y∗2, [y∗1, y∗2] ⊂ range ∂f and λ1, λ2 ∈ (0, 1) with
λ1+λ2 = 1 and f ∗(λ1y∗1+λ2y∗2) = λ1f ∗(y∗1)+λ2f ∗(y∗2). Now let y∗ = λ1y∗1+λ2y∗2.
Then there exists x ∈ X such that y∗ ∈ ∂f (x). Hence

0 = f (x)+ f ∗(y∗)− 〈y∗, x〉 =
2∑

i=1

λi( f (x)+ f ∗(y∗)− 〈y∗i , x〉) ≥ 0.

It follows that both y∗1 and y∗2 belong to ∂f (x), which is a contradiction.
⇐: Choose y∗1, y∗2 ∈ ∂f (x). Then f (x) + f ∗(y∗i ) = 〈y∗i , x〉, for i = 1, 2. For all

nonnegative reals λ1, λ2 that add up to 1, we have:

f (x)+ λ1f ∗(y∗1)+ λ2f ∗(y∗2) = 〈λ1y∗1 + λ2y∗2, x〉
≤ f (x)+ f ∗(λ1y∗1 + λ2y∗2)

≤ f (x)+ λ1f ∗(y∗1)+ λ2f ∗(y∗2).

Therefore equality holds throughout. It follows that x ∈ ∂f ∗([y∗1, y∗2]) and that
f ∗|[y∗1 ,y∗2 ] is affine. Consequently, y∗1 = y∗2.

(b) is proved analogously.
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Theorem 7.3.2. Suppose X is a reflexive Banach space. Then f is essentially smooth
if and only if f ∗ is essentially strictly convex.

Proof. This follows from Lemma 7.3.1 and the fact (∂f )−1 = ∂f ∗ in reflexive spaces.

Exercise 5.3.10 provides a function f : R2 → (−∞,+∞] such that f ∗ is smooth,
but ( f ∗)∗ = f is not strictly convex. So the theorem above highlights a nice tight
duality for the ‘essential’ case. See also Exercise 7.2.2 for more information when f
is strictly convex.

The following corollary is immediate from the previous theorem and the definition
of Legendre functions.

Corollary 7.3.3. Suppose X is reflexive. Then f is Legendre if and only if f ∗ is.

Exercise 7.3.5 shows the previous corollary can fail outside of reflexive Banach
spaces.

Theorem 7.3.4. Suppose X is a Banach space and f : X → (−∞,+∞] is a proper
lsc convex function. The following are equivalent.

(a) f is essentially smooth.
(b) int dom f �= ∅ and ∂f is single-valued on its domain.
(c) dom ∂f = int dom f �= ∅ and ∂f is single-valued on its domain.
(d) int dom f �= ∅, f is Gâteaux differentiable on int dom f and ‖∇f (xn)‖ → ∞ for

every sequence (xn) in int dom f converging to some point in bdry dom f .

Proof. (a) ⇒ (b): By the Brøndsted–Rockafellar theorem (4.3.2), dom ∂f �= ∅.
Thus we fix x ∈ dom ∂f . By assumption, ∂f is locally bounded at x. According
to Corollary 7.2.3, x ∈ int dom f , and so int dom f �= ∅.

(b)⇒ (c): First, int dom f ⊂ dom ∂f (Proposition 4.1.26). Suppose x ∈ dom(∂f ).
According to Lemma 7.2.4, x cannot be a boundary point of dom f . Hence x ∈
int dom f and thus dom ∂f = int dom f .

(c)⇒ (d): f is Gâteaux differentiable where it is continuous and ∂f is single-valued
(Corollary 4.2.5). Let x ∈ bdry f and (xn) ⊂ int dom f be such that xn → x. Suppose
by way of contradiction that lim inf n ‖∇f (xn)‖ < ∞. Pass to a subnet (xα) of (xn)

such that ∇f (xα)→w∗ x∗. Because xn → x, it is easy to check that x∗ ∈ ∂f (x). Thus
x ∈ (dom ∂f ) ∩ (bdry dom f ) which contradicts (c).

(d)⇒ (a): The Gâteaux differentiability of f implies single-valuedness of ∂f and
Proposition 4.1.26 guarantees the local boundedness of ∂f on int dom f . Thus it
suffices to show that ∂f (x) = ∅ for all x ∈ bdry dom f . So, suppose ∂f (x) �= ∅ for
some x ∈ bdry dom f . Applying Exercise 7.2.5, the sequence xn = u1/n converges to
x, and lim supn ‖∇f (xn)‖ <∞.

Lemma 7.3.5. Suppose X is a Banach space and f : X → (−∞,+∞] is a proper
lsc convex function. Suppose both dom ∂f and dom f ∗ are open. Then f is essentially
strictly convex if and only if f is strictly convex on int dom f .



7.3 Legendre functions 345

Proof. First, int dom f ∗ ⊂ dom ∂f ∗ (Proposition 4.1.26). By the openness of dom f ∗
and Corollary 7.2.3, we deduce that ∂f ∗ is locally bounded on its domain. In particular,
(∂f )−1 is locally bounded on its domain. Again int dom f ⊂ dom ∂f , but the latter
set is open and so both sets are equal, and convex. The equivalence now follows
easily.

The next results lists some properties of essentially strictly convex functions on
reflexive spaces.

Theorem 7.3.6. Suppose X is reflexive and f is essentially strictly convex. Then:

(a) For all x, y ∈ X , x �= y ⇒ ∂f (x) ∩ ∂f (y) = ∅.
(b) range ∂f = dom ∂f ∗ = int dom f ∗ = dom∇f ∗.
(c) For all y ∈ dom ∂f , ∂f ∗(∂f (y)) = {y}.
Proof. (a) Follows from Lemma 7.3.1(b). The first equality in (b) is trivial. The others
follow from Theorems 7.3.2 and 7.3.4. Lastly, (c) follows easily from (a).

Theorem 7.3.7. Suppose X is reflexive and f : X → (−∞,+∞] is Legendre. Then

∇f : int dom f → int dom f ∗

is bijective with inverse (∇f )−1 = ∇f ∗ : int dom f ∗ → int dom f . Moreover, the
gradient mappings ∇f , ∇f ∗ are both norm to weak continuous and locally bounded
on their respective domains.

Proof. Since f is Legendre, it is both essentially smooth and essentially strictly con-
vex. Therefore f is differentiable on int dom f �= ∅ (Theorem 7.3.4) and ∂f is a
bijection between int dom f and int dom f ∗ (Theorem 7.3.6). The norm-to-weak con-
tinuity follows from Šmulian’s theorem (4.2.11), and derivative mappings are locally
bounded on their domains because f is continuous where it is Gâteaux differentiable
(Proposition 4.2.2) and the subdifferential is locally bounded at points of continuity
of f (Proposition 4.1.26).

Theorem 7.3.8. Suppose X is a Euclidean space. Then

(a) f is essentially smooth if and only if f is essentially smooth in the classical sense.
(b) f is essentially strictly convex if and only if f is essentially strictly convex in the

classical sense.

In particular, the classical notion of Legendre is compatible with the general notion
on Euclidean spaces.

Proof. (a) This follows from Theorem 7.3.4.
(b) If f is essentially strictly convex, then f is essentially strictly convex in the

classical sense. Now suppose f is essentially strictly convex in the classical sense.
According to Lemma 7.3.1(a), ∂f ∗ is single valued on its domain (which is nonempty).
Then f ∗ is Fréchet differentiable on its domain because it has unique subgradients
there (Theorem 2.2.1), and hence f is continuous on the domain of ∂f ∗ and, as before,
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∂f ∗ is locally bounded on its domain. Therefore, f ∗ is essentially smooth, and hence
f is essentially strictly convex according to Theorem 7.3.2.

In contrast to the previous theorem, the classical and general notions of Legendre
are not equivalent in general Banach spaces.

Example 7.3.9 (Strictly convex does not imply essential strictly convex). We first
show that the classical Legendre notions do differ from the general ones outside
finite-dimensional spaces.

Let X := �2 and let 2 ≤ pn < ∞ be given with pn converging to ∞ as n → ∞.
Define f : X → R by

x 
→
∑

n

1

pn
|xn|pn , where x := (xn).

It is easy to check that f is everywhere differentiable and strictly convex. It is therefore
Legendre in the classical sense. Hence, the function f is essentially smooth.

Define the index conjugate to pn through 1
pn
+ 1

qn
= 1. Then 2 ≥ qn → 1+,

and f ∗(y) = ∑
n

1
qn
|yn|qn . In particular, f ∗ is not essentially smooth in the classical

sense. Moreover, ∂f ∗(y) = {(sign(yn)|yn|qn−1)}, provided this element lies in �2.
Consequently, ∂f ∗ is single-valued on its domain but is not locally bounded according
to Theorem 7.3.2. Thus the function f is not essentially strictly convex. Further details
are discussed in [35, Example 5.14].

The example thus shows that the following three implications, which are always
true in finite-dimensional spaces, all can fail in infinite dimensions:

(a) ‘f essentially strictly convex in the classical sense⇒ int dom f ∗ �= ∅’.
(b) ‘∂f ∗ is single-valued on its domain⇒ f ∗ is essentially smooth’.
(c) ‘f is strictly convex⇒ f is essentially strictly convex’.

Exercises and further results

7.3.1.� Prove Lemma 7.3.1(b). Verify that (∂f )−1 = ∂f ∗ in reflexive spaces and fill
in any remaining details in the proof of Theorem 7.3.2.
7.3.2. Let f : Rn → (−∞,+∞] be a convex function. Suppose x ∈ dom f .

(a) Show that ∂f (x) is a singleton if and only if f is differentiable at x.
(b) Show that this fails in every infinite-dimensional WCG space.

Hint. There are several approaches to showing if ∂f (x) is a singleton at x ∈ dom f ,
then f is differentiable at x on a finite-dimensional space. See Theorem 2.2.1 or [369,
Theorem 25.1]. Alternatively, if the affine hull of the domain of f is all of Rn, then
the domain of f has nonempty interior. Now use Lemma 7.2.4. If the affine hull of the
domain of f is not all of Rn, then the subdifferential mapping is not single-valued at
any point where it is nonempty. For (b) consider the indicator function of a symmetric
closed convex set whose span is dense but not closed.



7.3 Legendre functions 347

7.3.3 (Coercivity and essential strict convexity vs strict convexity). Let X be a Banach
space, and suppose f : X → (−∞,+∞] is lsc.

(a) If f is essentially strictly convex, is it coercive?
(b) If f is strictly convex and coercive, is it necessarily essentially strictly convex?

Hint. (a) No. Consider the strictly convex real function f := exp. This is essentially
strictly convex since the space is finite-dimensional, but it is not coercive.

(b) Yes in reflexive spaces; with the following reasoning. Suppose f : X →
(−∞,+∞] is coercive. Then 0 ∈ int dom f ∗ according to the Moreau-Rockafellar
theorem (4.4.10). In particular, int dom f ∗ �= ∅. According to Lemma 7.3.1(i),
∂f ∗ is single-valued on its domain since f = (f ∗)∗ is strictly convex. Now The-
orem 7.3.4 ensures that f ∗ is essentially smooth (since condition (ii) is satisfied).
Then Theorem 7.3.2 shows that f is essentially strictly convex.

In general spaces the following example shows the property can fail. Consider
X := �1 and let f (x) := ‖x‖1 and

g(x) := (x1 − 1)2 +
∞∑

i=2

x2
i

2i

where x = (xi). Next, let � := (1, 1, 1, . . .) ∈ �∞, and define h = f + g. Then h is
coercive because f is, and it is strictly convex because g is strictly convex.

Now h(e1) = 1 and so � ∈ ∂h(e1) since h(e1) = �(e1) and �(x) ≤ ‖x‖1 ≤ h(x)
for all x ∈ X .

Now consider xn = e1+ nen, then � ∈ ∂f (xn) and φn ∈ ∂g(xn) where φn = 2n
2n en.

Then � + φn ∈ ∂h(xn), � + φn → � but ‖xn‖ → ∞ so xn ∈ ∂−1h(� + φn) and
� ∈ dom ∂−1h and so ∂−1h is not locally bounded at � in its domain.

7.3.4 (Fréchet-Legendre functions). Let X be a Banach space, and f be a lsc proper
convex function on X . We will say f is essentially Fréchet smooth if it is essentially
smooth and Fréchet differentiable on the interior of its domain.

(a) Suppose X is reflexive. Show that f is essentially Fréchet smooth if and only if f ∗
is essentially strictly convex and every point of range(∂f ) is a strongly exposed
point of f ∗.

(b) Suppose X is reflexive. We will say that f is a Fréchet-Legendre function if f and
f ∗ are both essentially Fréchet smooth.

(i) Show that f is Fréchet-Legendre if and only if f ∗ is.
(ii) Suppose f is continuous and cofinite. Show that f is a Fréchet-Legendre

function if and only if it is Fréchet differentiable and locally uniformly
convex.

(iii) Suppose X is a Euclidean space. Show that f is a Fréchet-Legendre function
if and only if it is a Legendre function in the classical sense.

Notice that a Banach space is automatically reflexive if it has a continuous convex
function f such that both f and f ∗ are Fréchet differentiable (Exercise 5.3.16).

Hint. (a) Suppose f is essentially Fréchet smooth. Then f ∗ is essentially strictly convex
by Theorem 7.3.2. Suppose φ ∈ ∂f (x). Then x ∈ int dom f by Theorem 7.3.4 and so f
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is Fréchet differentiable at x.According to Proposition 5.2.4, f ∗ is strongly exposed by
x at φ. For the converse, f is essentially smooth by Theorem 7.3.2. Fix x0 ∈ int dom f .
Then f is Gâteaux differentiable at x0. Let φ ∈ ∂f (x0) and φn ∈ ∂fεn(x0) where
εn → 0+. Follow the argument of (iii) implies (i) in Theorem 5.3.7(b) to deduce that
f is Fréchet differentiable at x0.

(b) Part (i) follows because f ∗∗ = f ; (ii) follows because Exercise 5.3.17 shows f
is locally uniformly convex if f and f ∗ are Fréchet differentiable; (iii) follows because
Gâteaux differentiability and Fréchet differentiability coincide for convex functions
on Euclidean spaces (Theorem 2.2.1).

7.3.5. In contrast to Corollary 7.3.2, find an example of a Legendre function f on a
nonreflexive Banach space such that f ∗ is not Legendre.

Hint. Let X := �1. Deduce that there is a norm ||| · ||| on X such that ||| · ||| is both smooth
and strictly convex (Exercise 5.1.25). Show that f := 1

2 ||| · |||2 is a Legendre function.
Compute f ∗ and conclude it is not essentially smooth because X ∗ = �∞ does not
admit any equivalent smooth norm (Exercise 4.6.7(b)).

7.3.6 (Convolution with an essentially smooth function). Suppose f and g are closed
proper convex functions on a Euclidean space and that f is essentially smooth. Show
that if ri(dom f ∗) ∩ ri(dom g∗) �= ∅ then f g is essentially smooth. See [369,
Corollary 26.3.2] for further details.
7.3.7 (Legendre transform). Suppose f is a (finite) everywhere differentiable convex
function on a Euclidean space E. Show the following:

(a) ∇f is one-to-one on E if and only if f is both strictly convex and cofinite.
(b) In this case, f ∗ is also everywhere differentiable, strictly convex and cofinite; and

f ∗(x∗) = 〈(∇f )−1(x∗), x∗〉 − f
(
(∇f )−1(x∗)

)
).

There is of course a dual formula for f , see [369, Theorem 26.6].

7.4 Constructions of Legendre functions in Euclidean space

This section begins with a direct proof of the log-convexity of the universal barrier
for an arbitrary open convex set in a finite-dimensional Banach space considered
by Nesterov and Nemirovskii in [331]. Then we explore some refinements of this
result.

Theorem 7.4.1 (Essentially smooth barrier functions). Let A be a nonempty open
convex set in RN . For x ∈ A, set

F(x) := λN ((A− x)o),

where λN is N-dimensional Lebesgue measure and (A− x)o is the polar set. Then F
is an essentially smooth, log-convex, barrier function for the set A.



7.4 Constructions in Euclidean space 349

Proof. Without loss of generality, we assume A is line free (else we can add the square
of the norm on the lineality subspace [369]). In this case the universal self-concordant
barrier bA is a multiple of log F . (As described in [331], self-concordance is central
to the behavior of interior point methods. Because barrier properties (without con-
sidering concordance) are applicable more generally, it seems useful to exhibit the
strengthened convexity and barrier properties directly as we do below.)

Now observe that F is finite on A, because εBRN ⊂ A − x for some ε > 0.
Moreover, F(x) = ∞ for x ∈ bdry A. Indeed, this follows by translation invariance
of the measure since (A − x)o contains a ray and has nonempty interior as A is line
free. (So we really need Haar measure which effectively limits this proof to finite
dimensions.) Therefore, F is a barrier function for A.

Now, by the spherical change of variable theorem

F(x) = 1

N

∫
SX

1

(δ∗A(u)− 〈u, x〉)N du (7.4.1)

where du is surface measure on the sphere. Because the integrand is continuous on
A and the gradient is locally bounded in A it follows that that F is essentially smooth.
It remains to verify the log-convexity of F . For this we will use (7.4.1), indeed:

F

(
x + y

2

)
= 1

N

∫
SX

1

(δ∗A(u)− 〈u, x+y
2 〉)N

du

= 1

N

∫
SX

1(
δ∗A(u)−〈u,x〉

2 + δ∗A(u)−〈u,y〉
2

)N du

≤
∫

SX

1

(δ∗A(u)− 〈u, x〉)N/2(δ∗A − 〈u, y〉)N/2
du (7.4.2)

≤
√∫

SX

1

(δ∗A − 〈u, x〉)N du
∫

SX

1

(δ∗A(u)− 〈u, x〉)N du (7.4.3)

= √
F(x)F(y)

where we have used the arithmetic-geometric mean inequality in (7.4.2) and Cauchy–
Schwartz in (7.4.3). Taking logs of both sides of the preceding inequality completes
the proof.

We now refine the above example to produce an essentially smooth convex function
whose domain is a closed convex cone with nonempty interior. We restrict ourselves
to the case of cones here because the most important applications have been in abstract
linear programming over cones which are built up from products of cones of positive
definite matrices, orthants and other simple cones. Moreover, the technical details
for the case of general closed convex sets appeared to be more involved (and we
will revisit this more generally with less explicit methods in Section 7.7). Before
proceeding, we will need the following lemma.
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Lemma 7.4.2. Let g(x, u) ≥ 0 be concave in x, let φ be convex and decreasing on
R+ and consider

G(x) := φ−1
(∫

φ(g(x, u)) µ(du)

)
for a probability measure µ. Assume additionally the mean Hφ defined by H (a, b) =
φ
(
φ−1(a)+φ−1(b)

2

)
is concave. Then G is concave.

Proof. Using the fact that g(x, u) is concave in x and φ is decreasing in (7.4.4) below,
and then Jensen’s inequality with the concavity of Hφ in (7.4.5) below, we obtain:

φ

(
G

(
x + y

2

))
=
∫

φ

(
g

(
x + y

2

)
, u

)
µ(du)

≤
∫

φ

(
g(x, u)+ g(y, u)

2

)
µ(du) (7.4.4)

=
∫

Hφ(φ(g(x, u)),φ(g(y, u))) µ(du)

≤ Hφ

(∫
(φ(g(x, u) µ(du),

∫
φ(g(y, u) µ(du)

)
(7.4.5)

= Hφ(φ(G(x),φ(G(y))

= φ

(
φ−1(φ(G(x))+ φ−1(φ(G(y))

2

)
= φ

(
G(x)+ G(y)

2

)
.

Because φ is decreasing, the previous inequality implies

G

(
x + y

2

)
≥ G(x)+ G(y)

2
,

and so G is concave.

The next fact follows from properties of the Hessian, whose computations are left
as Exercise 7.4.1, but are easily checked in a computer algebra system.

Fact 7.4.3. Let φ(t) = tα with α < 0. Then

Hφ(a, b) := φ

(
φ−1(a)+ φ−1(b)

2

)
is concave.

We now have the tools in hand to prove

Theorem 7.4.4. Given F(x) := λN ((A − x)o) as above, and letting A be an open
convex cone, we define G by G(x) := −(F(x)−p) where 0 < p < 1/N is fixed. Then
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G is convex, essentially smooth, vanishes on bdry(A) and has domain equal to the
closure of A (where (A− x) = (A− x)−, the negative cone).

Proof. Let φ(t) = t−N ; then φ is convex and decreasing on R+. Moreover, Fact 7.4.3
ensures that Hφ is concave. Consequently,

G̃(x) = F(x)−
1
N = φ−1

(∫
φ(δ∗A(u)− 〈u, x〉) du

)
is concave by Lemma 7.4.2 because g(x, u) = δ∗A(u)−〈u, x〉 is concave in x. Because
tα is concave and increasing for 0 < α < 1, it follows that G̃α is concave. Because
G = −G̃α , we know that G is convex. Also, G is smooth on A because F is smooth
and does not vanish there. Moreover, G vanishes on bdry(A) because F is infinite
there.

Therefore, it remains to show that G is essentially smooth, where we, of course,
have defined G(x) := +∞ for x �∈ A. To do this, we will check that ‖∇G(xn)‖ → ∞
as xn → x̄ where x̄ ∈ bdry(A) (see Theorem 7.3.4).

Now, we have (normalized):

‖∇F(x)‖ ≥
∫

h∈A∩SX

〈h, u〉
∫

u∈A+∩SX

〈u, x〉−N−1 µ(du)µ(dh)

where SX is the unit sphere and A+ is the positive polar cone. Interchanging the order
of integration, we write

‖∇F(x)‖ ≥
∫

u∈A+∩SX

η(u)〈u, x〉−N−1 µ(du),

where

η(u) :=
∫

h∈A∩SX

〈h, u〉µ(dh) .

It suffices to observe, by continuity, that inf {η(u) : u ∈ A+ ∩ SX } > 0 (since A+ is
pointed) and so for some constant K > 0

K‖∇F(x)‖ ≥
∫

u∈A+∩SX

〈u, x〉−N−1 µ(du) ≥
[∫

u∈A+∩SX

〈u, x〉−N µ(du)

]1+ 1
N

,

on applying Hölder’s inequality (Exercise 2.3.2). Thus,

KN‖∇F(x)‖N ≥ F(x)N+1.

A direct computation of ∇G(x) shows that ‖∇G(xn)‖ → ∞ as xn → x̄ ∈ bdry(A).

Constructions of Legendre barrier type functions on convex sets with nonempty
interior in Banach spaces are explored in Section 7.7. The current results rely heavily
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on the existence of Haar measure on a Banach space and as such seem fundamentally
finite-dimensional, as the space is then necessarily locally compact.

Exercises and further results

7.4.1. Prove Fact 7.4.3.
The next two exercises derive from [332].

7.4.2 (Rogers–Hölder inequality). Suppose−∞ < p < 1, p �= 0 and 1/p+1/q = 1.
Show that for all complex numbers ak , bk and all n ∈ N one has

n∑
k=1

|akbk | ≥
(

n∑
k=1

|ak |p
)1/p ( n∑

k=1

|bk |q
)1/q

Hint. Appeal to the Fenchel–Young inequality (Proposition 2.3.1).

7.4.3 (Brun–Minkowski inequality). Let H and K be convex bodies in n-dimensional
Euclidean space. Show that, if Vn denotes Lebesgue volume, the function t 
→
Vn(tH + (1− t)K)1/n is concave on [0, 1]. Deduce for 0 < t < 1 that

Vn(tH + (1− t)K)1/n ≥ tVn(H )1/n + (1− t)Vn(K)
1/n,

with equality only if H and K are equal after dilation and translation.

Hint. First appeal to homogeneity to reduce to the case Vn(H ) = Vn(K) = 1.
Then write Vn as an integral and first establish and then apply the integral analog
of the Rogers–Hölder’s inequality of Exercise 7.4.2. (See [332, pp.158–159] for
more details.)

7.4.4 (Universal barriers). With F as in Theorem 7.4.1 compute log F(x), for A the
strictly positive orthant in N -dimensional Euclidean space. Perform the correspond-
ing computation for the positive semidefinite cone. Compare log F(x) to

∑N
i log(xi)

and log Det.

7.4.5 (Second-order cone). Show that

(x1, x2, . . . , xN , r) 
→ log

(
r2 −

N∑
k=1

x2
k

)

is a concave, continuously twice-differentiable barrier function on the Bishop–Phelps
(or second-order) cone: {(x, r) : ‖x‖2 < r}.

The next two exercises illustrate the benefits of a variational formulation of repre-
sentatives of two quite distinct classes of problem. The benefits are three-fold: in the
efficiency of proof it can provide, in the insight it offers, and in the computational
strategies it may then provide. In each case, the barrier property of the objective is
fundamental to the attainment of the infimum.
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7.4.6 (Matrix completion [242]).�� Fix a set � ⊂ {(i, j) : 1 ≤ i ≤ j ≤ n}. Suppose
the subspace � of symmetric matrices with (i, j)-th entry zero for (i, j) in � has a
positive definite member. By considering the problem

inf {〈C, X 〉 − log det X : X ∈ � ∩ Sn++},
(for C positive-definite) prove there exists a positive-definite matrix X in � with
C − X−1 having (i, j)-th entry zero for all (i, j) not in �.
7.4.7 (BFGS update for quasi-Newton methods [219]).�� Fix a positive definite matrix
C in Sn and vectors s, y in Rn with sT y > 0. Consider the problem

inf {〈C, X 〉 − log det X : Xs = y, X ∈ Sn++}. (7.4.6)

(a) For small δ > 0 show

X := (y − δs)(y − δs)T

sT (y − δs)
+ δI

is feasible for (7.4.6).
(b) Prove (7.4.6) has an optimum. Determine the solution. It is called the BFGS

update of C−1 under the secant condition Xs = y, and was originally proposed
for nonvariational reasons.

7.5 Further examples of Legendre functions

This section presents some explicit constructions of Legendre functions.

Example 7.5.1 (Spectral Legendre functions). Suppose as in Section 3.2 that E is
the Euclidean space of n × n self-adjoint matrices, with 〈x, y〉 = trace(xy), for all
x, y ∈ E. Suppose g : RJ → (−∞,+∞] is proper convex, lsc and invariant under
permutations. Let λ(x) ∈ Rn denote the eigenvalues of x ∈ E ordered decreasingly.
Most satisfactorily Lewis [288] has shown that

g ◦ λ is Legendre if and only if g is.

For extensions of much of this framework to self-adjoint compact operators, see
Section 6.5. This construction allows one to obtain many useful Legendre functions
on X : for instance, the log barrier x 
→ − log det x is immediately seen to be a
Legendre function on E (with the positive definite matrices as its domain) precisely
because −log is a Legendre function with domain (0,∞).

Lemma 7.5.2. Set f := 1
p‖ · ‖p for 1 < p <∞. Let q be given by 1

p + 1
q = 1. Then

f ∗ = 1
q‖ · ‖q,

∂f (x) =
{
‖x‖p−2Jx if x �= 0;

0 if x = 0,
and ∂f ∗(x∗) =

{
‖x∗‖q−2J ∗x∗ if x∗ �= 0;

0 if x∗ = 0
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where J is the duality mapping. Consequently:

(a) ‖ · ‖ is smooth⇔ f is essentially smooth;
(b) ‖ · ‖ is rotund⇔ f is essentially strictly convex;
(c) ‖ · ‖ is smooth and rotund⇔ f is Legendre.

Proof. The formulas for the subdifferentials are immediate since ∂ 1
2‖ · ‖2 = J .

(a): ‖ · ‖ is smooth⇔ J is single-valued on X ⇔ ∂f is single-valued on X ⇔ f is
essentially smooth.

(b): ‖ · ‖ is strictly convex⇔ ‖ · ‖2 is strictly convex⇔ 1
p‖ · ‖p is strictly convex

⇔ f is essentially strictly convex.
(c): is now clear from (a) and (b).

The following two constructions are much simpler than those given in Section 7.4
because we work with balls rather than more general convex bodies.

Example 7.5.3 (Legendre functions on balls). Suppose X is reflexive and its norm
is smooth and strictly convex, and rotund so that 1

2‖ · ‖2 is Legendre (Lemma 7.5.2).
In particular, X can be any �p space for 1 < p <∞. Define

f (x) :=
{
−√1− ‖x‖2 if ‖x‖ ≤ 1;

∞ otherwise.

Then f is strictly convex, dom f = BX , and f ∗(x∗) = √‖x∗‖2 + 1. Moreover,

∇f (x) = Jx√
1− ‖x‖2

and ∇f ∗(x∗) = J ∗x∗√‖x∗‖2 + 1
,

for every x ∈ dom∇ = dom ∂f = int BX , and every x∗ ∈ dom∇f ∗ = X ∗. It follows
that f is Legendre with dom f = BX .

Example 7.5.4 (A Legendre function with bounded open domain). Suppose X is a
reflexive Banach space with strictly convex smooth norm ‖ · ‖. Define f by

f (x) :=


1

1− ‖x‖2
if ‖x‖ < 1;

∞ otherwise.

Hence f is strictly convex, ∇f (x) = −(2Jx)/(1 − ‖x‖2)2 for every x ∈
dom f and dom∇f = int BX , so f is essentially smooth (Theorem 7.3.4). Since
dom f ⊆ 1 · BX , f ∗ is 1-Lipschitz on X ∗ by Proposition 4.4.6. By Theorem 7.3.4
(applied to f ∗), the function f ∗ is differentiable on the entire space X ∗. Hence f ∗ is
essentially smooth.Also by Theorem 7.3.4 (applied to f ∗), the function f is essentially
strictly convex. Altogether, f is Legendre with dom f = int BX .

Example 7.5.5. In [364], Reich studies ‘the method of cyclic Bregman projections’in
a reflexive Banach space X under the following assumptions: (a) dom f = dom∇f =
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X (hence f is essentially smooth) and so f ∗ is essentially strictly convex; (b)∇f maps
bounded sets to bounded sets, ∇f is uniformly continuous on bounded sets (hence f
is Fréchet differentiable, and f ∗ is supercoercive); (c) f is uniformly convex (hence
f is strictly convex on X ).

According to Fact 5.3.16, the uniform convexity of f implies that

lim inf‖x‖→+∞
f (x)

‖x‖2
> 0

(hence f is supercoercive and so f ∗ is bounded on bounded sets and ∂f ∗maps bounded
sets to bounded sets by Theorem 4.4.13). Altogether, f is Legendre and∇f : X → X ∗
is bijective and norm-to-norm continuous.

Exercises and further results

7.5.1. Suppose X is a Banach space with uniformly convex and uniformly smooth
norm ‖ · ‖, and suppose f = ‖ · ‖s, where 1 < s < ∞. Then f is uniformly convex
and uniformly smooth on bounded sets, and in particular, f is Legendre.

Hint. See Exercise 5.3.2 and Example 5.3.11.

7.5.2 (Multiplicative potential and penalty functions [302]).† The functions Pm+1

and Pm defined in Euclidean space by

Pm+1(x) := (〈c, x〉 − d)m+1∏m
j=1

(〈aj , x〉 − bj
)

and

Pm(x) := (〈c, x〉 − d)m∏m
j=1

(〈aj , x〉 − bj
)

form barrier functions for the corresponding linear program

min{〈c, x〉 − d : 〈aj , x〉 ≥ bj , 1 ≤ j ≤ m}.

Let V := {x : 〈c, x〉 > d, 〈aj , x〉 > bj , 1 ≤ j ≤ m}.
(a) Show that Pm+1 is convex on V and that Pm is convex on V if V is bounded.
(b) More generally, define P for r ∈ R and strictly positive x by

P(r, x) := 1

γ

|r|γ∏n
j=1 x

aj
j

.

Show that P is convex if 1+∑j aj ≤ γ and a1 > 0, . . . , an > 0. Hint. Compute

P∗ and observe that it has the same general form. Hence, P = P∗∗; details are
given in [95, Exercise 13, p. 94]. Alternatively, find an proof by inducting on the
dimension of the space as in [302].
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(c) Suppose x is restricted to a simplex ({x : 〈s, x〉 = σ , x ≥ 0} where σ > 0 and
s has positive coordinates). Then P is convex as soon as γ ≥ 1+ (n− 1)‖a‖∞
(see [302]).

(d) Note that Pm+1 and Pm are both compositions of affine functions with
specializations of P .

Another useful barrier or penalty-like tool is to write a given convex set C as the
set of minimizers of a smooth convex function fC . This is explored in the next two
exercises.
7.5.3 (Constructible convex sets and functions [117]).�� A (closed convex) set in a
Banach space is constructible if it is representable as the intersection of countably
many closed half spaces, and we call a convex function constructible if its epigraph
is. The term is justified by the observation that C is the limit – in various senses – of
a sequence of polyhedra.

Proposition 7.5.6. A closed convex subset containing the origin is constructible if
and only if its polar is weak∗-separable.

Proof. ⇒: Since 0 ∈ C we can write C = ⋂∞
n=1 φ

−1
n (−∞, 1]. Let W :=

convw∗({φn} ∪ {0}). Because φn(x) ≤ 1 for all x ∈ C, note that φ(x) ≤ 1 for
all x ∈ C, and all φ ∈ W ; thus W ⊂ Co. If W �= Co, there exist φ ∈ Co \ W and
x0 ∈ X such that φ(x0) > 1 > supW x0 (we know this since 0 ∈ W ). Thus φn(x0) < 1
for all n and so x0 ∈ C. This with φ(x0) > 1 contradicts that φ ∈ Co. Consequently,
W = Co, and so Co is weak∗-separable.
⇐: Suppose that Co is weak∗-separable. Choose a countable weak∗-dense collec-

tion {φn}∞n=1 ⊂ Co. Clearly, C ⊂ ⋂∞
n=1 φ

−1
n (−∞, 1]. Moreover, if x0 �∈ C, then

there is a φ ∈ X ∗ such that φ(x0) > 1 > supC φ. Then φ ∈ Co. The weak∗-density of
{φn}∞n=1 in Co implies there is an n such thatφn(x0) > 1. Thus C =⋂∞

n=1 φ
−1
n (−∞, 1]

as desired.

(a) In particular, all closed convex subsets of a separable space are constructible.
The situation in general is quite subtle and under set theoretic axioms additional
to ZFC there are nonseparable spaces, including a C(
) due to Kunen under the
continuum hypothesis, in which all closed convex sets are constructible [117].

(b) Show that the Hausdorff limit of a sequence of constructible sets is constructible
if the limit has nonempty interior.

(c) A dual space is separable if and only if every norm closed convex subset is
constructible (see [117]).

(d) Every weakly compact convex set in X is constructible if and only if X ∗ is
weak∗-separable (see [117]).

7.5.4 (Constructible convex sets and argminima [26, 117]).�� Every constructible set
arises as the argmin of a C∞-smooth function:

(a) Suppose C is a constructible set. Show there is a C∞-smooth convex function
fC : X → [0,∞) such that C = f −1

C (0).
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Figure 7.2 The function fP associated with a pentagon P.

Hint.Write C =⋂∞
n=1 φ

−1
n (−∞,αn]where ‖φn‖ = 1 for each n, and then choose

θ : R → [0,∞) to be any C∞-smooth convex function such that θ(t) = 0 for
all t ≤ 0, θ(t) = t + b for all t > 1 with −1 < b < 0. The requisite function is
defined by

fC(x) :=
∞∑

n=1

θ(φn(x)− αn)

(1+ |αn|)2n
. (7.5.1)

Also, the sets Cn in (b) are C∞-smooth convex bodies as a consequence of the
implicit function theorem (4.2.13).

Figure 7.2 illustrates this construction for a pentagon.
(b) Suppose f : X → [0,∞) is a C∞-smooth convex function. Show that Cn :=

{x : f (x) ≤ 1/n} are C∞-smooth convex bodies, and the sequence (Cn) converges
Mosco to C := f −1(0). In particular, every constructible set is a Mosco limit of
C∞-smooth convex bodies.

Slice convergence in (b) may fail in the nonreflexive setting:

Example 7.5.7. In any separable nonreflexive Banach space there is a C∞-smooth
convex function fC : X → [0,∞) as in (7.5.1) such that Cn := {x : fC(x) ≤ 1/n}
does not converge slice to {x : fC(x) = 0}.

Hint. Let {φn}∞n=1 be a collection in BX ∗ that is total but not norm dense in BX ∗ ,
and such that {0} = ⋂∞

n=1 φ
−1
n (−∞, 0]. Now let f (x) be defined as in (7.5.1). Then
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C = {0} and (Cn) converges Mosco to C. However, if x ∈ BX is such that φk(x) = 0
for k = 1, . . . , n, then f (x) ≤∑∞

k=n+1 2−k < 1/n.
Thus, Cn contains Fn := {x ∈ BX : φk(x) = 0, k = 1, 2, . . . , n} and so the proof

of [92, Theorem 1] shows that (Cn) does not converge slice to {0}. Indeed, choose
φ ∈ SX ∗ \ Y where Y = span({φn}∞n=1). Choose F ∈ SX ∗∗ such that F(Y ) = {0} and
F(φ) > 0. Let δ be such that 0 < δ < F(φ). Now let W = {x ∈ BX : φ(x) > δ},
and apply Goldstine’s theorem (Exercise 4.1.13) to show that d(W , Fn) = 0 for all
n, while clearly d(W , C) > δ. Thus (Cn) does not converge slice to C.

7.6 Zone consistency of Legendre functions

This section considers Legendre functions whose domains have nonempty interior on
reflexive Banach spaces, and explores some of their properties relevant to optimiza-
tion. We begin by more carefully investigating Bregman functions first met in Exercise
2.3.29 and finish with defining and establishing properties of zone consistency in
Corollary 7.6.9.

Definition 7.6.1 (Bregman distance). The Bregman distance corresponding to f is
defined by

D = Df : X × int dom f → [0,∞] : (x, y) 
→ f (x)− f (y)+ f ′(y; y − x).

Thus, the Bregman distance of x2 from x1 is the distance at x2 between the function
value and tangent value at x1 as Figure 7.3 shows for the Kullback–Leibler divergence
of 1 from e. Bregman ‘distance’is a misnomer since it is really a divergence measuring
how far away a second point is away from a reference point and is rarely symmetric. It
is easy to check that when f := ‖·‖2

2 then Df (x, y) = 1
2 ‖x−y‖2

2 (see Exercise 7.6.2).
For studies of Bregman distance and their fundamental importance in optimization

and convex feasibility problems, see [129, 140, 147] and the references therein.
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Figure 7.3 The Bregman distance associated with x log(x)− x.
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The rationale for considering Bregman distances in optimization/approximation is
that we may build some of the constraints directly into the objective function and
exploit nonlinear geometry. The relevant algorithmic theory is developed in detail in
[36]. Things are especially nice when the corresponding distance is jointly convex as
explored in Exercises 2.3.29 and 2.3.30.

We begin with a quite different example of a Legendre function:

Example 7.6.2 (Hilbert space projections). Suppose X is a Hilbert space, γ > 0,
and for a closed convex set C consider

f (x) := 1+ γ

2
‖x‖2 − 1

2
d2

C(x),

where P denotes the (orthogonal) projection map onto C, and x ∈ X . Then ∇f (x) =
γ x + Px, Df (x, y) = 1

2 (γ ‖x − y‖2 + ‖x − Py‖2 − ‖x − Px‖2), and

f ∗(y) = 1

2(1+ γ )
‖y‖2 + 1+ γ

2γ
d2

C

(
1

1+ γ
y

)
,

for all x, y ∈ X . Both f and f ∗ are supercoercive Legendre functions.

Proof. As we saw (see part (b) of Exercise 4.1.46) 1
2‖ · ‖2 − 1

2d2(·) is convex and
Fréchet differentiable with gradient P. We thus readily obtain the formula for∇f , and
also conclude that f is strictly convex everywhere. The expression for the Bregman
distance is a simple expansion. Now let y = ∇f (x) = γ x+Px. Then 1

1+γ y is a convex

combination of x and Px: 1
1+γ y = γ

1+γ x + 1
1+γ Px. It follows that P( 1

1+γ y) = Px.

Hence we can solve y = γ x + Px = γ x + P( 1
1+γ y) for x:

∇f ∗(y) = x = 1

γ
y − 1

γ
P

(
1

1+ γ
y

)
.

Thus dom f ∗ = X is open and f is cofinite. Consequently f is a Legendre function.
Hence f ∗ is a Legendre function as the ambient space is reflexive. In fact, since P is
nonexpansive, the gradient mapping ∇f ∗ clearly maps bounded sets to bounded sets,
and so f ∗ is bounded on bounded sets. Thus, by Theorem 4.4.13, f is supercoercive.
The same argument shows that f ∗ is supercoercive. Integrating ∇f ∗(y) with respect
to y yields

f ∗(y) = 1

2(1+ γ )
‖y‖2 + 1+ γ

2γ
d2
(

1

1+ γ
y, C

)
+ k ,

where k is constant that we shall determine from the equation f (x) + f ∗(∇f (x)) =
〈∇f (x), x〉. Using the identity dC(

1
1+γ y) = γ

1+γ dC(x), we find k = 0.
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We next turn to the basic properties of the Bregman distance.

Lemma 7.6.3. Suppose x ∈ X and y ∈ int dom f . Then:

(a) D(x, y) = f (x)− f (y)+max〈∂f (y), y − x〉.
(b) D(·, y) is convex, lsc, proper with dom D(·, y) = dom f .
(c) D(x, y) = f (x)+f ∗(y∗)−〈y∗, x〉, for every y∗ ∈ ∂f (y)with max〈∂f (y), y−x〉 =

〈y∗, y − x〉.
(d) If f is differentiable at y, then D(x, y) = f (x) − f (y) − 〈∇f (y), x − y〉 =

f (x)+ f ∗(∇f (y))− 〈∇f (y), x〉 and dom∇D(·, y) = dom∇f .
(e) If f is essentially strictly convex and differentiable at y, then D(·, y) is coercive.
(f) If f is essentially strictly convex, then: D(x, y) = 0 ⇔ x = y.
(g) If f is differentiable on int dom f and essentially strictly convex, and x ∈

int dom f , then Df (x, y) = Df ∗(∇f (y),∇f (x)).
(h) If f is supercoercive and x ∈ int dom f , then D(x, ·) is coercive.
(i) If X is finite-dimensional, dom f ∗ is open, and x ∈ int dom f , then D(x, ·) is

coercive.
(j) If (yn) is a sequence in int dom f converging to y, then D(y, yn)→ 0.

Proof. (a)–(e) are left as part of Exercise 7.6.2 as are some of the justifications below.
(f): Pick y∗ as in (c) and assume 0 = D(x, y) = f (x) + f ∗(y∗) − 〈y∗, x〉. Then

x ∈ ∂f ∗(y∗) ⊆ ∂f ∗(∂f (y)) = {y}. The converse is trivial.
(g): Using item (f) above, we obtain the equalities Df ∗(∇f (y),∇f (x)) =

f ∗(∇f (y)) + f (∇f ∗(∇f (x))) − 〈∇f ∗(∇f (x)),∇f (y)〉 = f ∗(∇f (y)) + f (x) −
〈x,∇f (y)〉 = Df (x, y).

(h), (i): Fix x ∈ int dom f and let (yn) be a sequence in int dom f such that (D(x, yn))

is bounded. Then it suffices to show that (yn) is bounded.
Pick (see (c)) y∗n ∈ ∂f (yn) such that D(x, yn) = f (x) + f ∗(y∗n) − 〈y∗n , x〉, for

every n ≥ 1. Then (y∗n) is bounded since f ∗ − x is coercive. To prove (h), note that
supercoercivity of f implies that ∂f ∗ maps the bounded set {y∗n : n ≥ 1} to a bounded
set which contains {yn : n ≥ 1}. The coercivity of D(x, ·) follows. It remains to prove
(i) in which X is finite-dimensional and dom f ∗ is open. Assume to the contrary
that (yn) is unbounded. After passing to a subsequence if necessary, we may and do
assume that ‖yn‖ → ∞ and that (y∗n) converges to some point y∗. Then ( f ∗(y∗n)) =
(D(x, yn) − f (x) + 〈y∗n , x〉) is bounded. Since f ∗ is lsc, y∗ ∈ dom f ∗ = int dom f ∗.
On the one hand, ∂f ∗ is locally bounded at y∗. On the other hand, y∗n → y∗ and
yn ∈ ∂f ∗(y∗n). Altogether, (yn) is bounded – a contradiction!

(j): By (c), select y∗n ∈ ∂f (yn) such that D(y, yn) = f (y) + f ∗(y∗n) − 〈y∗n , y〉,
for every n ≥ 1. The sequence (y∗n) is bounded, since ∂f is locally bounded at y.
Assume to the contrary that D(y, yn) �→ 0. Again, after passing to a subsequence,
there is some ε > 0 such that ε ≤ D(y, yn) = f (y) + f ∗(y∗n) − 〈y∗n , y〉, for every
n, and that (y∗n) converges weakly to some y∗ ∈ ∂f (y). Since y∗n ∈ ∂f (yn), the
assumption implies that f ∗(y∗n) = 〈y∗n , yn〉− f (yn)→ 〈y∗, y〉− f (y). Hence f ∗(y∗) ≤
lim inf n f ∗(y∗n) = limn f ∗(y∗n) = 〈y∗, y〉− f (y) ≤ f ∗(y∗), which yields the absurdity
0 < ε ≤ D(y, yn) = f (y)+ f ∗(y∗n)− 〈y∗n , y〉 → f (y)+ f ∗(y∗)− 〈y∗, y〉 = 0.
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Remark 7.6.4. It is not possible to replace ‘yn → y’in Lemma 7.6.3(j) by ‘yn →w y’:
consider f := 1

2‖ · ‖2 on X = �2, let yn denote the n-th unit vector. Then yn →w 0,
but D(0, yn) = 1

2‖0− yn‖2 ≡ 1
2 .

Recall that we say that a function is cofinite when the domain of the conjugate is the
whole dual space. Some connections between cofinite and supercoercive functions
were explored in Exercise 4.4.23.

Example 7.6.5 (More about f cofinite �⇒ f supercoercive). Let X = �2 and define
h(y) :=∑

n≥1
1
2y2n

n , for every y := (yn) ∈ X ∗ = X . Then h is strictly convex, proper,
with dom h = X ∗. Moreover, h is everywhere differentiable with ∇h(y) = (ny2n−1

n ).
Now set g := h + 1

2‖ · ‖2. Then g is strictly convex, proper, with dom g = X ∗ =
int dom g, everywhere differentiable with ∇g = ∇h + I , and supercoercive. Since
dom∇g = X ∗, again g is essentially smooth. Now let f := g∗. Then f is essentially
strictly convex, and dom f = X (since f = h∗� 1

2‖ · ‖2). The strict convexity of g
implies that ∂f is single-valued on its domain. Since X = int dom f ⊆ dom ∂f , f
must be differentiable everywhere and hence f is essentially smooth. To sum up,

f is Legendre and cofinite with dom f = dom∇f = X , and
f ∗ is Legendre and supercoercive with dom f ∗ = dom∇f ∗ = X ∗.

Denote the standard unit vectors in X ∗ by en and fix x ∈ X arbitrarily. Then

en →w 0, but ‖∇f ∗(en)‖ = n+ 1 →∞.

Now let yn = ∇f ∗(en) = (n+1)en, for every n ≥ 1. On the one hand, ‖yn‖ → ∞. On
the other hand, by Lemma 7.6.3 (iv), D(x, yn) = f (x)+ f ∗(∇f (yn))−〈∇f (yn), x〉 =
f (x)+ f ∗(en)− 〈en, x〉 ≤ f (x)+ g(en)+ ‖en‖‖x‖ ≤ f (x)+ 1+ ‖x‖. Altogether:

there is no x ∈ X such that Df (x, ·) is coercive.

In view of Lemma 7.6.3(h), f is not supercoercive.

Remark 7.6.6. It follows from the above example that ‘f is supercoercive’ in
Lemma 7.6.3(h) cannot be replaced by ‘f is cofinite’. Let us also observe that the
existence of a cofinite, yet not supercoercive function actually characterizes spaces
that do not have the Schur property as is shown in Theorem 8.2.5. However, in
Example 7.6.5, such a function is constructed explicitly.

The following fundamental ideas go back to Bregman [129].

Definition 7.6.7 (Bregman projection). Suppose C is a closed convex set in X . Given
y ∈ int dom f , the set PCy := {x ∈ C : D(x, y) = inf c∈C D(c, y)} is called the
Bregman projection of y onto C. Abusing notation slightly, we shall write PCy = x,
if PCy happens to be the singleton PCy = {x}.
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Theorem 7.6.8. Let X be a reflexive Banach space and suppose f : X → (−∞,+∞]
is a lsc proper convex function with int dom f �= ∅. Suppose C is a closed convex set
with C ∩ dom f �= ∅, and y ∈ int dom f . Then:

(a) If f is essentially strictly convex and Gâteaux differentiable at y, then PCy is
nonempty and PCy ∩ int dom f is at most a singleton.

(b) If f Gâteaux differentiable at y and strictly convex, then PCy is at most a singleton.
(c) If f is essentially smooth and C ∩ int dom f �= ∅, then PCy ⊆ int dom f .

Proof. (a): By Lemma 7.6.3(b) and (e), D(·, y) is convex, lsc, coercive, and
C ∩ dom D(·, y) �= ∅. Hence PCy = argminx∈C D(x, y) �= ∅. Since f and hence
(Lemma 7.6.3(c)) D(·, y) is strictly convex on int dom f , it follows that PCy∩int dom f
is at most a singleton.

(b): By Lemma 7.6.3(d), D(x, y) = f (x)+ f ∗(∇f (y))− 〈∇f (y), x〉. Hence D(·, y)
is strictly convex and the result follows.

(c): Assume to the contrary that there exists x̄ ∈ PCy ∩ (dom f \ (int dom f )). Fix
c ∈ C ∩ int dom f and define

� : [0, 1] → [0,∞) : t 
→ D
(
(1− t)x̄ + tc, y

)
.

Then, using Lemma 7.6.3(b),� is lsc convex proper and�′(t) = 〈∇f (x̄+t(c−x̄)), c−
x̄〉 − 〈∇f (y), c − x̄〉, for all 0 < t < 1. By Theorem 7.3.4, limt→0+ �

′(t) = −∞.
This implies �(t) < �(0), for all t > 0 sufficiently small (since �′(t)(0 − t) ≤
�(0) − �(t), i.e. �(t) ≤ �(0) + t�′(t), for every 0 < t < 1). It follows that for
such t, (1 − t)x̄ + tc ∈ C ∩ int dom f and D((1 − t)x̄ + tc, y) < D(x̄, y), which
contradicts x̄ ∈ PCy. The entire theorem is proven.

In the terminology of Censor and Lent [146], the next result states that every
Legendre function is zone consistent; see p. 364 and Exercise 7.6.6. This result is of
crucial importance, since – as explained below – it makes the sequence generated by
the method of cyclic Bregman projections, discussed in the next subsection, well-
defined under reasonable constraint qualifications.

Corollary 7.6.9 (Legendre functions are zone consistent). Let X be a reflexive
Banach space. Suppose f is a Legendre function, C is a closed convex set in X
with C ∩ int dom f �= ∅, and y ∈ int dom f . Then:

PCy is a singleton and is contained in int dom f .

Proof. This is immediate from Theorem 7.6.8 (a) and (c).

7.6.1 The method of cyclic Bregman projections

We now demonstrate the power of Legendre functions by studying a specific optimiza-
tion problem (as a generalized best approximation problem). Suppose C1, . . . , CN

are closed convex sets (‘the constraints’) in RM with C = ⋂N
i=1 Ci �= ∅. The

convex feasibility problem consists of finding a point (‘a solution’) in C. Suppose



7.6 Zone consistency of Legendre functions 363

further that the orthogonal projection onto each set Ci, which we denote by Pi, is
readily computable. Then the method of cyclic (orthogonal) projections operates as
follows.

Given a starting point y0, generate a sequence (yn) by projecting cyclically onto
the constraints:

y0
P1
−→ y1

P2
−→ y2
P3
−→ · · · PN
−→ yN

P1
−→ yN+1
P2
−→ · · · .

The sequence (yn) does indeed converge to a solution of the convex feasibility
problem [121] as was first proved by Halperin.

In some applications, however, it is desirable to employ the method of cyclic
projections with (nonorthogonal) Bregman projections [129]. For example, if we
know a priori that we wish all solutions to be strictly positive we might well wish to use
the Kullback–Leibler entropy. As we have implicitly seen, the Bregman projections
are constructed as follows. Given a ‘sufficiently nice’convex function f , the Bregman
distance between x and y is

Df (x, y) = f (x)− f (y)− 〈∇f (y), x − y〉,

y

x

z

Figure 7.4 The method of cyclic projections: x 
→ y 
→ z 
→ · · · .
energy vs negative entropy  

x0

B
B

A

A
(0, 0)

Figure 7.5 Infeasible cyclic projection (L) and entropy analog (R).
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where y ∈ int dom f is a point of differentiability of f . Then the Bregman projection
of y onto the i-th constraint Ci with respect to f is defined by

argminx∈Ci
Df (x, y). (7.6.1)

Here we have implicitly assumed that y is a point of differentiability so that Df (x, y)
is well defined. More importantly, to define the sequence of cyclic projections
unambiguously, the following properties are required:

• the argmin is nonempty (‘existence of nearest points’),
• the argmin is a singleton (‘no selection necessary’),
• the argmin is contained in int dom f (in order to project the argmin onto the next

constraint Ci+1).

These three properties together define zone consistency.
The valuable punch-line is that if f is a Legendre function, then these good proper-

ties automatically hold [32] and so in the terminology of Censor and Lent [146], every
Legendre function is zone consistent (see Exercise 7.6.6). Moreover, the Legendre
property is the most general condition known to date that guarantees zone consistency.
Note that when f is 1

2‖ · ‖2
2 we recover the classical orthogonal case. The trade-off

for better control of the problem’s geometry is that unlike the orthogonal case there
is typically no nice closed form for the Bregman projection and it must be computed
numerically. This and much more may be followed up in [37].

Exercises and further results

7.6.1 (Other entropies). Two other entropies with famous names are the Fermi–Dirac
and Bose–Einstein entropies given, respectively, by

x 
→ (1− x) log(1− x)+ x log(x) and x 
→ x log(x)− (1+ x) log(1+ x).

Show that their conjugates are respectively y 
→ log (ey + 1) and y 
→ − log (1− ey)

with domain R and (−∞, 0) respectively. (See also Table 2.1.) Confirm that all these
functions are of Legendre type. They are shown in Figure 7.6.
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Figure 7.6 Fermi–Dirac and Bose–Einstein entropy (L); conjugates (R).
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7.6.2 (Bregmania).�

(a) Establish the missing details in Lemma 7.6.3.
(b) If f (x1, x2, · · · , xn) :=∑n

k=1 f (xk), show that Df (x, y) =∑n
k=1 Dfk (xk , yk).

(c) Confirm that when f = ‖ · ‖2
2 then Df (x, y) = 1

2 ‖x − y‖2
2.

(d) Check that when f := x 
→ x log(x)− x then Df (x, y) = x log(x/y)− (x − y).
(e) Explore the barrier and Legendre properties of x 
→ (2x−1) {log x − log(1− x)}.

Compute the corresponding Bregman distance.
(f) Explore the barrier and Legendre properties of x 
→ x log x+ (1− x) log(1− x).

Compute the corresponding Bregman distance.
(g) Explore the barrier and Legendre properties of x 
→ log(1+ x)− x. Compute the

corresponding Bregman distance.

7.6.3 (Fisher information [99]).† Lemma 2.1.8 forms the basis for some very useful
alternatives to Bregman distance. Given an appropriate convex function ψ : R →
(−∞,+∞] and probabilities p := (p1, p2, . . . , pn), q := (q1, q2, . . . , qn) we may
define the discrete Csiszár divergence from p to q by

Cψ(p, q) :=
n∑

k=1

pk ψ

(
qk

pk

)
,

and correspondingly for densities in L1(X ,µ) we may consider

Iψ(p, q) :=
∫

X
p(t) ψ

(
q(t)

p(t)

)
µ(dt).

Exercise 2.3.9 specifies how 0/0 is to be handled.

(a) Unlike the Bregman distance, Cψ and Iψ are always jointly convex, but does not
recapture the Euclidean distance.

(b) Note for ψ(t) := − log t we recover the Kullback–Leibler divergence and
ψ(t) := |t − 1| recreates the L1 or variational-norm. A nice one-parameter class
is obtained from t 
→ (tα − 1)/(α(α− 1)) interpreted as a limit for α = 0, 1. For
example, α = 1/2 gives 4h2 := 2

∫ (√
p−√q

)2
dµ, where h is the Hellinger

distance, see [228, 227]. A detailed discussion of related ideas can be followed
up in [291].

(c) If we start with ψ(t) := t2/2 we obtain

F(p, q) := 1

2

∫
X

q2(t)

p(t)
µ(dt),

which makes sense for any strictly positive functions in L1. Relatedly

F(z) := 1

2

∫
X

(z′(t))2

z(t)
µ(dt),

defines the Fisher information functional and provides a convex integral func-
tional which penalizes one for large derivative values (oscillations or variances).
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This function has been exploited as a replacement for the Shannon entropy
in various thermodynamic and information theoretic contexts [142]. See also
Exercise 7.6.4.

7.6.4 (Duality of Csiszár entropy problems, I [98, 99]).† The Csiszár best entropy
density estimation program is the convex program:

minimize Iψ(x) =
∫

T
x(t)ψ

(
x′(t)
x(t)

)
dt

(P) subject to x ≥ 0, x ∈ A(T ),∫
T

ak(t)x(t) dt = bk for k = 0, 1, . . . , n.

More precisely xψ(x′/x) := 0+ψ(x′) for x = 0 and is infinite otherwise; and A(T )
denotes the absolutely continuous functions on an interval T . The weight func-
tions may be trigonometric, ak(t) := exp{ikt} on [−π ,π ], algebraic polynomials
(orthonormalized), ak(t) := tk on T = [0, 1], in which case the bk are known Haus-
dorff (Legendre) moments of the unknown x(t). As in many image reconstruction,
seismology, or in small angle neutron scattering or other problems in plasma physics,
the ak might be an appropriate wavelet basis, and the bk known wavelet coefficients
of x(t).

One discovers in this case that the concave dual problem (D) has an integral-
differential form that is suppressed when only function values are measured as in
Corollary 4.4.19.

maximize −
n∑

j=0

λjbj subject to v′ + ψ∗(v) =
n∑

j=0

λjaj ,

(D) v(t0) = v(t1) = 0, v ∈ C1(T ).

Proposition 7.6.10 ([98, 99]). Suppose ψ is strictly convex and supercoercive and
(P) is feasible. Then:

(a) Problem (P) has a unique optimal solution x̄ which is strictly positive on T =
[t0, t1] and satisfies x̄′(t0) = x̄′(t1) = 0.

(b) Problem (D) has a unique optimal solution (v̄, λ̄), from which the primal optimal
solution x̄ may be recovered by means of

x̄′(t)
x̄(t)

= ψ∗′ (v̄(t)) and Ax̄ = b (7.6.2)

where A represents the moment measurements.

This dual problem is passing odd: it requires one to know for which parameter
values the driving differential equation has a solution with v(t0) = v(t1) = 1 but not
what the solution is. The next exercise shows how to extract more information.
7.6.5 (Duality of Csiszár entropy problems, II [98, 99]).† By assumption ψ is strictly
convex and supercoercive so thatψ∗ is everywhere finite and differentiable. Consider
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the differential equation with initial condition

v′(t)+ ψ∗(v(t)) =
n∑

j=0

λjaj(t), v(t0) = 0. (7.6.3)

In the Fisher case ψ(v) = ψ∗(v) = 1
2v2, (7.6.3) is a Riccati equation. Let 
 be the

set of λ ∈ Rn+1 for which (7.6.3) has a unique solution v(λ, ·) on the whole interval
T = [t0, t1]. Clearly 0 ∈ 
, and it is relatively straight forward that 
 is an open
domain in Rn+1. Define k : 
→ R by k(λ) := v(λ, t1). Then k is of class C1 on 

and (D) of Proposition 7.6.10 becomes

(D̂) maximize −
n∑

j=0

λjbj subject to k(λ) = 0, λ ∈ 
, (7.6.4)

which has an optimal solution λ̄ satisfying v̄(t1) = v(λ̄, t1) = k(λ̄) = 0.

(a) Consider the Lagrangian associated with (D̂). For i, j = 0, . . . , n

∂

∂λi
k(λ) = ∂

∂λi
v(λ, t1) =: vi(λ, t1), (7.6.5)

∂2

∂λi∂λj
k(λ) = ∂2

∂λi∂λj
v(λ, t1) =: vij(λ, t1).

The functions vi(λ, ·) solve the initial value problems

v′i(λ, t)+ ψ∗′ (v(λ, t)) vi(λ, t) = ai(t), vi(λ, t0) = 0, (7.6.6)

for i = 0, . . . , n, and for 0 ≤ i, j ≤ n the functions vij(λ, ·) solve the initial value
problems

v′ij(λ, t)+ ψ∗′′
(
v(λ, t)

)
vi(λ, t) vj(λ, t)+ ψ∗′

(
v(λ, t)

)
vij(λ, t) = 0,

vij(λ, t0) = 0.

(7.6.7)

(b) Let us now define

α(t) := exp

{∫ t

t0
ψ∗′

(
v̄(s)

)
ds

}
, (7.6.8)

where v̄ = v(λ̄, ·). Then α(t0) = 1, α(t1) > 0, and α′/α = ψ∗′(v̄). Thus, α is
an integrating factor for each equation in (7.6.6), and so α′vi + v′iα = aiα, i =
0, . . . , n. On integrating over T = [t0, t1], we get∫ t1

t0
α(s)ai(s) ds = α vi

∣∣∣∣t1
t0

= α(t1)
∂

∂λi
k(λ̄) = α(t1)bi

r̄
. (7.6.9)
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Choosing i = 0 gives r̄ > 0. Conclude that:

Proposition 7.6.11. Suppose (D̂) has optimal solution λ̄. If C := r̄/α(t1) > 0
then (P) has an optimal solution x̄ with explicit form

x̄(t) = C exp

{∫ t

t0
ψ∗′ (v̄(s)) ds

}
, (7.6.10)

where v̄ = v(λ̄, ·), and (λ̄, r̄) is a Kuhn–Tucker point of (D̂).

(c) Also, α(t) is an integrating factor for the equations in (7.6.7). Hence

−α ψ∗′′(v) vi vj = α′ vij + α v′ij. (7.6.11)

On integrating over T we obtain

−
∫ t1

t0

α

α(t1)
ψ∗′′(v) vi vj ds = vij(λ, t1) = ∂2k

∂λi∂λj
(λ). (7.6.12)

Use this formula to prove the strict concavity of k:

Proposition 7.6.12. Suppose ψ is differentiable and ψ∗ is of class C2-smooth.
Then k is strictly concave on its domain 
.

Hint. The Hessian quadratic form for k at λ ∈ 
 is given by

n∑
i=0

n∑
j=0

∂2k

∂λi∂λj
(λ) µiµj = −

∫ t1

t0

α

α(t1)
ψ∗′′(v)

(
n∑

k=0

µk vk

)2

ds ≤ 0,

for µ ∈ Rn+1; it suffices to show that, with the possible exception of λ =
(ψ∗(0), 0, . . . , 0), the term above is strictly negative for µ �= 0.

Surprisingly, we have now found a finite-dimensional concave dual problem

(D∗) maximize −
n∑

j=0

λjbj subject to k(λ) ≥ 0, λ ∈ 
. (7.6.13)

The work in solving (D∗) directly, via a constrained Newton method, is significant
[98], but there are remarkably rapid heuristics discussed in [97].
7.6.6 (Zone consistency). Suppose f is a Legendre function, C is a closed convex
set in reflexive Banach space X with C ∩ int dom f �= ∅, and y ∈ int dom f . Confirm
that f is zone consistent.

7.7 Banach space constructions

This section explores constructions of essentially smooth functions and of functions
of Legendre type in various classes of Banach spaces on convex sets with nonempty
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interior. The first result gives us conditions on a Banach space under which we can
quite generally construct Legendre functions.

Theorem 7.7.1. Suppose X is a Banach space such that distance functions to closed
convex sets areβ-differentiable on their complements. Let C be a closed convex subset
of X having nonempty interior. Then there is a convex function f that is continuous
on C and β-differentiable on int(C) such that

(a) ‖f ′(xn)‖ → ∞ as xn ∈ C and dCc(xn)→ 0;
(b) ∂f (x) = ∅ if x ∈ bdry(C).

Proof. Without loss of generality, we may assume 0 ∈ int(C). Let Cn = {λx : 0 ≤
λ ≤ 1− 2−n, x ∈ C}. Fix ε > 0 such that Bε ⊂ C. First, we observe that

d(Cn, Cc) ≥ ε

2n
for all n. (7.7.14)

Indeed, if x ∈ Cn, then x = (1− 2−n)z for some z ∈ C. Now suppose ‖h‖ ≤ ε, then
h ∈ C. Therefore, x + 2−nh = (1− 2−n)z + 2−nh ∈ C. Thus, x + Bε2−n ⊂ C which
proves (7.7.14).

The hypothesis implies that d2
D is β-differentiable whenever D is a convex set, and

in particular, ‖ · ‖2 is β-differentiable. The desired function is then defined by

f (x) := ‖x‖2 +
∞∑

n=1

n2n+2

ε2
d2

Cn
(x).

(Note if for some δ > 0, we have dCn(x) > δ for all n, e.g. if x ∈ int(Cc) then this
sum diverges.)

To see that f is β-differentiable on int(C), fix x0 ∈ int(C). Now for some N ,
x0 ∈ int(CN ) and dCn(x) = 0 for all x ∈ CN and for all n ≥ N . Consequently, on
int(CN ), f is a finite sum of β-differentiable functions. Therefore f is β-differentiable
on int(C).

Consider DN := {x ∈ C : ‖x‖ ≤ N }. For x ∈ DN , we have dCn(x) ≤ N2−n for all
n. Therefore,

∞∑
n=1

∣∣∣∣n2n+2

ε2
d2

Cn
(x)

∣∣∣∣ ≤ ∞∑
n=1

4Nn2

2nε2
for all x ∈ DN .

By the Weierstrass M-test, f is continuous on Dn for each n; and, in particular, f is
defined on bdry(C).

To prove (a), suppose xk ∈ C and dCc(xk) → 0. Now f is supercoercive, and
so if ‖xk‖ → ∞, then ‖f ′(xk)‖ → ∞ (by Fact 7.2.1). Therefore, by standard
subsequence arguments, we may assume that (xk) is bounded, say ‖xk‖ ≤ M for
all k . Choose nk → ∞ such that dCc(xk) < ε2−(nk+1) and so (7.7.14) implies that
dCnk

(xk) ≥ ε2−(nk+1). Now choose 1− 2−nk ≤ λk ≤ 1 such that λkxk ∈ bdry(Cnk ).
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Because 0 ∈ Cn for each n, it follows that dCn(xk) ≥ dCn(λkxk) for each n. Therefore

f (xk)− f (λkxk)

‖xk − λkxk‖ ≥ nk2nk+2

ε2

d2(xk , Cnk )

(1− λk)M
≥ nk

M
.

Therefore ‖f ′(xk)‖ ≥ nk
M . Notice that (b) follows from the same argument since

dCc(x̄) = 0 for x̄ ∈ bdry(C).

Remark 7.7.2. Suppose the dual norm on X ∗ is locally uniformly convex (resp.
strictly convex), then the above theorem applies with Fréchet (resp. Gâteaux) differ-
entiability. On L1(
)where
 is a σ -finite measure space, the above theorem applies
with weak Hadamard differentiability.

Proof. If the dual norm on X ∗ is locally uniformly convex (resp. strictly convex),
then distance functions to closed convex sets are Fréchet differentiable (resp. Gâteaux
differentiable) on their complements (Exercise 5.3.11). The case of L1(
) where 

is a σ -finite measure space, [82, Theorem 2.4] shows that there is an equivalent
norm ||| · ||| on L1(
) such that its dual norm ||| · |||∗ on L∞(
) satisfies xn →τW x in
the Mackey topology of uniform convergence on weakly compact subset of L1(
)

whenever |||x∗|||∗ = 1, |||x∗n |||∗ ≤ 1 and |||x∗ + x∗n |||∗ → 2 (this dual norm is Mackey-
LUR). Because the dual norm is Mackey-LUR, it can be shown as Exercise 5.3.11
that using this norm, distance functions to convex sets on (L1(
), ||| · |||) will be weak
Hadamard differentiable on their complements.

A characterization of open sets admitting certain essentially β-smooth convex
barrier functions is presented in the next result.

Theorem 7.7.3. Let X be a Banach space, and C be an open convex set containing
0. Then the following are equivalent.

(a) There is a β-differentiable convex function f whose domain is C such that
f (xn)→∞ and ‖f ′(xn)‖ → ∞ if dCc(xn)→ 0, or if ‖xn‖ → ∞.

(b) There is a coercive convex barrier function f that is β-differentiable on C.
(c) There are continuous gauges (γn) such that γn is β-differentiable when γn(x) �= 0

andγn ↓ γC pointwise whereγC is the gauge of C, and X admits aβ-differentiable
norm.

(d) X admits a β-differentiable norm and there is a sequence of β-differentiable
convex functions (fn) that are bounded on bounded sets and fn ↓ γC pointwise
where γC is the gauge of C.

Proof. (a)⇒ (b): This portion is obvious.
(b)⇒ (c): Let Cn = {x : f (x) ≤ n} for all n such that f (0) < n. Then Cn ⊂ int(C)

and Fact 7.2.1 implies that γCn is β-differentiable at all x where γCn(x) �= 0. It is
not difficult to check that γCn ↓ γC pointwise. Because Cn is bounded with 0 in its
interior, it follows that ||| · ||| defined by |||x||| = γCn(x) + γCn(−x) is an equivalent
β-differentiable norm on X .

(c) ⇒ (d): Let hn : R → R be nondecreasing C∞-smooth convex functions such
that hn(t) = 2/n if t ≤ 1/n and hn(t) ↓ t for all t ≥ 0. Because hn is constant on
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a neighborhood of 0 and γC is differentiable at x where γC(x) > 0, it follows that
fn = hn ◦ γC is β-differentiable everywhere, and that fn ↓ γC pointwise.

(d) ⇒ (a): Given fn ↓ γC pointwise, it follows that gn ↓ γC pointwise where
gn := (1 + 1

n )fn. Now let hn be a C∞-smooth nondecreasing convex function on R
such that hn(t) = 0 if t ≤ 1, and hn(t) ≥ n if t ≥ 1 + 1

2n . Let ‖ · ‖ be an equivalent
β-differentiable norm on X and define f by

f (x) := ‖x‖2 +
∞∑

n=1

hn(gn(x)).

Then f is convex, because hn is convex and nondecreasing and gn is convex. Also, if
x0 ∈ C, then γC(x0) < 1. Therefore, gn(x0) ≤ gN (x0) < α < 1 for all n ≥ N and
some α. Let O := {x : gN (x) < α} then O is an open neighborhood of x0 and

f (x) = ‖x‖2 +
N−1∑
n=1

hn(gn(x)) for all x ∈ O.

Therefore f is β-differentiable on O.
Now suppose dCc(xk) → 0. Because f is supercoercive, as in the proof of The-

orem 7.7.1, we may assume that (xk) is bounded. Let Fn = {x : gn(x) ≥ 1 + 1
2n }.

Since gn is Lipschitz on bounded sets, and gn ≥ 1+ 1
n on Cc, it follows that xk ∈ Fn

for all k ≥ N . Therefore, f (xk) ≥ hn(gn(xk)) ≥ n for all k ≥ N . Thus f (xk)→ ∞
and, by the subgradient inequality, ‖f ′(xk)‖ → ∞ since {xk}∞k=1 is bounded.

Corollary 7.7.4. Suppose X is a Banach space that admits an equivalent norm whose
dual is locally uniformly convex (resp. strictly convex). Let C be an open convex set
in X . Then there is a convex function f that is C1-smooth on C (resp. continuous and
Gâteaux differentiable on C) such that:

(a) f (xn)→∞ and ‖f ′(xn)‖ → ∞ as xn ∈ C and dCc(xn)→ 0;
(b) if xn ∈ C and ‖xn‖ → ∞, then f (xn)→∞ and ‖f ′(xn)‖ → ∞.

Proof. If X ∗ admits a dual locally uniformly convex norm, then every Lipschitz
convex function can be approximated uniformly by C1-smooth convex functions
(Exercise 5.1.33(a)). Then we can apply Theorem 7.7.3(d) to obtain the desired
conclusion. The proof for the case of dual strictly convex norms is analogous.

Let us note that our constructions can be made log-convex by considering ef (x). The
following theorem relates the existence of various essentially smooth or functions of
Legendre type to the existence of certain norms on the Banach space.

Theorem 7.7.5. Let X be a Banach space.

(a) Suppose X admits an essentially β-smooth lsc convex function on a bounded
open convex set C with 0 ∈ C. Then X admits a β-differentiable norm.

(b) Suppose X admits a strictly convex lsc function that is continuous at one point.
Then X admits a strictly convex norm.
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(c) Suppose X admits an essentially β-smooth lsc convex function f on a bounded
convex set C with 0 ∈ int(C) that additionally satisfies ‖f ′(xn)‖ → ∞ if
dbdry(C)(xn)→ 0. Then X admits a β-differentiable norm.

(d) If X admits a Legendre function on a bounded open convex set, then X admits
an equivalent Gâteaux differentiable norm that is strictly convex.

(e) If X admits an equivalent strictly convex norm, and if every open convex set is
the domain of an essentially β-smooth function, then every open convex set is the
domain of some β-Legendre function.

(f) Suppose X admits an equivalent strictly convex norm whose dual is strictly convex
(resp. locally uniformly convex), then every open convex set is the domain of some
Legendre function (resp. Fréchet differentiable Legendre function).

Proof. (a) Let h(x) := f (x) + f (−x) on B := C ∩ (−C). Notice that h is β-
differentiable on int(B). It follows that h is β-differentiable on the open convex
set B, and also h(x) = ∞ for x �∈ B. Choose f (0) < α <∞. Because f is continuous
at 0 the set D = {x : f (x) ≤ α} has nonempty interior and D ⊂ B. The bounded con-
vex set D is also symmetric, and so the implicit function theorem for gauges (4.2.13)
implies that the norm, defined as the gauge of D, is an equivalent β-differentiable
norm on X .

(b) Suppose f is strictly convex, and continuous at x0. By replacing f with f − φ

and translating as necessary, we may assume x0 = 0 and f (0) = 0 is the minimum
of f . Also, replacing f with f + ‖ · ‖2 gives us a function that is both strictly convex
and coercive (the sum of a convex function and a strictly convex function is strictly
convex). Now since f is continuous at 0, so is h where h is as in (a). Because h is
continuous at 0 and coercive, B = {x : h(x) ≤ 1} is a bounded convex set, with
nonempty interior. Because h is strictly convex and symmetric, the gauge of B is a
strictly convex equivalent norm on X .

(c) As in (b), we may assume f (0) = 0 is the minimum of f . Now let h and B
be as above; we next observe that inf {h(x) : x ∈ bdry(B)} > 0. Indeed, suppose
xn ∈ bdry(B) and h(xn)→ 0. Notice that xn or −xn is in the boundary of C. Without
loss, assume that xn ∈ bdry(C). We know that f (xn)→ 0 (since 0 is the minimum of f
and h). Thus, the Brøndsted–Rockafellar theorem (4.3.2) implies there is a sequence
yn ∈ C with ‖xn − yn‖ → 0 and φn ∈ ∂f (yn) while ‖φn‖ → 0. This violates
the condition ‖f ′(yn)‖ → ∞ as dbdry(B)(yn) → 0. Hence there is an α such that
0 < α < inf {h(x) : x ∈ bdry(B)}, and we may apply the implicit function theorem
for gauges (4.2.13) as in (a).

(d) Construct h and B as in (a). Because h is strictly convex on B ⊃ D, the norm
constructed in (a) is strictly convex.

(e) Let B be the unit ball with respect to an equivalent strictly convex norm ‖·‖, and
let C be the interior of B. Because C is bounded and open, there is an essentially β-
smooth convex function whose domain is C that satisfiesTheorem 7.7.3(a).According
to Theorem 7.7.3(c), there are β-differentiable gauges γn decreasing pointwise to ‖·‖.
By letting ‖·‖n := 1

2 [γn(x)+γn(−x)]we getβ-differentiable norms ‖·‖n ↓ ‖·‖. Now
‖ · ‖1 ≤ K‖ · ‖ and so the norms ‖ · ‖n are equi-Lipschitz. Following the John–Zizler
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proof [268] for Asplund averaging (see Exercise 5.1.24), we define ||| · ||| by

|||x||| :=
√√√√ ∞∑

n=1

1

2n
‖x‖2

n.

This norm is β-differentiable because of the uniform convergence of the sum of
derivatives. Moreover, it is strictly convex, because if |||x||| = |||y||| = 1 and 2|||x|||2 +
2|||y|||2−|||x+ y|||2 = 0 we must have 2‖x‖2

n+2‖y‖2
n−‖x+ y‖2

n = 0 for all n. Because
‖ · ‖n → ‖ · ‖ pointwise, we have 2‖x‖2 + 2‖y‖2 − ‖x + y‖2 = 0 and so x = y by
the strict convexity of ‖ · ‖. Then adding ||| · |||2 to any essentially β-smooth convex
function, produces a supercoercive essentially β-smooth strictly convex function
whose domain is C. Hence Fact 7.2.1(c) implies this function is β-Legendre.

(f) This follows from (e) and Corollary 7.7.4.

The previous result shows that many spaces do not have functions of Legendre
type, while many others have an abundance of such functions. We make a brief list
of some such spaces in the following:

Example 7.7.6. (a) The spaces �∞/c0 and �∞(�)where � is uncountable, admit no
essentially strictly convex, and hence no Legendre functions.

(b) If X is a WCG space, then every open convex subset of X is the domain of a
Legendre function.

(c) If X ∗ is WCG, or if X is a WCG Asplund space, then every open convex subset
of X is the domain of a Fréchet differentiable Legendre function.

Proof. If the spaces in (a) were to have such functions, then they would have strictly
convex norms by Theorem 7.7.5(b). It is well-known (see [180, Chapter II] that these
spaces do not have equivalent strictly convex norms. In [180, Chapter VII] it is shown
that WCG spaces have strictly convex norms whose duals are strictly convex, and so
(b) follows from Theorem 7.7.5(f). Similarly, [180, Chapter VII] shows that spaces
as in (c) have locally uniformly convex norms whose duals are also locally uniformly
convex, and so (c) follows from Theorem 7.7.5(f).

If f is essentially smooth with domain C, then ‖f ′(xn)‖ → ∞ if xn → x̄ where
x̄ ∈ bdry(C) see Theorem 7.3.4(iv). However, this does not ensure that ‖f ′(xn)‖ →
∞ when dbdry(C)(xn)→ 0 (as was required in Theorem 7.7.5(c)), even for bounded
sets as is shown in the following example.

Example 7.7.7. There is an essentially smooth convex function f whose domain is
a closed convex set C such that ‖f ′(xn)‖ �→ ∞ as dbdry(C)(xn)→ 0.

Proof. Let X := c0 with its usual norm and let C be the closed unit ball of c0. Let
hn : [−1, 1] → R be continuous, even and convex such that h is C1-smooth on
(−1, 1), and (hn)

′−(1) = ∞, hn(1) = 1 and hn(t) = 0 for |t| ≤ 1− 1
2n . Now extend

hn to an lsc convex function on R by defining h(t) = ∞ if |t| > 1. Define f on c0

by f (x) := ∑∞
n=1 hn(xn) where x = (xn)

∞
n=1. Then f is C1-smooth and convex on
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int C because it is a locally finite sum of such functions there. Since (hn)
′+(1) = ∞,

it follows that ∂f (x) = ∅ if ‖x‖ = 1, and clearly f (x) = ∞ if ‖x‖ > 1. Therefore,
f is essentially Fréchet smooth. However, if we consider vn = (1 − 1

n )en, we have
f (vn) = 0 and f ′(vn) = 0 for each n while dbdry(C)(vn)→ 0.

Exercises and further results

7.7.1. Let f : �2 → R be defined by

f (x) :=
∞∑

i=1

x2
i

2i
.

Show that

(a) f is smooth and strictly convex.
(b) f is not essentially strictly convex.

Hint. f ′(x) = ∑∞
i=1 2xi/2i ei. Note that f ′(0) = 0, and f ′(nen) = n/2n−1 en → 0

and so ( f ′)−1 is not locally bounded at 0 which is in its domain. Therefore, f is not
essentially strictly convex.

A less direct but instructive path to the failure of essential strict convexity is as fol-
lows. First, f is not coercive, so 0 �∈ int dom f ∗ by the Moreau–Rockafellar theorem
(4.4.10). Also, given any φ ∈ X ∗, one can show f − φ is not coercive, and so
φ �∈ int dom f ∗ according to the (translated) Moreau–Rockafellar theorem (4.4.11).

Indeed, let φ := ∑∞
n=1 anen ∈ �2. Then an → 0. Let bn = max{n, |1/an|}. Then

‖bnen‖ → ∞, but ( f −φ)(bnen) ≤ n2−n+1 and so f −φ is not coercive. Therefore,
φ �∈ int dom f ∗. Because φ was arbitrary, we obtain that int dom f ∗ = ∅. According
to Theorem 7.3.4, f ∗ is not essentially smooth. Then by Theorem 7.3.2, f = ( f ∗)∗ is
not essentially strictly convex.

7.7.2.� Verify the weak Hadamard case of Remark 7.7.2.
7.7.3 (Totally convex functions [141]).�� A proper convex function f on a Banach
space X is totally convex at x ∈ dom f if its modulus of total convexity at x defined by

νf (x, t) := inf {Df (y, x) : y ∈ dom f , ‖y − x‖ = t}

is strictly positive for all t > 0. Then f is said to be totally convex if it is totally
convex at each point of its domain.

(a) Show that in Euclidean space a strictly convex function with closed domain is
totally convex when it is continuous on its domain.

(b) Show that if f is totally convex throughout dom f then f is strictly convex on its
domain.

(c) Show that uniform convexity of f at x ∈ dom f (see Exercise 5.5.3) implies total
convexity of f at x. Hence a locally uniformly convex function is totallyconvex.

(d) Suppose f is lsc. Show that when f is Fréchet differentiable at x then f is totally
convex at x if and only if it is uniformly convex at x.
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(e) Show that g defined on �1 by

g(x) :=
∞∑

k=1

|xk |1+1/k

is nowhere uniformly convex but is totally convex throughout the set {x ∈
�1 : lim sup |xk |1/k < 1}.

(f) Fix 1 < s < ∞. Show that when X is uniformly convex and uniformly smooth
x 
→ ‖x‖s is Legendre, is uniformly convex (on closed balls) and is totally
convex; see Example 5.3.11 and Exercise 5.3.2.

(g) Show that in a reflexive space a proper closed convex function which is totally
convex throughout dom ∂f is essentially strictly convex.

Totally convex functions at x are well-tuned to Bregman algorithms since they are
precisely the convex functions with the property at x that for any sequence (yn) in
dom f one has ‖yn − x‖ → 0 whenever Df (yn, x)→ 0 as n →∞. More examples
and details on notions such as that of a totally convex Banach space may be found in
[141], [37] and [35, 36].
7.7.4. Contrasting Theorem 7.7.5(c) with Example 7.7.7 leads naturally to the
following questions to which we are unaware of the answer.

(a) If X admits an essentially β-smooth convex function on a bounded convex set
with 0 in its interior, does X admit a β-differentiable norm?

(b) Relatedly, if X admits an essentially β-smooth convex function on a bounded
convex set with 0 in its interior, does X admit a β-differentiable convex function
on a bounded convex set with 0 in its interior such that ‖f ′(xn)‖ → ∞ whenever
dbdry(C)(xn)→ 0?

7.7.5 (Legendre transform). Suppose f is a (finite) everywhere differentiable convex
function on a reflexive Banach space X . Consider the following:

(a) ∇f is one-to-one on X .
(b) f is both strictly convex and cofinite.
(c) f ∗ is everywhere differentiable, strictly convex and cofinite; and for all x∗ ∈ X ∗

f ∗(x∗) = 〈(∇f )−1(x∗), x∗〉 − f
(
(∇f )−1(x∗)

)
).

In Euclidean space, Exercise 7.3.7 establishes that (a) and (b) coincide and imply (c).
Determine what remains true in a reflexive Banach space.

Let us return to a few examples in the spirit of earlier sections of the chapter.
7.7.6 (A self-conjugate function). Let

g(t) :=
{

t − log(1+ t) t > −1,

+∞ t ≤ −1.

Show that g is convex and has the conjugate g∗(s) = g(−s).
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7.7.7 (A trace-class barrier).�� In [210] the author looks at self-concordant barriers in
an operator-theoretic setting. A number of the details can be understood quite clearly
in terms of the spectral theory developed thus far. We start with the Taylor expansion

log(1+ t) = t − 1

2
t2 + 1

3
t3 − 1

4
t4 + · · · .

The function g of Exercise 7.7.6 is convex with conjugate g∗(s) = g(−s). Now
induce a convex rearrangement invariant function f on �2 by

f (x) :=
∞∑

i=1

g(xi).

Clearly, f is finite and continuous at 0 since |g(t)| ≤ kt2 if |t| ≤ 1/2. Define a
function φ on B2 by

φ := f ◦ λ.

Apply Theorem 6.5.11 to show φ∗(T ) = φ(−T ). Then show for T ∈ B2 (the Hilbert–
Schmidt operators) with I + T ≥ 0, that

φ(T ) = tr(T )− log(det(I + T )).

Hence, show that φ is a Fréchet differentiable and strictly convex barrier on the open
convex set {T ∈ B2 : I + T ≥ 0}.
7.7.8.�� The previous construction can be extended to Bp (the Schatten p-spaces) for
appropriate p by subtracting more terms of the series for log(1+ t). This alternatingly
will be convex or concave. Consider for example g(t) := log(1 + t) − (t − t2/2).
Confirm that g′(t) = t2/(1 + t) and g′′(t) = 1 − 1/(1 + t)2 and so for t > 0, g is
increasing and convex. Confirm that the conjugate of g is

g∗(s) = st(s)− log(1+ t(s))+ t(s)− t2(s)/2,

where t(s) := (s + √s2 + 4s)/2. Since |g(t)| ≤ kt3 for t small, the (permutation
invariant) function

f (x) :=
∞∑

i=1

g(xi)

is well defined, lsc and convex on �3. Show that φ := f ◦λ is a lsc unitarily invariant
convex function on B3. Deduce that φ∗ = f ∗ ◦ λ is a lsc unitarily invariant convex
function on B3/2, where f ∗(x) =∑∞

i=1 g∗(xi). Determine the domain of φ.
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Convex functions and classifications of
Banach spaces

A mathematician is a person who can find analogies between theorems; a better mathemati-
cian is one who can see analogies between proofs and the best mathematician can notice
analogies between theories. (Stefan Banach)1

8.1 Canonical examples of convex functions

The first part of this chapter connects differentiability and boundedness properties of
convex functions with respect to a bornology β (see p. 149 for the definition) with
sequential convergence in the dual space in the topology of uniform convergence on
the sets from the bornology. In some sense, many of the results in this chapter illustrate
the degree to which linear topological properties carry over to convex functions. This
chapter also examines extensions of convex functions that preserve continuity, as
well as some related results.

Also, given any bornology β on X , by τβ we intend the topology on X ∗ of uniform
convergence on β-sets. In particular, τW is the Mackey topology of uniform conver-
gence on weakly compact sets, usually denoted by µ(X ∗, X ) in the theory of locally
convex spaces. Following [77], when we speak of the Mackey topology on X ∗, we
will mean µ(X ∗, X ).

We begin with constructions of convex functions that seem to be central to
connecting convexity properties with linear topological properties in the dual.

Proposition 8.1.1. Let (φn)
∞
n=1 ⊂ BX ∗ . Consider the functions that are defined as

follows

f (x) := sup
n

{
φn(x)− 1

n
, 0

}
g(x) := sup

n
(φn(x))

2n h(x) :=
∞∑

n=1

(φn(x))
2n .

Then f , g and h are proper lsc convex functions, where f is additionally Lipschitz.
Moreover

(a) f is β-differentiable at 0 if and only if φn →τβ 0.

1 Stefan Banach, 1892–1945, quoted in
www-history.mcs.st-andrews.ac.uk/Quotations/Banach.html .
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(b) g and h are bounded on β-sets if and only if φn →τβ 0 and, if this is the case,
both functions are continuous.

Proof. It is clear that the functions are lsc and convex as sums and suprema of
such functions, and f is Lipschitz since ‖φn‖ ≤ 1 for each n. We outline the other
implications.

(a) Suppose f is β-differentiable at 0. Now f (0) = 0 and f (x) ≥ 0 for all x ∈ X ,
thus 0 ∈ ∂f (0). Consequently, f ′(0) = 0. Suppose by way of contradiction that
φn �→τβ 0. Then we can find a β-set W and infinitely many n such that wn ∈ W and
φn(wn) > 2. For such n,

f ( 1
nwn)− f (0)

1
n

= nf

(
1

n
wn

)
≥ n

(
φn

(wn

n

)
− 1

n

)
> 1.

This contradicts that f ′(0) = 0 as a β-derivative.
Conversely, suppose φn →τβ 0. Given any ε > 0 and any β-set W , there is an

n0 ∈ N such that φn(w) < ε for all n > n0 and w ∈ W . Let M > 0 be chosen so that
W ⊂ MBX . Now for |t| < 1

Mn0
we have

φn(tw)− 1

n
<

1

Mn0
M − 1

n
≤ 0 for all w ∈ W , n ≤ n0.

Therefore,

0 ≤ f (tw)− f (0) ≤ max

{
0, sup

n>n0

|t|ε − 1

n

}
= |t|ε for |t| < 1

Mn0
.

Consequently, lim
t→0

f (tw)− f (0)

t
= 0 for each w ∈ W which shows f is

β-differentiable at 0 with f ′(0) = 0.
(b) Suppose φn →τβ 0, and let W be a β-set. We select n0 ∈ N such that |φn(x)| ≤

1/2 for all x ∈ W and n > n0. Let Mk be defined by Mk = supW φk for k =
1, 2, . . . , n0. Then for x ∈ W ,

0 ≤ g(x) ≤ h(x) ≤ M 2n
1 +M 2n

2 + . . .+M 2n
n0
+ 1,

which provides bounds for g and h on W . Also, as finite-valued lsc convex functions,
f and g are continuous (Proposition 4.1.5).

Conversely, if φn �→τβ 0, then we can find a β-set W such that φn(wn) > 2 for
infinitely many n where wn ∈ W . Then h(wn) ≥ g(wn) ≥ (φn(wn))

2n > 22n, and so
both g and h are unbounded on W .

We refer to the previous examples as ‘canonical’because they are natural examples
that capture the essence of how convex functions can behave with respect to comparing
boundedness or differentiability notions as we now show.
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Proposition 8.1.2. Let X be a Banach space. Then the following are equivalent.

(a) Mackey and norm convergence coincide sequentially in X ∗.
(b) Every sequence of lsc convex functions that converges to a continuous affine

function uniformly on weakly compact sets converges uniformly on bounded sets
to the affine function.

(c) Every continuous convex function that is bounded on weakly compact subsets of
X is bounded on bounded subsets of X .

(d) Weak Hadamard and Fréchet differentiability agree for continuous convex
functions.

Proof. (a)⇒ (b): Suppose ( fn) is a sequence of lsc convex functions that converges
uniformly on weakly compact sets to some continuous affine function A. By replacing
( fn)with ( fn−A)we may assume that A = 0. Now suppose ( fn) does not converge to
0 uniformly on bounded sets. Thus there are K > 0, (xk)k≥1 ⊂ KBX and ε > 0 so that
fnk (xk) > ε for a certain subsequence (nk) of (n) (using convexity and the fact that
fnk (0)→ 0). Now let Ck := {x : fnk (x) ≤ ε} and use the separation theorem (4.1.17)
to choose φk ∈ SX ∗ such that supCk

φk < φk(xk) ≤ K . We observe that (φk) does not
converge to 0 in τW by (a). Find a weakly compact set C ⊂ X so that supC φk > K
for infinitely many k . We have supC φk = φk(ck) for some ck ∈ C, and ck �∈ Ck (so
fnk (ck) > ε) for infinitely many k , which contradicts the uniform convergence to 0
of ( fn) on C.

Now (b) implies (d) follows because difference quotients are lsc convex functions,
and (d) implies (a) follows from Proposition 8.1.1.

Finally, (c) implies (a) follows from Proposition 8.1.1, so we conclude by establish-
ing (a) implies (c). For this, we suppose (c) is not true. We can find then a continuous
convex function f that is bounded on weakly compact subsets of X and not bounded
on all bounded subsets of X . We may assume f (0) = 0 and we let (xn) be a bounded
sequence such that f (xn) > n, and let Cn := {x : f (x) ≤ n}. By the separation the-
orem (4.1.17) to choose φn ∈ SX ∗ such that supCn

φn < φn(xn). Now choose K > 0
such that K > φn(xn) for all n. If φn �→τW 0, then there is a weakly compact set
W ⊂ X and infinitely many n such that φn(wn) > K and wn ∈ W . In particular,
wn �∈ Cn for those n and so f is unbounded on W . Thus (a) is not true when (c) is
not true.

We conclude this section with a natural bornological extension of the previous
result that also addresses the situation for equivalent norms.

Theorem 8.1.3. Let X be a Banach space with bornologies β1 ⊂ β2. Then the
following are equivalent.

(a) τβ1 and τβ2 agree sequentially in X ∗.
(b) Every sequence of lsc convex functions on X that converges to a continuous affine

function uniformly on β1-sets, converges uniformly on β2-sets.
(c) Every continuous convex function on X that is bounded on β1-sets is bounded on

β2-sets.
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(d) β1-differentiability agrees with β2-differentiability for continuous convex func-
tions on X .

(e) β1-differentiability agrees with β2-differentiability for equivalent norms on X .

Proof. (a) ⇒ (b): As in Proposition 8.1.2 we may suppose ( fn) is a sequence of lsc
convex functions that converges uniformly to 0 on β1-sets, but not uniformly on β2-
sets. Thus there is a β2-set W ⊂ KBX with xk ∈ W and ε > 0 for that fnk (xnk ) > ε.
Now let Ck = {x : fnk (x) ≤ ε} and choose φk ∈ SX ∗ so that supCk

φk < φk(xnk ) ≤ K .
If (φk) does not converge uniformly to 0 on β1-sets, then there is a β1-set C such
that supC φk > K for infinitely many k . Thus ( fnk ) does not converge uniformly to
0 on C. This contradiction shows that (φnk ) converges uniformly to 0 on β1-sets.
We now show that (φnk ) does not converge uniformly to 0 on β2-sets. For this, let
Fn := {x ∈ X : fk(±x) ≤ ε for all k ≥ n}. Since ( fn) converges pointwise to 0,⋃

n≥1 Fn = X . The Baire category theorem ensures that Fn̄ has nonempty interior
for some n̄ ∈ N , and because Fn̄ is a symmetric convex set, for some δ > 0 we have
that δBX ⊂ Fn̄. Consequently, for nk ≥ n̄, supCk

φk > δ. Thus φk(xnk ) �→ 0 which
shows (φk) does not converge uniformly to 0 on the β2-set W .

(b)⇒ (d): Follows as in Proposition 8.1.2.
(d)⇒ (e): is trivial, for (e)⇒ (a) one can use the following construction (a more

elegant proof can be found in [77, Theorem 1]).
Suppose ‖φn‖ = 1 for all n, and φn →τβ1

0 but φn �→τβ2
0. Let φ ∈ SX ∗ be a norm

attaining functional, say φ(x0) = 1 where x0 ∈ SX . By passing to a subsequence we
may and do assume |φn(x0)| < 1

2n2 for each n. Define ||| · ||| by

|||x||| := max
n

{
1

2
‖x‖, |φ(x)|,

∣∣∣∣(1− 1

n2

)
φ(x)+ φn(x)

∣∣∣∣} .

We will show that ||| · ||| is β1-differentiable at x0 but not β2-differentiable at x0.
First, observe that |||x0||| = 1, φ(x0) = 1 and φ(x) ≤ 1 if |||x||| ≤ 1. Consequently,
φ ∈ ∂|||x0|||.

Next we observe, ||| · ||| is not β2-differentiable at x0. Indeed, since φn �→τβ2
0,

there is a β2-set W ⊂ BX and hn ∈ W so that φn(hn) > δ for all n (passing to a
subsequence). Then∣∣∣∣∣∣∣∣∣∣∣∣x0 + 1

n
hn

∣∣∣∣∣∣∣∣∣∣∣∣− |||x0||| −
〈
φ,

1

n
hn

〉
≥
(

1− 1

n2

)
φ

(
x0 + 1

n
hn

)
− 1− φ

(
1

n
hn

)
+ φn

(
x0 + 1

n
hn

)
= 1− 1

n2
− 1+ φ

(
1

n
hn

)(
1− 1

n2

)
− φ

(
1

n
hn

)
+ φn

(
x0 + 1

n
hn

)
≥ − 1

n2
− 1

n2
φ

(
1

n
hn

)
− 1

n2
+ δ

n

≥ δ

n
− 3

n2
.
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It follows from this that ||| · ||| is not β2-differentiable at x0.
To show that ||| · ||| is β1-differentiable at x0 we first observe that if t is sufficiently

small, then |φ(x0 + th)| = φ(x0 + th) and so |φ(x0 + th)| − 1− φ(th) = 0. Now, for
t sufficiently small∣∣∣∣(1− 1

n2

)
φ(x0 + th) + φn(x0 + th)

∣∣∣∣− 1− φ(th)

=
(

1− 1

n2

)
φ(x0 + th)+ φn(x0 + th)− 1− φ(th)

= − 1

n2
− 1

n2
φ(th)+ φn(x0)+ φn(th)

≤ − 1

n2
+ |t|

n2
+ 1

2n2
+ φn(th)

= − 1

2n2
+ |t|

n2
+ φn(th).

Let n0 be chosen so that φn(h) < ε for n > n0. Now consider the above when
|t| < 1

4n2
0
. Then

|||x0 + th||| − |||x0||| − φ(th) ≤ sup
n>n0

{
0,− 1

2n2
+ |t|

n2
+ φn(th)

}
≤ φn(th) ≤ |t|ε.

This completes the proof of (a)⇒ (e).
The equivalence of (a) and (c) is also similar to the proof of Proposition 8.1.2.

Indeed, we prove (a) ⇒ (c) by contraposition. Suppose (c) is not true. The we can
find a convex function f with f (0) = 0 and that f is bounded on β1-sets, but not on
β2-sets. Let W be a β2-set on which f is unbounded. Then we choose xn ∈ W such
that f (xn) > n and let Cn := {x : f (x) ≤ n}. Because f (0) = 0 and f is continuous,
it follows that there is a δ > 0 so that δBX ⊂ C1 ⊂ Cn for each n. By the separation
theorem (4.1.17), we choose φn ∈ SX ∗ so that δ ≤ supCn

φn < φn(xn). As in (a) ⇒
(b) we can show that (φn) converges to 0 uniformly on β1-sets. However, (φn) does
not converge uniformly to 0 on the β2-set W . Thus (a) is not true.

The implication (c)⇒ (a) follows from Proposition 8.1.1.

Exercises and further results

8.1.1. Let X := �p for 1 ≤ p <∞ or c0 and write x ∈ X as x = (xk)
∞
k=1.

(a) Show that f : X → R defined by f (x) := ∑∞
k=1 x2k

k is a continuous convex
function that is unbounded on some bounded set of X .

(b) Show that g : X → R defined by g(x) := sup{xk − 1
k : k ≥ 1} is Gâteaux

differentiable but not Fréchet differentiable at 0.
(c) When X := �1, deduce that the function g in (b) is weak Hadamard differentiable,

but not Fréchet differentiable at 0.
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8.1.2. Construct a continuous function on �2 that is everywhere Gâteaux differen-
tiable but fails to be Fréchet differentiable at some point(s).

Hint. See Exercise 5.1.26, and consider the norm squared.

8.1.3. Let X be a locally convex vector space and let H ⊂ X be a dense convex set.
Let f and g be closed proper convex functions on X such that f ≥ g and f |H = g|H .
Show that f = g.

Hint. Fix x ∈ dom f and r ∈ R with f (x) > r. Let W := {z : g(z) > r} and select an
open convex neighbourhood V := Vx of x with V ⊆ {z : f (z) > r}. Then V ∩H ⊂ W

and so V ∩ H = V x ⊂ W . Hence x ∈ Vx ⊆ W and so g(x) > r.

8.2 Characterizations of various classes of spaces

In this section we provide a listing of various classifications of Banach spaces in
terms of properties of convex functions. Many of the implications follow from Theo-
rem 8.1.3 or variants of the arguments upon which it is based. We will organize these
results based upon when two of the following notions (Gâteaux, weak Hadamard
or Fréchet) differentiability coincide for continuous convex functions on a space,
and then for continuous weak∗-lsc functions on the dual space. First we state the
Josefson–Nissenzweig theorem proved independently by the two authors.

Theorem 8.2.1 (Josefson–Nissenzweig [271, 333]). Suppose X is an infinite-
dimensional Banach space, then there is a sequence (x∗n) ⊂ SX ∗ that converges
weak∗ to 0.

We shall call a weak∗-null unit norm sequence a Josefson–Nissenzweig sequence
or a JN-sequence. At first glance, one might say that this result is expected. After
all, the norm and weak∗ topologies are different for infinite-dimensional spaces,
therefore, it should be possible to extract such a sequence. However, this is not an
easy theorem, and we refer the reader to [183, Chapter XII] for a proof. In fact, when
comparing the usual topologies, norm, weak and weak∗, the Josefson–Nissenzweig
theorem is the exception. That is weak and norm convergence can agree sequentially
in some spaces that are not finite-dimensional, and weak and weak∗ topologies can
agree sequentially in duals of certain spaces that are not reflexive. The results from
this section are built upon the sequential agreement of various topologies. Indeed,
it has already been shown in Theorem 8.1.3, many important properties of convex
functions are connected to the sequential convergence in the topology induced by a
given bornology. These connections will be listed explicitly.

First, we consider when Gâteaux and Fréchet differentiability coincide for
continuous convex functions.

Theorem 8.2.2. For a Banach space X , the following are equivalent.

(a) X is finite-dimensional.
(b) Weak∗ and norm convergence coincide sequentially in X ∗.
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(c) Every continuous convex function on X is bounded on bounded subsets of X .
(d) Gâteaux and Fréchet differentiability coincide for continuous convex func-

tions on X .

Proof. The equivalence of (a) and (b) is the Josefson–Nissenzweig theorem (8.2.1).
The equivalence of (b) through (d) is a direct consequence of Theorem 8.1.3 with the
Gâteaux and Fréchet bornologies.

In particular, on every infinite-dimensional Banach space there is a continuous
convex function that is unbounded on a ball and that assertion is equivalent to the
Josefson–Nissenzweig theorem (8.2.1). By far, the most difficult part in that asser-
tion is the construction of a weak∗-null sequence of norm one elements in the dual.
However, it is relatively easy to construct such sequences in certain spaces; see
Exercise 8.2.13.

Next, we consider when Gâteaux and weak Hadamard differentiability coincide.
As in [78], we will say a Banach space possesses the DP∗-property, 〈x∗n , xn〉 → 0
whenever xn →w 0 and x∗n →w∗ 0. It is straightforward to check that a Banach
space has the DP∗-property if and only if weak∗ and Mackey convergence (uniform
convergence on weakly compact subsets of X ) coincide sequentially in X ∗. Recall
that a Banach space X is said to be a Grothendieck space if weak∗ and weak conver-
gence coincide sequentially in X ∗; alternatively X is said to have the Grothendieck
property. A Banach space is said to have the Dunford–Pettis property if 〈x∗n , xn〉 → 0
whenever xn →w 0 and x∗n →w 0. The term DP∗-property derives from the fact
that weak convergence is replaced with weak∗ convergence in the dual sequence in
the Dunford–Pettis property. Therefore, it follows immediately that a Banach space
with the Grothendieck and Dunford–Pettis properties has the DP∗ property (but not
conversely, e.g. �1). Consequently, the spaces �∞(�) for any index set � have the
DP∗-property (see [184]).

Theorem 8.2.3. For a Banach space X , the following are equivalent.

(a) X has the DP∗-property.
(b) Gâteaux and weak Hadamard differentiability coincide for all continuous convex

functions on X .
(c) Every continuous convex function on X is bounded on weakly compact sub-

sets of X .

Proof. This is a direct consequence of Theorem 8.1.3 using the Gâteaux and weak
Hadamard bornologies.

Because �∞ has the DP∗-property, the previous theorem applies in spaces where the
relatively compact sets and relatively weakly compact sets form different bornologies.
Recall that a subset L of a Banach space X is called limited if every weak∗-null
sequence in X ∗ converges to 0 uniformly on L. Then RK ⊂ L ⊂ B, where RK is
the collection of the relatively compact subsets, L of the limited subsets and B of
the bounded subsets. The Josefson–Nissenzweig theorem (8.2.1) says that in infinite-
dimensional Banach spaces, L �= B. A Banach space is called Gelfand–Phillips if
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RK = L. If BX ∗ is weak∗-sequentially compact, then X is Gelfand–Phillips (for these
results, see [183, p. 116, 224 and 238]), while �∞ is not Gelfand–Phillips. Moreover,
for a given bornology β in X , τβ and weak∗-convergence agree sequentially if and
only if β ⊂ L. In particular, a Banach space has property DP∗ if and only if W ⊂ L,
where as before W denotes the bornology of weakly compact subsets of X . Recall
that a Banach space has the Schur property if its weakly convergent sequences are
norm convergent. If a Banach space is DP∗ and Gelfand–Phillips (for example, the
space �1) then it is Schur, and every Schur space has the DP∗ property.

We now turn to spaces where weak Hadamard and Fréchet differentiability coincide
for continuous convex functions.

Theorem 8.2.4. For a Banach space X , the following are equivalent.

(a) X �⊃ �1.
(b) Mackey and norm convergence coincide sequentially in X ∗.
(c) Weak Hadamard and Fréchet differentiability coincide for continuous convex

functions on X .
(d) Every lsc convex function on X bounded on weakly compact sets is bounded on

bounded sets.

Proof. See [77, Theorem 5] or [338] for the equivalence of (a) and (b). The
equivalence of (b) through (d) is in Proposition 8.1.2.

We now consider analogous situations for weak∗-lsc convex functions. Questions
of differentiability require some care on the conjugate case because, in general, there
is no guarantee that the derivative is in X .

Theorem 8.2.5. For a Banach space X , the following are equivalent.

(a) X has the Schur property.
(b) Gâteaux differentiability and Fréchet differentiability coincide for weak∗-lsc

continuous convex functions on X ∗.
(c) Each continuous weak∗-lsc convex function on X ∗ is bounded on bounded

subsets of X ∗.
(d) Every proper lsc cofinite convex function on X is supercoercive.

Proof. (a)⇒ (c): Follow the argument of (a)⇒ (c) in the proof of Proposition 8.1.2
using a weak∗-continuous separating functional.

(c)⇒ (d): Suppose f is cofinite, then f ∗ is defined everywhere and therefore f ∗ is
continuous (Proposition 4.1.5). Now the hypothesis of (c) says that f ∗ is bounded on
bounded sets; consequently f is supercoercive (Theorem 4.4.13).

(d) ⇒ (a): Suppose that X is not Schur, then we choose xn ∈ SX such that (xn)

converges weakly to 0 (and hence (xn) converges weak∗ to 0 when considered as a
sequence in X ∗∗). Define g on X ∗ by g(x∗) := supn(〈xn, x∗〉)2n. Then g is weak∗-lsc
and Proposition 8.1.1 implies g is continuous but is not bounded on bounded sets.
Moreover, g = f ∗ where f = (g∗|X ) (Proposition 4.4.2). Then f is cofinite, but f is
not supercoercive because f ∗ is not bounded on bounded sets (Theorem 4.4.13).
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(a) ⇒ (b): Suppose xn ∈ ∂εn f (x∗) ∩ X where εn → 0+ and f : X ∗ → R is
weak∗-lsc and Gâteaux differentiable at x∗. By Šmulian’s theorem (Exercise 4.2.10)
xn →w∗ f ′(x∗). We claim that (xn) is a norm convergent. Indeed, if it is not norm
convergent, then it is not norm Cauchy and so there is a subsequence (xni ) and δ > 0 so
that ‖xni−xni+1‖ ≥ δ. However, this is a contradiction because yi → 0 weakly where
yi = xni − xni+1 . Consequently, xn is norm convergent and by Šmulian’s theorem
(Exercise 4.2.10), f is Fréchet differentiable at x∗.

(b)⇒ (a): Suppose X does not have the Schur property. Then there is a sequence
(xn) ⊂ SX that converges weakly to 0 (hence (xn) converges weak∗ to 0 as a sequence
in X ∗∗). Define f : X ∗ → R by f (x∗) := sup{x∗(xn) − 1/n : n ∈ N}. Then f is
Gâteaux but not Fréchet differentiable at 0 according to Proposition 8.1.1.

Theorem 8.2.6. For a Banach space X , the following are equivalent.

(a) X has the Dunford–Pettis property.
(b) Weak and Mackey convergence coincide sequentially in X ∗.
(c) Gâteaux differentiability and weak Hadamard differentiability coincide for

continuous weak∗-lsc convex functions on X ∗.
(d) Each continuous weak∗-lsc convex function on X ∗ is bounded on weakly compact

subsets of X ∗.

Proof. The proof is similar to that of Theorem 8.2.5; see Exercise 8.2.4.

Our last result regarding classes of differentiability for weak∗-lsc convex functions
is as follows.

Theorem 8.2.7. For a Banach space X , the following are equivalent.

(a) Every sequence in X considered as a subset of X ∗∗ that converges uniformly on
weakly compact subsets of X ∗, converges in norm (i.e. Mackey convergence in
X ∗∗ agrees with norm convergence for sequences in X ).

(b) Weak Hadamard and Fréchet differentiability coincide for continuous weak∗-lsc
convex functions on X ∗.

(c) Every weak∗-lsc convex function on X ∗ that is bounded on weakly compact
subsets of X ∗ is bounded on bounded subsets of X ∗.

Proof. (a)⇔ (b): This is similar to the proof in Theorem 8.2.5.
(a) ⇒ (c): Suppose f : X ∗ → R is weak∗-lsc, f (0) = 0 and f is unbounded on

BX ∗ . Let Cn = {x∗ : f (x∗) ≤ n}, now there are xn ∈ BX and x∗n ∈ BX ∗ so that
1 ≥ xn(x∗n) > supCn

xn ≥ ε, where ε > 0 is such that εBX ∗ ⊂ Cn for all n. Thus
‖xn‖ �→ 0 and so xn �→τW 0. Then find a weakly compact set W ⊂ X ∗ such that
supW xn > 1 for infinitely many n, and deduce that f is unbounded on W . To prove
(c)⇒ (a), apply Proposition 8.1.1 with functionals xn →τW 0 but ‖xn‖ �→ 0.

Note that the previous theorem applies to spaces X such that X does not have the
Schur property and X ∗ ⊃ �1: for example X = �1⊕ �2. So this provides information
that cannot be deduced from Theorem 8.2.5 or Theorem 8.2.4.
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Finally, we will consider two further classes of spaces. That is the Grothendieck
spaces because of their significance to the continuity of bi-conjugate functions, and
we will consider dual spaces with the Schur property.

Theorem 8.2.8. For a Banach space X , the following are equivalent.

(a) X is a Grothendieck space.
(b) For each continuous convex function f on X , every weak∗-lsc convex extension

of f to X ∗∗ is continuous.
(c) For each continuous convex function f on X , f ∗∗ is continuous on X ∗∗.
(d) For each continuous convex function f on X , there is at least one weak∗-lsc

convex extension of f to X ∗∗ that is continuous.
(e) For each Fréchet differentiable convex function f on X , there is at least one

weak∗-lsc convex extension of f to X ∗∗ that is continuous.

Proof. For (a)⇒ (b), see Exercise 8.2.9(a). Now (b)⇒ (c)⇒ (d)⇒ (e) are all trivial.
For (e)⇒ (a) see Exercise 8.2.9(b).

For another characterization of Grothendieck spaces concerning weak∗-lsc convex
extensions that preserve points of Gâteaux differentiability see Exercise 8.2.5. For
further information on Grothendieck spaces and related spaces, see [183, 184, 251].

Theorem 8.2.9. For a Banach space X , the following are equivalent.

(a) X ∗ has the Schur property.
(b) X �⊃ �1 and X has the Dunford–Pettis property.
(c) If f : X → R is a continuous convex function such that f ∗∗ is continuous, then

f is bounded on bounded sets.

Proof. See [183, p. 212] for the equivalence of (a) and (b); see also Exercise 8.2.2.
(a) ⇒ (c): According to Theorem 8.2.5(c), f ∗∗ is bounded on bounded sets and

thus f is bounded on bounded sets by Fact 4.4.4.
(c)⇒ (a): See Exercise 8.2.10.

Figures 8.1 and 8.2 illustrate the containments between many of the key classes of
spaces discussed in this section and earlier.

Separable ⊂ WCG ⊂ GDS

�1 ⊄ X

Grothendieck

Schur AsplundReflexive
Euclidean

Figure 8.1 Relations between classes of Banach spaces.
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Schur

Grothendieck

DP* DP

Figure 8.2 Relations between DP and DP∗ spaces.

Exercises and further results

8.2.1 (Theorem 8.2.4 inAsplund space). Part (a) and (b) below outline an elementary
proof byV. Montesinos (private communication) that the norm and Mackey topologies
coincide sequentially in X ∗ when X is an Asplund space; this proof does not use
Rosenthal’s �1-theorem.

(a) Let X be a Banach space. Show that the following are equivalent:

(i) The norm and Mackey topologies agree sequentially in X ∗.
(ii) Given a weak∗-null sequence (x∗n) in X ∗ such that 〈xn, x∗n〉 → 0 for every

weakly null sequence (xn) in X we have x∗n →‖·‖ 0.

(b) Let X be an Asplund Banach space. Then the Mackey and norm topologies agree
sequentially on X ∗.

(c) Deduce that if X is an Asplund space, then Fréchet differentiability and weak
Hadamard differentiability are equivalent for continuous convex functions.

(d) Provide an example of a continuous convex function f : c0 → R that is Gâteaux
differentiable at some point, but fails to be Fréchet differentiable at that point.

Hint. (a) (i) ⇒ (ii): Let (x∗n) be a sequence as in (ii). Assume that x∗n �→τW 0. Find
an absolutely convex and weakly compact subset W of X , a sequence (wk) in W ,
a subsequence (nk) of (n) and some ε > 0 such that 〈wk , x∗nk

〉 > ε for all k . W is
weakly sequentially compact, so we may and do assume that wk →w w0 for some
w0 ∈ W . Then 〈wk −w0, x∗nk

〉 �→ 0 and we reach a contradiction. So x∗n →τW 0 and
from (i) we have x∗n →‖·‖ 0.

(ii)⇒ (i) Let x∗n →τW 0. Given a weakly null sequence (xn) in X , {xn}∞n=1 ∪ {0}
is a weakly compact subset of X , and so is its absolutely convex hull. Then (x∗n)
converges to 0 uniformly on {xn}∞n=1. In particular, 〈xn, x∗n〉 → 0. From (ii) we get
x∗n →‖·‖ 0.

(b) From part (a) it is clearly enough to prove the result for Banach spaces X
such that X ∗ is separable. We shall check that in this case (ii) holds. Let (x∗n)
be a sequence in X ∗ as in (ii). Assume that ‖x∗n‖ �→ 0. Without loss of gener-
ality we may take ‖x∗n‖ = 1 for all n. We can find then a sequence (xn) in BX

such that 〈xn, x∗n〉 > 1/2 for all n. Now (BX ∗∗ , w∗) is compact and metrizable,
so there exits a subsequence of (n), denoted again by (n), and some x∗∗ ∈ BX ∗∗
such that xn →w∗ x∗∗. Using this with the fact that (x∗n) is weak∗-null, we may
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and do assume that for some subsequence of (n), denoted again (n), we have that
x2n− x2n−1 is a weakly null sequence with the property that 〈x2n− x2n−1, x∗n〉 �→ 0, a
contradiction.

To prove (c), use (b) and Proposition 8.1.2; for (d), see Exercise 8.1.1.

8.2.2.� Show the equivalence of (a) and (b) in Theorem 8.2.9. (You may use any other
theorem in this chapter, and you may use the result if X ⊃ �1, then X ∗ does not have
the Schur property.)
8.2.3.� Prove the equivalence of (a) and (b) in Theorem 8.2.7.

Hint. (a)⇒ (b): Suppose f : X ∗ → R is weak∗-lsc, convex (and continuous) and that
f is weak Hadamard differentiable at x∗. Now suppose xn ∈ ∂εn f (x∗) where εn → 0.
By Šmulian’s theorem (Exercise 4.2.10), xn converges to f ′(x∗) uniformly on weakly
compact sets in X ∗. Suppose that (xn) is not norm convergent. Then there is a subse-
quence xnk and δ > 0 so that ‖yk‖ > δ for all k where yk = xnk+1 − xnk . Now yk → 0
uniformly on weakly compact subset of X ∗, and so by the hypothesis of (a), yk → 0
in norm. This contradiction shows that (xn) is norm convergent. Applying Šmulian’s
theorem (Exercise 4.2.10) again ensures that f if Fréchet differentiable at x∗.

(b)⇒ (a): can be done by appropriately applying Proposition 8.1.1.

8.2.4.� Suppose X is a Banach space with the Dunford–Pettis property.

(a) Let f : X ∗ → R be a continuous weak∗-lsc convex function. If f is Gâteaux
differentiable at x∗, then is it true that f ′(x∗) ∈ X ?

(b) Suppose (xn) ⊂ X ⊂ X ∗∗ and (x∗n) ⊂ X ∗ are such that xn → x∗∗ ∈ X ∗∗ in the
weak∗-topology on X ∗∗ and x∗n → x∗ in the weak topology on X ∗. Show that
x∗n(xn)→ x∗∗(x∗).

(c) Prove Theorem 8.2.6.

Hint. (a) No. Consider the usual norm on �1.
(b) Suppose that x∗n(xn) �→ x∗∗(x∗). By passing to a subsequence and re-indexing

we may and do assume

|x∗n(xn)− x∗∗(x∗)| > 3δ for all n, and some δ > 0.

Because x∗n →w x∗ we fix n0 such that

|x∗∗(x∗n)− x∗∗(x∗)| < δ for all n ≥ n0.

Now fix n1 ≥ n0, and suppose nk has be been chosen. We use the fact that xn →w∗ x∗∗
to choose nk+1 > nk so that

|x∗nk
(xnk+1)− x∗nk

(x∗∗)| < δ.
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Consequently, |x∗nk
(xnk+1)− x∗∗(x∗)| < 2δ. Now let u∗k = x∗nk

and uk = xnk+1 − xnk .
Then u∗k →w x∗ and uk →w 0. However,

|u∗k(uk)| = |x∗nk
(xnk+1)− x∗∗(x∗)+ x∗∗(x∗)− x∗nk

(xnk )|
≥ |x∗nk

(xnk )− x∗∗(x∗)| − |x∗nk
(xnk+1)− x∗∗(x∗)| > 3δ − 2δ = δ,

which violates the Dunford–Pettis property.
(c) We begin with (a) ⇒ (b): Suppose x∗n →w 0 but that the convergence is not

uniform on weakly compact sets. Then there are a weakly compact set W , xn ∈ W ,
and δ > 0 so that |x∗n(xn)| > δ. Using the Eberlein–Šmulian theorem (see, e.g. [199, p.
85]) passing to a subsequence we may and do assume xn →w x. Then x∗n(xn) �→ 〈0, x〉
and so the Dunford–Pettis property is violated.

(b) ⇒ (a): Suppose xn →w x and x∗n →w x∗. Then W = {xn}n ∪ {x} is weakly
compact. Therefore, x∗n → x∗ uniformly on W . Now choose n0 such that

|x∗(xn)− x∗(x)| < ε

2
and |x∗n(w)− x∗(w)| < ε

2
for all w ∈ W , n > n0.

Thus for n > n0 we have

|x∗n(xn)− x∗(x)| = |x∗n(xn)− x∗(xn)+ x∗(xn)− x∗(x)|
≤ |x∗n(xn)− x∗(xn)| + |x∗(xn)− x∗(x)| < ε.

Thus the Dunford–Pettis property is satisfied.
(a)⇒ (c): We will use part (b) of this exercise and Šmulian’s theorem in a similar

fashion to the proof of Theorem 8.2.5. Suppose xn ∈ ∂εn f (x∗) ∩ X where εn → 0+.
Then xn →w∗ f ′(x∗) by Šmulian’s theorem (Exercise 4.2.10). Suppose the con-
vergence is not uniform on weakly compact sets. Then there is a weakly compact
set W ⊂ X ∗ and x∗n ∈ W such that |〈x∗n , xn〉 − 〈f ′(x∗), x∗n〉| > ε for all n and
some ε > 0. By passing to a subsequence using the Eberlein–Šmulian theorem
(see e.g. [199, p. 85]), we may and do assume x∗n →w φ for some φ ∈ W . Now,
〈f ′(x∗), x∗n〉 → 〈f ′(x∗),φ〉. Therefore,

lim inf
n→∞ |〈x∗n , xn〉 − 〈f ′(x∗),φ〉| ≥ ε.

This contradicts part (b) of this exercise. Consequently, x∗n → f ′(x∗) uniformly on
weakly compact sets in X ∗. According to Šmulian’s theorem (Exercise 4.2.10), f is
weak Hadamard differentiable at x∗.

(c)⇒ (b) and (d)⇒ (b) can be shown using Proposition 8.1.1.
(a)⇒ (d): Suppose f : X ∗ → R is weak∗-lsc, convex, continuous and unbounded

on some weakly compact set W . Let Cn := {x∗ : f (x)∗ ≤ n}. Since we lose no
generality assuming f (0) = 0, we may choose δ > 0 so that δBX ∗ ⊂ Cn for all n.
Now choose x∗n ∈ W so that f (x∗n) > n. By the weak∗-separation theorem (4.1.22)
we choose xn ∈ SX so that x∗n(xn) > supCn

xn ≥ δ. Again, by Eberlein–Šmulian we
may assume x∗n →w x∗ for some x∗ in W . As in analogous results, xn →w 0 for if not



390 Classifications of Banach spaces

f would not be defined on all of X . However, x∗n(xn) �→ 0 and so the Dunford–Pettis
property is not satisfied.

8.2.5 (Godefroy [232]). Let X be a Banach space, and let G( f ) denote the points of
Gâteaux differentiability of f . Show that the following are equivalent.

(a) X is a Grothendieck space.
(b) G( f ) = G( f ∗∗) ∩ X for each lsc convex function f : X → (−∞,+∞].
(c) G(ν) = G(ν∗∗) ∩ X for each continuous norm on X .

Hint. (a)⇒ (b): Suppose f is Gâteaux differentiable at x0 ∈ X with Gâteaux derivative
φ ∈ X ∗. Now f ∗∗ is continuous at x0 ∈ X ∗∗ according to Fact 4.4.4(b). Let φn ∈
∂εn f ∗∗(x0) where εn → 0 and φn ∈ X ∗. Then φn ∈ ∂εn f (x0), and by the Gâteaux
differentiability of f , φn →w∗φ (Šmulian). Then by the dual version of Šmulian’s
theorem, f ∗∗ is Gâteaux differentiable at x0 ∈ X .

(b)⇒ (c) is trivial. Note that (b)⇒ (a) can be deduced using a canonical example.
See [232] for further details.

8.2.6 (Godefroy [232]). Suppose f is a continuous convex function on X and f ∗∗
is Gâteaux differentiable at all points of X . Show that f ∗∗ is the unique weak∗-lsc
extension of f to X ∗∗.
Hint. Use Exercise 4.3.12(b). See [116, Theorem 3.1] for further details.

8.2.7 (Godefroy [232]). Suppose f : X → R is a Fréchet differentiable convex func-
tion. Show that every weak∗-lsc convex extension of f to X ∗∗ is Fréchet differentiable
on X . In particular, there is only one such extension, namely f ∗∗.
Hint. The Fréchet differentiability assertion follows as in the proof of Exercise 4.4.22.
Uniqueness then follows from Exercise 8.2.6.

8.2.8 (Godefroy [232]). Let f : X → (−∞,+∞] be lsc and convex, and let E( f )
denote the convex weak∗-lsc extensions of f : X → (−∞,+∞] to X ∗∗. Show that
E( f ) has a largest element, that E( f ) is convex, but that, in general, E( f ) has no
smallest element.

Hint. Convexity and existence of a largest element are straightforward. Following
[232, p. 372], let f : �1 → R be the usual norm, i.e. f (x) = ‖x‖1. Define

C1 := {(an) ∈ �∞ : ‖(an)‖∞ ≤ 1, lim
n→∞ an = 0},

C2 := {(an) ∈ �∞ : ‖(an)‖∞ ≤ 1, lim
n→∞ an = a1}.

Let σCi : �∗∗1 → R denote the support function of Ci. Then σCi ∈ E( f ), however,
each convex function f : �∗∗1 → (−∞,+∞] minorizing σC1 and σC2 vanishes at
e1 ∈ �1. To see this, let c be the closed subspace of convergent sequences in �∞, and
let φ ∈ �∗∞ be the functional such that φ(xi) = − limi→∞ xi for each (xi) ∈ c. Then
check that σC2(e1 + φ) = 0 while σC1(e1 − λφ) = 1 for each λ ∈ R and consider
e1 = n−1

n (e1 + φ)+ 1
n (e1 − (n− 1)φ).
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8.2.9.� (a) Prove the implication (a)⇒ (b) from Theorem 8.2.8.
(b) Prove the implication (e)⇒ (a) from Theorem 8.2.8.

Hint. (a) Suppose some weak∗-lsc convex extension of f , say f̃ is not continuous on
X ∗∗. Take � ∈ X ∗∗ such that f̃ (�) = ∞. Consider Cn = {� ∈ X ∗∗ : f̃ (�) ≤ n}.
Using the weak∗-separation theorem (4.1.22) find φn ∈ SX ∗ such that supCn

φn ≤
〈φn,�〉. Show that the sequence (φn) converges weak∗ to 0, but not weakly to 0.

(b) Suppose X is not a Grothendieck space, and choose (φn) ⊂ SX ∗ that con-
verges weak∗ but not weakly to 0. Show that the function h(x) in Proposition 8.1.1
is such that h∗∗ is not continuous on X ∗∗ and note that this is the unique weak∗-lsc
extension to X ∗∗.

8.2.10.� Prove the implication (c)⇒ (a) in Theorem 8.2.9.

Hint. Suppose X ∗ is not Schur, and choose (φn) ⊂ SX ∗ that converges weakly to 0.
Then the function h : X → R in Proposition 8.1.1 is continuous but not bounded on
bounded sets. It then remains to verify that h∗∗ is continuous.

8.2.11. (a) Suppose that BX ∗ is weak∗-sequentially compact. Prove that X is a
Gelfand–Phillips space.

(b) Suppose a Banach space has the DP∗-property and is Gelfand–Phillips. Show
that it is Schur.

(c) Suppose X has the DP∗-property and Y is a subspace of X that is Gelfand–Phillips
but not Schur. Show that there is a continuous convex function on Y that cannot
be extended to a continuous convex function on X .

Hint. (a) Suppose K ⊂ X is not relatively compact. Then there is a sequence (xn) ⊂ K
and ε > 0 such that dEn(xn+1) > ε where En = span{x1, . . . , xn}. Thus choose
φn ∈ SX ∗ such that φn(En) = {0} while φn(xn+1) ≥ ε. By the weak∗-sequential
compactness of BX ∗ , we have that φnk →w∗ φ for some φ ∈ BX ∗ . Now φnk converges
pointwise to φ on K , but not uniformly.

(b) Suppose X has the DP∗-property, then weakly compact sets are limited. But
because X is Gelfand–Phillips, this implies weakly compact sets are norm compact.

(c) By part (b), Y does not have the DP∗-property. Therefore, there is a continuous
convex function on Y that is not bounded on weakly compact subsets of Y . Such a
function cannot be extended to a continuous convex function on all of X .

8.2.12 (Explicit Josefson–Nissenzweig sequences). (a) Show that for 1 ≤ p ≤ ∞ the
canonical basis in �p forms a JN-sequence. (b) Construct a JN-sequence in Lp[0, 1].
8.2.13. Prove the special case of the Josefson–Nissenzweig theorem (8.2.1) in the
event that BX ∗ is weak∗-sequentially compact. Prove it also for Banach spaces X with
a separable (infinite-dimensional) quotient space.

Hint. Suppose BX ∗ is weak∗-sequentially compact. Using the separation theo-
rem (4.1.17), construct a system {xn, x∗n} such that ‖x∗n‖ = ‖xn‖ = 1 and x∗n(xn) ≥ 1/2
while x∗n(xm) = 0 for m ≤ n. Now, x∗nj

→w∗ x∗, and so (x∗nj
− x∗) →w∗ 0 while

〈x∗nj
− x∗, xnj 〉 ≥ 1/2. Thus ‖x∗nj

− x∗‖ ≥ 1/2 for all j.
Suppose T : X → Y is a bounded linear onto operator where Y is separable (or

more generally has weak∗-sequentially compact dual ball). Let φn ∈ SY ∗ be such that
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φn →w∗ 0. Then T ∗φn →w∗ 0. By the open mapping theorem (Exercise 4.1.23)
(T ∗φn) does not converge in norm to 0.

8.2.14.�� Prove that on every nonreflexive Banach space, there is a Lipschitz function
that is weak Hadamard but not Fréchet differentiable.

This shows, for example, thatTheorem 8.2.4 does not extend to Lipschitz functions.
It can be shown with substantially more work, that it it does not extend to differences
of continuous convex functions; see [114].

Hint. See [78].

8.2.15. Show the existence of a sequence in SX ∗ that converges weak∗ to 0 implies
for any x ∈ BX ∗ with ‖x‖ < 1, there is a sequence in SX ∗ that converges weak∗ to x.

Hint. Let ‖x‖ < 1. Choose ε > 0 such that ‖x‖+ε < 1. Now (x+εxn)→w∗ x where
xn →w∗ 0. Find tn > ε so that x + tnxn ∈ SX . Let x̃n := x + tnxn Now ε < tn ≤ 2/ε
for each n and so x̃n →w∗ x as desired.

8.3 Extensions of convex functions

This section considers the question of extending convex functions to preserve continu-
ity, which in some sense can be thought of as a nonlinear variant of the Hahn–Banach
theorem.

Question 8.3.1. Suppose Y is a closed subspace of a Banach space X . If f : Y → R
is a continuous convex function, is there a continuous convex function f̃ : X → R
such that f̃ |Y = f ? That is can f be extended to a continuous convex function on
X ? Relatedly, when can a convex function continuous on a spanning closed convex
subset of X be extended continuously to X ?

The following example shows that such extensions are not always possible.

Example 8.3.2. Let Y := c0 or �p with 1 < p <∞. Let f : Y → R be defined by

f (y) :=
∞∑

n=1

(e∗n(y))2n

where e∗n are the coordinate functionals. If Y is considered as a subspace of �∞, then
f cannot be extended to a continuous convex function on �∞.

Proof. Because e∗n →w∗ 0, Example 8.1.1 shows f is a continuous convex function.
However, f is not bounded on the weakly compact set {2en}∞n=1 ∪ {0}. Now �∞ is a
space with the DP∗-property and so Theorem 8.2.3 shows every continuous convex
function on �∞ is bounded on weakly compact subsets of �∞. Therefore, f cannot be
extended to a continuous convex function on �∞.

We refer the reader to Exercise 8.2.11 for a more general formulation of
Example 8.3.2. We should also point out that in the case Y = c0, the preceding
provides an example of a continuous convex function f whose biconjugate fails to be
continuous; see [392]. Before proceeding, observe that there are natural conditions
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that can be imposed on f that allow it to be extended to any superspace. For example,
if f is Lipschitz or more generally, is bounded on bounded sets (see Exercise 8.3.4).
However, our present goal is to find conditions on X and/or Y for which every con-
tinuous convex function on Y can be extended to a continuous convex function on
X . A well-known natural condition where this is true is recorded as

Remark 8.3.3. Suppose Y is a complemented subspace of a Banach space X . Then
every continuous convex function on Y can be extended to a continuous convex
function on X .

Proof. Let f : Y → R be continuous convex. Then f̃ (x) := f (P(x)) where P : X →
Y is a continuous linear projection provides one such extension.

In light of Example 8.3.2, the above remark doesn’t extend to quasicomplements
because c0 is quasicomplemented in �∞; see [199, Theorem 11.42]. We now develop
results that will allow extensions in the case X /Y is separable. First, we will consider
‘generalized canonical’ examples which will allow us to in some respects capture the
essence of all convex functions on the space. In this section, all nets (φn,α)n∈N,α∈An

will have their index sets directed by (n,α) ≥ (m,β) if and only if n ≥ m. Thus
φn,α →w∗ 0 if for each ε > 0 and x ∈ X , there exists n0 ∈ N such that |φn,α(x)| < ε

whenever n ≥ n0.

Proposition 8.3.4. Let (φn,α) ⊂ X ∗ be a bounded net. Consider the lsc convex
functions f : X → (−∞,+∞] that are defined as follows

f (x) := sup
n,α
{φn,α(x)− an,α , 0} and g(x) := sup

n,α
n(φn,α(x))

2n

where bn ≤ an,α ≤ cn and bn ↓ 0, cn ↓ 0. Then:

(a) f is β-differentiable at 0 if and only if φn,α →τβ 0. Moreover f is
Lipschitz on X .

(b) g is bounded onβ-sets if and only ifφn,α →τβ 0. If this is the case, g is continuous.

Proof. This is a straightforward exercise: one can modify the proof of
Proposition 8.1.1.

We will also use the following fact.

Lemma 8.3.5. Let Y be a closed subspace of a Banach space X , and let ε ≥ 0.
Suppose f : Y → R is continuous and convex, and suppose f̃ : X → R is a
continuous convex extension of f . If φ ∈ ∂εf (y0), then there is an extension φ̃ ∈ X ∗
such that φ̃ ∈ ∂ε f̃ (y0).

Proof. By shifting f , we may without loss of generality assume that f (0) = −1. Let
φ ∈ ∂εf (y0) and let a := φ(y0)− f (y0)+ ε. It is easy to check that a ≥ 1. Moreover,
for (φ,−1) ∈ Y ∗ × R we have (φ,−1)(y, t) = φ(y)− t ≤ φ(y)− f (y) ≤ a for all
(y, t) ∈ epi f . Now define the continuous sublinear function ρ : X × R → [0,∞)

by ρ := aγepi f̃ where γepi f̃ is the gauge functional of the epigraph of f̃ . Then
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(φ,−1) ≤ ρ on Y × R. According to the Hahn–Banach theorem (4.1.7), (φ,−1)
extends to a continuous linear functional (φ̃,−1) on X × R that is dominated by ρ.
Therefore, (φ̃,−1)(x, t) ≤ a if (x, t) ∈ epi f̃ which implies φ̃ ∈ ∂εf (y0).

Corollary 8.3.6. Suppose Y is a closed subspace of a Banach space X . Suppose
f : Y → R and g : X → R are continuous convex functions such that f ≤ g|Y . If,
for some ε ≥ 0 we have φ ∈ ∂εf (y0) then φ can be extended to a continuous linear
functional φ̃ such that f (y0)+ φ̃(x − y0) ≤ g(x)+ ε for all x ∈ X .

Proof. Let φ ∈ ∂εf (y0). Then φ ∈ ∂rg|Y (y0) where r := g(y0)− f (y0)+ ε. Apply
Lemma 8.3.5 to obtain φ̃ such that

φ̃(x)− φ̃(y0) ≤ g(x)− g(y0)+ g(y0)− f (y0)+ ε,

from which the conclusion is immediate.

Lemma 8.3.7. Let Y be a closed subspace of X , and suppose f : Y → R and
g : X → R are continuous convex functions such that f ≤ g|Y . Then f can be
extended to a continuous convex function f̃ : X → R such that f̃ ≤ g.

Proof. For each y ∈ Y , choose φy ∈ ∂f (y). Let φ̃y be an extension as given by the
Corollary 8.3.6. Now define f̃ (x) := supy∈Y f (y)+ φ̃y(x − y).

The following theorem provides a useful condition for determining when every
continuous convex function on a given subspace of a Banach space can be extended
to the whole space.

Theorem 8.3.8. Suppose Y is a closed subspace of a Banach space X . Then the
following are equivalent.

(a) Every continuous convex function f : Y → R can be extended to a continuous
convex function f̃ : X → R.

(b) Every bounded net (φn,α) ⊂ Y ∗ that converges weak∗ to 0 can be extended to a
bounded net (φ̃n,α) ⊂ X ∗ that converges weak∗ to 0.

Proof. (a)⇒ (b). Suppose (φn,α) is a bounded net in Y ∗ that converges weak∗ to 0,
and without loss of generality suppose ‖φn,α‖ ≤ 1 for all n,α. Now define

f (y) := sup
n,α

(φn,α(y))
2n.

Then f : Y → R is a continuous convex function (as in Proposition 8.3.4), so we
extend it to a continuous convex function f̃ : X → R. Now let Cn := {x ∈ X : f̃ (x) ≤
22n}. Observe that f̃ (0) = 0, and so the continuity of f̃ at 0 implies that there is an
ε > 0 so that f̃ (x) ≤ 1 for all ‖x‖ ≤ ε. Then

εBX ⊂ Cn and Cn ∩ Y ⊂ {x : φn,α(x) ≤ 2}.
Define the sublinear function pn := 2γCn . Then φn,α(y) ≤ pn(y) for all y ∈ Y . By
the Hahn–Banach theorem (4.1.7), extend φn,α to φ̃n,α so that φ̃n,α(x) ≤ pn(x) for all
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x ∈ X . Then ‖φ̃n,α‖ ≤ 2/ε. Now let us suppose that (φ̃n,α) does not converge weak∗
to 0. Then we can find x0 ∈ X , a subsequence (nk) of (n) and a sequence (αk) such
that φ̃nk ,αk (x0) > 2 for all k . Thus x0 �∈ Cn for infinitely many n, and so f̃ (x0) > 22n

for infinitely n. Thus f̃ (x0) = ∞ which contradicts the continuity of f̃ .
(b) ⇒ (a): Suppose f : Y → R is a continuous convex function. Without loss

of generality we may assume f (0) = 0. Now define Cn := {y ∈ Y : f (y) ≤ n}.
Because f is continuous, there is a δ > 0 such that δBY ⊂ Cn for each n ∈ N. Thus
we can write

Cn =
⋂
α

{y ∈ Y : φn,α(y) ≤ 1}

where ‖φn,α‖ ≤ 1/δ for all n ∈ N and α ∈ An (An can be chosen as a set with
cardinality the density of Y ).Also, (φn,α) converges weak∗ to 0, otherwise there would
be a y0 ∈ Y , a subsequence (nk)of (n) and a sequence (αk) such thatφnk ,αk (y0) > 1 for
all k . Consequently, y0 �∈ Cn for infinitely many n which would yield the contradiction
f (y0) = ∞. Thus, by the hypothesis of (b), (φn,α) extends to a bounded net (φ̃n,α) ⊂
X ∗ that converges weak∗ to 0. Now define

g(x) := sup n(φ̃n,α(x))
2n + 1.

Then g : X → R is a continuous convex function (Proposition 8.3.4). Moreover,
g(y) ≥ f (y) for all y ∈ Y ; this is because g(x) ≥ 1 for all x ∈ X , and if n − 1 <

f (y) ≤ n where n ≥ 2, then y �∈ Cn−1 and so φn−1,α0(y) > 1 for some α0 which
implies g(y) > (n−1)+1 ≥ f (y). According to Lemma 8.3.7, there is a continuous
convex extension f̃ : X → R of f .

Using a theorem of Rosenthal’s [381] we next outline that Theorem 8.3.8(b) is
satisfied when X /Y is separable. For this, recall that a Banach space is said to be
injective if it is complemented in every superspace, and it is said to be 1-injective if it
is complemented by a norm-one projection in every superspace; see Zippin’s article
[449] for further information concerning this subject.

Theorem 8.3.9. Let X be a Banach space, Y a closed subspace such that X /Y is
separable. Let (φn,α)α∈An,n∈N be a weak∗-null net in Y ∗ such that ‖φn,α‖ ≤ 1 for all
α ∈ An, n ∈ N . Then, for every ε > 0 there exists a weak∗-null net (φ̃n,α)α∈An,n∈N of
elements in X ∗ such that ‖φ̃n,α‖ ≤ 2+ ε and φ̃n,α extends φn,α for all α ∈ An, n ∈ N.

Proof. Define a bounded linear operator T : Y → (�∞(An))c0 by T (y) :=
((φn,α(y))α∈An)n; then ‖T‖ ≤ 1. Now use the following extension theorem of
H. P. Rosenthal (see [381], [449, Theorem 3.5]): Let Z1, Z2, . . . be 1-injective
Banach spaces, X , Y be Banach spaces with Y ⊂ X and X /Y separable, and
set Z =: c0(Z1, Z2, . . .). Then for every nonzero operator T : Y → Z and
every ε > 0, there exists a T̂ : X → Z extending T with ‖T̂‖ < (2 + ε)‖T‖.
According to this result, T defined above extends to T̂ : X → (�∞(An))c0 with
‖T̂‖ < 2+ ε. Now let e∗n,α denote the coordinate functional so that e∗n,α(x) = xα for

x = (xi)i∈An ∈ �∞(An). Then e∗n,α(T (y)) = φn,α(y) for all y and φ̃n,α = e∗n,α ◦ T̂
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extends φn,α . Because T̂ (x) ∈ (�∞(An))c0 , it follows that φ̃n,α →w∗ 0; moreover,
‖φ̃n,α‖ ≤ 1‖T̂‖ < 2+ ε.

Our main application of Theorem 8.3.8 is

Corollary 8.3.10. Suppose X is a Banach space and Y is a closed subspace of X
such that X /Y is separable. Then every continuous convex function f : Y → R can
be extended to a continuous convex function f̃ : X → R.

Proof. Apply Theorem 8.3.8 and Theorem 8.3.9.

Observe that Example 8.3.2 shows the previous corollary can fail if X /Y is not
separable, it also shows it is not always possible to extend a continuous convex
function from a separable closed subspace of a Banach space X to a continuous
convex function on the whole space X . However:

Corollary 8.3.11. Suppose Y is a separable closed subspace of a WCG Banach space
X . Then every continuous convex function on Y can be extended to a continuous
convex function on X .

Proof. There is a separable space Y1 ⊃ Y such that Y1 is complemented in X ; see
e.g. [247]. Extend the continuous convex function to Y1 by Theorem 8.3.10 and then
use Remark 8.3.3 to extend it to X .

In fact, the previous result holds in any Banach space X such that every separable
subspace Y of X lies in a complemented separable subspace of X . Some further
information concerning spaces with this property may be found in [247]. Also, if Y
is an injective Banach space, then any continuous convex function can be extended
to any superspace by projections (Remark 8.3.3). Another class of spaces that allow
extensions to superspaces is as follows.

Proposition 8.3.12. Suppose Y is a C(K) Grothendieck space. Then any continuous
convex function f : Y → R can be extended to a continuous convex function f :
X → R where X is any superspace of Y .

Proof. Write Y ⊂ X . Then Y ∗∗ ∼= Y⊥⊥ ⊂ X ∗∗. According to [116, Theorem 2.1]
(cf. Theorem 8.2.8), f can be extended to a continuous convex function on Y ∗∗. Now,
Y ∗∗ as the bidual of a C(K) space is isomorphic to a C(K) space where K is compact
Stonian (i.e. K is extremally disconnected); see [386, p. 121]. Therefore, Y ∗∗ is
injective; see [386, Theorem 7.10, p. 110]. According to Remark 8.3.3 the extension
of f to Y⊥⊥ can further be extended to X ∗∗ which contains X .

Observe that the previous proposition doesn’t work for general C(K) spaces, e.g.
c0 ⊂ �∞, and doesn’t work for reflexive Grothendieck, e.g. �2 ⊂ �∞. More signif-
icantly, using some deep results in Banach space theory one can conclude that the
above proposition applies to some cases where Y is not a complemented subset of X .

Remark 8.3.13. There are Grothendieck C(K) spaces that are not complemented in
every superspace.
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Proof. Let X be Haydon’s Grothendieck C(K) space that does not contain �∞ [251].
Because X �⊃ �∞, X is not injective by a theorem of Rosenthal’s ([380], [294,
Theorem 2.f.3]).

We have focused on preserving continuity in our extensions. One could similarly
ask whether extensions exist preserving a given point of differentiability. Again,
negative examples in the same spirit of Example 8.3.2 have been constructed. We
sketch one such example similar to [78, Example 3.8].

Example 8.3.14. Let Y := c0 or �p with 1 < p <∞. Let f : Y → R be defined by
f (y) := sup{e∗n(y)− 1

n , 0} where e∗n are the coordinate functionals. Then there is no
continuous convex extension of f to �∞ that preserves the Gâteaux differentiability
of f at 0.

Proof. This follows because Gâteaux and weak Hadamard differentiability coincide
for continuous convex functions on �∞ (see Theorem 8.2.3); however f is not weak
Hadamard differentiable at 0 as a function on Y .

A positive result that is analogous to Theorem 8.3.8 is as follows.

Theorem 8.3.15. Suppose Y is a closed subspace of a Banach space X . Then the
following are equivalent.

(a) Every Lipschitz convex function f : Y → R that is Gâteaux differentiable at
some y0 ∈ Y can be extended to a Lipschitz convex function f̃ : X → R that is
Gâteaux differentiable at y0.

(b) Every bounded net (φn,α) ⊂ Y ∗ that converges weak∗ to 0 can be extended to a
bounded net (φ̃n,α) ⊂ X ∗ that converges weak∗ to 0.

Proof. (a)⇒ (b): Let (φn,α) ⊂ Y ∗ be a bounded net that converges weak∗ to 0. Define
f (x) := sup{φn,α(x) − 1

n , 0}. Then f is a Lipschitz convex function that, according
to Proposition 8.3.4, is Gâteaux differentiable at 0 (observe, too, that f (0) = 0 and
f (y) ≥ 0 for all y ∈ Y , so f ′(0) = 0). Then extend f to a Lipschitz convex function f̃
that is Gâteaux differentiable at 0 with Gâteaux derivative f̃ ′(0) = φ, where φ ∈ X ∗.
Now φ|Y = f ′(0) which implies φ|Y = 0. Thus f̃ − φ is a Lipschitz convex function
extending f , and whose Gâteaux derivative is 0. Replacing f̃ with f̃ − φ, we can and
do assume f̃ (x) ≥ 0 for all x ∈ X and f̃ ′(0) = 0. Clearly φn,α ∈ ∂ 1

n
f (0), thus by

Lemma 8.3.5 there is an extension φ̃n,α ∈ X ∗ of φn,α such that φ̃n,α ∈ ∂ 1
n
f̃ (0). Thus

‖φ̃n,α‖ ≤ K + 1/n, where K is the Lipschitz constant for f̃ . Moreover, f̃ (x) ≥ g(x),
where g(x) = supn,α{φ̃n,α(x) − 1

n , 0}. The Gâteaux differentiability of f̃ at 0 now
forces the Gâteaux differentiability of g at 0. Use again Proposition 8.3.4 to obtain
the weak∗-convergence of (φ̃n,α) to 0.

(b)⇒ (a): By subtracting off a derivative and translating f , we need only to consider
the case where f ′(0) = 0 and f (0) = 0. For each u ∈ Y , fix φu ∈ ∂f (u), and define
ak ,u := φu(u) − f (u) + 1

k . Then, using properties of subgradients, it follows that
f (y) := sup{φk ,u(y)− ak ,u, 0 : u ∈ Y , k ∈ N}. Now, from the fact that f is Lipschitz
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(with Lipschitz constant L) we have 1/k ≤ ak ,u ≤ 2L‖u‖ + 1/k for every k ∈ N and
u ∈ Y . Put

An :=
{
(k , u) : k ∈ N, u ∈ Y , such that

1

n
≤ ak ,u <

1

n− 1

}
for n = 2, 3, . . . and

A1 := {(k , u) : k ∈ N, u ∈ Y , such that 1 ≤ ak ,u}.
It is plain that (n, 0) ∈ An and so An is nonempty, for every n ∈ N. Moreover,
N × Y = ⋃∞

n=1 An. To each (n, (k , u)) ∈ {n} × An we associate ψ(n,(k ,u)) := φu

and b(n,(k ,u)) := ak ,u. Then f (y) = sup{ψ(n,(k ,u))(y) − b(n,(k ,u)), 0 : (n, (k , u)) ∈⋃∞
n=1{n}×An}.According to Proposition 8.3.4,ψ(n,(k ,u)) →w∗ 0 because f is Gâteaux

differentiable at 0. The Lipschitz property of f guarantees that (ψ(n,(k ,u))) is bounded.
According to (b), we can extend (ψ(n,(k ,u))) to a bounded net (ψ̃(n,(k ,u))) that converges
weak∗ to 0. Then f̃ (x) = sup{ψ̃(n,(k ,u))(x)−b(n,(k ,u)), 0} is a convex Lipschitz function
that is Gâteaux differentiable at 0 by Proposition 8.3.4, and f̃ extends f .

Let us remark that in contrast to this, Zizler ([450]) has shown that extensions
of Gâteaux differentiable norms from a subspace of a separable space to a Gâteaux
differentiable norm on the whole space are not always possible.

Finally, let us conclude by stating a bornological version that combines
Theorems 8.3.8 and 8.3.15.

Theorem 8.3.16. Suppose Y is a closed subspace of a Banach space X . Then the
following are equivalent.

(a) Every continuous convex function f : Y → R bounded on β-sets can be extended
to a continuous convex function f̃ : X → R that is bounded on β-sets in X .

(b) Every Lipschitz convex function f : Y → R that is β-differentiable at some
point y0 can be extended to a Lipschitz convex function f : X → R that is
β-differentiable at y0.

(c) Every bounded net (φn,α) ⊂ Y ∗ that converges τβ to 0 can be extended to a
bounded net (φ̃n,α) ⊂ X ∗ that converges τβ to 0.

Let us mention that if β is the bornology of bounded sets, then (c) is always
possible according to the Hahn–Banach theorem. Thus this recaptures the results:
(i) a convex function that is bounded on bounded sets can always be extended to a
convex function bounded on bounded sets; (ii) Lipschitz convex functions can be
extended to a superspace while preserving a point of Fréchet differentiability.

Exercises and further results

8.3.1 (Finite-dimensional extensions).�� A convex function f : Rn → (−∞,+∞] is
finitely extendable if there is an everywhere finite convex function g with f = g|dom f .

Theorem 8.3.17 ([388]). A function f is finitely extendable if and only if there is
a multifunction k such that: (a) 
(x) ⊂ Rn is nonempty convex compact for every
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x ∈ dom f ; (b) ∂f (x) = 
(x)+ ∂δdom f (x) for every x ∈ dom f ; (c) for all sequences
(xi) and (x∗i ) satisfying x∗i ∈ 
(xi) for i = 1, 2, · · · and limi ‖x∗i ‖ = ∞ one has
limi(〈x∗i , xi〉 − f (xi))/‖x∗i ‖ = ∞. For any such 


g
(z) := sup{ f (x)+ 〈x∗, z − x〉 : x ∈ dom f , x∗ ∈ 
(x)}

defines a finite extension g
 of f .

It is interesting to look at how various functions from Chapter 7 behave with respect
to this result.
8.3.2. Let X be a Grothendieck space. Suppose (φn,α) ⊂ X ∗ is a bounded net that
converges weak∗ to 0. Use the Grothendieck property to show that (φn,α) converges
weak∗ to 0 when considered as a net in X ∗∗∗.
8.3.3.� Prove Proposition 8.3.4.
8.3.4. (a) Suppose C is a closed convex subset of a Banach space X , and f : C → R
is a Lipschitz convex function with Lipschitz constant M , show that there is a convex
extension f̃ of f to X that also has Lipschitz constant M .
(b) Suppose Y is a closed subspace of a Banach space X , and suppose f is a continuous
convex function on Y . Then there is a lsc convex extension f̃ of f such that suprBX

f̃ =
suprBY

f for all r > 0. In particular, any convex function bounded on bounded sets
can be extended to a convex function bounded on bounded sets on any superspace.

Hint. (a) Consider the infimal convolution of f with M‖ · ‖.
(b) For each y ∈ Y , let φy ∈ ∂f (y), and let φ̃y be a Hahn–Banach norm preserving

extension of φy to all of X . Define hy(x) := f (y) + 〈φ̃y, x − y〉, and let f̃ (x) :=
supy∈Y hy(x). See [116, p. 1801] for further details.

8.3.5. (a) Is there a Banach space X and a continuous convex function f : X → R
that can be extended to a continuous convex function f̃ : X ∗∗ → R, such that there
is no continuous weak∗-lsc extension of f to X ∗∗.

(b) Suppose X is not reflexive, show that there is a continuous convex function
f : BX → R such that f ∗∗ is not continuous on BX ∗∗ .

Hint. (a) Yes, try a non-Grothendieck space that is complemented in its bidual. For
example, L1 or the James space [199].

(b) By James’ theorem, take a linear functional φ ∈ SX ∗ that does not attain
its supremum on BX . Consider f (x) = 1/(1 − 〈φ, x〉). For more details, see [116,
Example 2.2].

8.3.6.� Prove Theorem 8.3.16.

8.3.7. Show by example that Lemma 8.3.5 may fail for proper lsc convex functions
in the case ε = 0.

Hint. Let f : R → (−∞,+∞] be defined by f := δ[0,∞] and consider 0 ∈ ∂f (0).
Now define f̃ : R2 → (−∞,+∞] by f̃ (x, y) := −√y if x ≥ 0 and y ≥ 0, and

f̃ (x, y) := +∞ otherwise. Then ∂ f̃ (0, 0) = ∅.
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8.3.8 (Phillips [352]). (a) Show that �∞(�) is 1-injective for any nonempty index
set �.
(b) Show that if X is an injective Banach space, then it is λ-injective for some λ ≥ 1,
i.e. for every Z ⊃ X , there is a projection P : Z → X , with ‖P‖ ≤ λ.

Hint. (a) Let �∞(�) ⊂ Z . For each γ ∈ �, let eγ be the evaluation functional on
�∞(�). By the Hahn–Banach theorem, extend each such functional to ẽγ a norm one
functional on Z . Define P : Z → �∞(�) by P(z) := {ẽγ (z)}γ∈� .

(b) Let X ⊂ �∞(�) then there is a projection P : �∞(�) → X , let λ = ‖P‖.
Now if Z ⊃ X , find �1 such that Z ⊂ �∞(�1). Using (a), there is a projection
P1 : �∞(�1)→ X with ‖P1‖ = λ.

8.4 Some other generalizations and equivalences

One may wonder whether the results in Section 8.2 extend to differences of convex
functions or even Lipschitz functions. In general, they do not, as illustrated by the
following result from [114]; see that paper and also [78] for more in that direction.

Theorem 8.4.1. Let X be a Banach space. Then the following are equivalent.

(a) X has the Schur property.
(b) Gâteaux differentiability and weak Hadamard differentiability agree for Lipschitz

functions on X .
(c) Gâteaux differentiability and weak Hadamard differentiability coincide for

differences of Lipschitz convex functions on X .
(d) Every continuous convex function on X is weak Hadamard directionally

differentiable.

The significance of (c) in the previous theorem is that it showsTheorem 8.1.3 cannot
be extended to differences of convex functions. Likewise (d) shows Theorem 8.1.3
cannot be extended to one sided β-derivatives of convex functions.

Quite obviously, we have not included many other characterizations of different
classes of Banach spaces in terms of the properties of norms, convex functions, or
monotone operators which live on them. For example, [83] shows the following
result; see Section 9.5.1 for any unexplained notation and a flavor.

Theorem 8.4.2 (Norm×bw*-closed graphs). Let E be a Banach space. Then the
following are equivalent.

(a) E is finite-dimensional.
(b) The graph of ∂f is norm×bw*-closed for each closed proper convex f on E.
(c) The graph of each maximal monotone operator T on E is norm×bw*-closed.

Nor, correspondingly, have we been comprehensive in other areas. A lovely
renorming characterization we cannot resist giving is:

Theorem 8.4.3 (Reflexivity and renorming [336]). A separable Banach space X is
reflexive if and only if there is an equivalent norm ‖ · ‖ on X such that, whenever (xn)
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is a bounded sequence in X for which limn limm ‖xn + xm‖ = 2 limn ‖xn‖, then (xn)

converges in norm.

The ‘if’ part follows easily from James’ theorem (4.1.27). The possibility of the
‘only if’ part was mooted by V. D. Milman in 1970.

Exercises and further results

One may also wonder how critical Cauchy-completeness was to our studies. The
following construction emphasizes that completeness of the normed space is crucial
to very many of our results – as does Exercise 4.3.1.
8.4.1 (Empty subdifferentials).��As in [260], let C be a closed bounded convex subset
of a normed space E and let 0 �= x0 ∈ E. Define

fC(x) := min{t ∈ R : x + tx0 ∈ C}.
Then fC is lsc and convex, and since fC has no global minimum, any subgradient for
fC at x is nonzero. Fix x in the domain of ∂fC and let c := x + fC(x)x0. Note that for
any y ∈ C, fC (y − fC(x)x0) ≤ fC(x). Hence, if x∗ is a subgradient of fC at x, then

〈x∗, y − c〉 ≤ fC(y − fC(x)x0)− fC(x) ≤ 0.

Thus,

〈x∗, y − c〉 ≤ 0

for all y ∈ C, and so x∗ is a nonzero support for C at c. In particular if C has no support
points, ∂fC is empty. Such sets exist in certain locally convex complete metrizable
spaces [260].

More dramatically, Fonf [220] proves a densely spanning, closed bounded convex
set with no support points exists in each separable incomplete normed space. In con-
sequence most of the delicate variational analysis of subgradients fails flamboyantly
outside of complete normed spaces.
8.4.2 (A pathological convex control problem [67]).�� Rather than hunting for a
specialized counterexample, it is often easier to take a general phenomenon and see
if it can be rewritten in the form desired, as we now illustrate. Consider X := L2[0, 1]
and the inclusion control problem (see Exercise 3.5.17) given by

v(α) := inf {x(1) : x′(t) = 0, |y′(t)| ≤ 1, 0 ≤ t ≤ 1 a.e., (8.4.1)

|x(0)| ≤ 1, y(0) = 1, y(t)− x(t) ≤ α(t)}.
(a) Show that v in (8.4.1) defines a closed convex function on X and that the infimum

is attained when finite.
(b) Show that v(0) = 0 but that ∂v(0) = ∅.

While these properties are fairly easy to confirm once asserted, this example was built
by writing the construction of Exercise 8.4.1 in the language of differential inclusions.
This pathology cannot occur if the perturbation is finite-dimensional [156].



402 Classifications of Banach spaces

8.4.3. Show that a Banach space is finite-dimensional if and only if every exposed
point of every closed convex set is strongly exposed.

Hint. It suffices to work in a separable space. Compare Exercise 5.1.26.

8.4.4. Show that a Banach space X is reflexive if and only if for all closed (bounded)
convex sets C and all x ∈ X \ C the value of dC(x) is attained at some point of C.

Hint. Compute dC(x) when C := {φ(x) = 0} and φ ∈ SX ∗ and use James
theorem (4.1.27).

8.4.5. Let X be a reflexive Banach space. Show that for all norm-closed bounded
sets C there is some x ∈ X \C such the value of dC(x) is attained at some point of C.

Hint. This remains true in a Banach space with the RNP.

8.4.6.�� It is not known whether Exercise 8.4.5 remains true whenC is unbounded. The
Lau–Konjagin theorem (4.5.5) shows the norm must fail the Kadec–Klee property.
More is known, see [80], but not a lot.



9

Monotone operators and the Fitzpatrick function

The formulas move in advance of thought, while the intuition often lags behind; in the
oft-quoted words of d’Alembert, “L’algebre est genereuse, elle donne souvent plus qu’on
lui demande.” (Edward Kasner)1

9.1 Monotone operators and convex functions

In this chapter we shall focus on the recent intensive use of convex functions to study
monotone operators. In his ‘23’ “Mathematische Probleme”2 lecture to the Paris
International Congress in 1900, David Hilbert wrote “Besides it is an error to believe
that rigor in the proof is the enemy of simplicity.”

In this spirit, we use simple convex analytic methods, relying on an ingenious
function due to Simon Fitzpatrick, to provide a concise proof of the maximality
of the sum of two maximal monotone operators on reflexive Banach space under
standard transversality conditions. Many other extension, surjectivity, convexity and
local boundedness results are likewise established.

9.1.1 Introduction

To allow this chapter to be read somewhat independently, we recall the notions that
we need in this setting. The domain of an extended valued convex function, denoted
dom( f ), is the set of points with value less than+∞, and that a point s is in the core of
a set S (denoted by s ∈ core S) provided that X =⋃

λ>0 λ(S−s). Recall that x∗ ∈ X ∗
is a subgradient of f : X → (−∞,+∞] at x ∈ dom f provided that f (y)− f (x) ≥
〈x∗, y−x〉 for all y in X . The set of all subgradients of f at x is called the subdifferential
of f at x and is denoted ∂f (x). We shall need the indicator function δC(x)which is zero
for x in C and +∞ otherwise, the Fenchel conjugate f ∗(x∗) := supx{〈x, x∗〉 − f (x)}
and the infimal convolution f ∗� 1

2‖·‖2∗(x∗) := inf { f ∗(y∗)+ 1
2‖z∗‖2∗ : x∗ = y∗+z∗}.

1 In Edward Kasner, ‘The Present Problems of Geometry’, Bulletin of the American Mathematical Society,
(1905) volume XI, p. 285. A more faithful translation might be “Algebra is kind, she often gives more
than is requested.”

2 See the late Ben Yandell’s lovely account of the Hilbert Problems and their solvers in The Honors Class,
AK Peters, 2002.
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When f is convex and closed x∗ ∈ ∂f (x) exactly when f (x)+ f ∗(x∗) = 〈x, x∗〉. We
recall that the distance function associated with a closed set C, given by dC(x) :=
inf c∈C ‖x − c‖, is convex if and only if C is. Moreover, dC = δC�‖ · ‖.

As convenient, we shall use both dom T = D(T ) := {x : T (x) �= ∅}, and
range T = R(T ) := T (X ) to denote the domain and range of a multifunction. We say
a multifunction T : X 
→ 2X ∗ is monotone provided that for any x, y ∈ X , x∗ ∈ T (x)
and y∗ ∈ T (y),

〈y − x, y∗ − x∗〉 ≥ 0,

and we say that T is maximal monotone if its graph, {(x, x∗) : x∗ ∈ T (x)}, is not
properly included in any other monotone graph. The subdifferential of a convex lsc
function on a Banach space is a typical example of a maximal monotone multifunction.
We reserve the notation J for the duality map

J (x) := 1

2
∂‖x‖2 = {x∗ ∈ X ∗ : ‖x‖2 = ‖x∗‖2 = 〈x, x∗〉},

and define the convex normal cone to C at x ∈ cl C by

NC(x) := ∂δC(x).

(In general it suffices only to consider closed sets.) All other notation is broadly
consistent with earlier usage in this book and in [95, 121, 369]. Some of the side-
results in this section are not used in the sequel and so we are somewhat sparing with
such details.

Our goal is to derive many key results about maximal monotone operators entirely
from the existence of subgradients and the sandwich theorem given in Chapter 4 and
below; as much as possible using only geometric-functional-analysis tools. We first
consider general Banach spaces and then in Section 9.2 look at cyclic operators; that
is subgradients. In Section 9.3 we provide a central result on maximality of the sum
in reflexive space. Section 9.4 looks at more applications of the technique introduced
in Section 9.3 (in both reflexive and nonreflexive settings) while limiting examples
are produced in Section 9.5. We add some very recent results in general Banach space
in Section 9.6 and discuss operators of type (NI) in Section 9.7. Our discussion does
not necessarily give the most efficient results but does provide significant intuition
along the way.

9.1.2 Maximality in general Banach space

For a monotone mapping T , we associate the Fitzpatrick function introduced in [215].
The Fitzpatrick function is

FT (x, x∗) := sup{〈x, y∗〉 + 〈x∗, y〉 − 〈y, y∗〉 : y∗ ∈ T (y)},

which is clearly lsc and convex as an affine supremum. Moreover,
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Proposition 9.1.1. [215, 121] For a maximal monotone operator T : X → X ∗
one has

FT (x, x∗) ≥ 〈x, x∗〉

with equality if and only if x∗ ∈ T (x). Indeed, the equality FT (x, x∗) = 〈x, x∗〉 for all
x∗ ∈ T (x), requires only monotonicity not maximality.

Note that in general FT is not useful for nonmaximal operators. As an extreme
example, on the real line if T (0) = 0 and T (x) is empty otherwise, then FT ≡ 0.
Note also that the construction in Proposition 9.1.1 extends to any paired vector
spaces.

The idea of associating a convex function with a monotone operator and exploit-
ing the relationship was largely neglected for many years after [79] and [215] until
exploited by Penot, Simons, Simons and Zalinescu ([394, 398, 399, 446]), Burachik
and Svaiter and others.

Convex analytic tools

The basic results that we use repeatedly follow:

Proposition 9.1.2. A proper lsc convex function on a Banach space is continuous
throughout the core of its domain.

Proof. In Euclidean spaces, this follows from Theorem 2.1.12 and Proposition 2.1.13.
The proof for general Banach spaces is given in Proposition 4.1.5.

Proposition 9.1.3. A proper lsc convex function on a Banach space has a nonempty
subgradient throughout the core of its domain.

Proof. The proof for Euclidean spaces is given in Theorem 2.1.19 and for general
Banach spaces in Theorem 4.1.10.

These two basic facts lead to:

Theorem 9.1.4 (Sandwich theorem). Suppose f and−g are lsc convex on a Banach
space X and that

f (x) ≥ g(x),

for all x in X . Assume that the following constraint qualification (CQ) holds:

0 ∈ core (dom( f )− dom(−g)) . (9.1.1)

Then there is an affine continuous function α such that

f (x) ≥ α(x) ≥ g(x),

for all x in X .
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Proof. The value function h(u) := inf x∈X f (x) − g(x − u) is convex and the (CQ)
implies it is continuous at 0. Hence there is some −� ∈ ∂h(0), and this provides the
linear part of the asserted affine separator. Indeed, we have

f (x)− g(u− x) ≥ h(u)− h(0) ≥ �(u),

as required. For further details in Euclidean spaces see Exercise 2.4.1 and the proof of
Theorem 2.3.4; a more general version in Banach spaces is given in Theorem 4.1.18.

We will also refer to constraint qualifications like (9.1.1) as transversality con-
ditions since they ensure that the sum/difference of two convex sets is large, and
so resemble such conditions in differential geometry. It is an easy matter to deduce
the complete Fenchel duality theorem (see Theorem 2.3.4 and Theorem 4.4.18) from
Theorem 9.1.4 and in particular that:

Corollary 9.1.5 (Subdifferential rule). Suppose that f and g are convex and that
(9.1.1) holds. Then ∂f + ∂g = ∂ (f + g).

Proof. See the proof of Theorem 4.1.19 for further details.

Proposition 9.1.6. [421] For a closed convex function f and fJ := f + 1
2‖ · ‖2 we

have
(

f + 1
2‖ · ‖2

)∗ = f ∗� 1
2‖ · ‖2∗ is everywhere continuous. Also

v∗ ∈ ∂f (v)+ J (v)⇔ f ∗J (v∗)+ fJ (v)− 〈v, v∗〉 ≤ 0.

Further and related information concerning infimal convolutions can be found in
Exercises 2.3.14 and 2.3.15 and Lemma 4.4.15.

Edgar Asplund wrote a still-very-informative 1969 survey of those parts of convex
analysis ‘that the author feels are important in the study of monotone mappings,’ [15,
p.1]. This includes averaging of norms, decomposition and differentiability results,
as well as the sort of basic results we have described above.

Representative convex functions

Recall that a representative function for a monotone operator T on X is any convex
function HT on X ×X ∗ such that HT (x, x∗) ≥ 〈x, x∗〉 for all x, x∗, while HT (x, x∗) =
〈x, x∗〉 when x∗ ∈ T (x). Unlike [135], we do not require HT to be closed. When T
is maximal, Proposition 9.1.1 shows FT is a representative function for T , as is the
convexification

PT (x, x∗) := inf

{ N∑
i=1

λi〈xi, x
∗
i 〉 :

∑
i

λi(xi, x
∗
i , 1) = (x, x∗, 1), x∗i ∈ T (xi), λi ≥ 0

}
,

which has the requisite properties for any monotone T , whether or not maximal:
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Proposition 9.1.7. For any monotone mapping T , PT is a representative convex
function for T .

Proof. Directly from the definition of monotonicity we have

PT (x, x∗) ≥ 〈x∗, y〉 + 〈y∗, x〉 − 〈y∗, y〉,

for y∗ ∈ T (y). Thus, for all points

PT (x, x∗)+ PT (y, y∗) ≥ 〈x∗, y〉 + 〈y∗, x〉.

Note that by definition PT (x, x∗) ≤ 〈x∗, x〉 for x∗ ∈ T (x). Hence, setting x = y
and x∗ = y∗ shows PT (x, x∗) = 〈x∗, x〉 for x∗ ∈ T (x) while PT (z, z∗) ≥ 〈z∗, z〉 for
(z∗, z) ∈ conv graph T and, also by definition, PT (z, z∗) = ∞ otherwise.

Direct calculation shows (PT )
∗ = FT for any monotone T [343]. This convexifi-

cation originates with Simons [391] and was refined by Penot [344, Proposition 5].

9.1.3 Monotone extension formulas

We illustrate the flexibility of P by using it to prove a central case of the Debrunner–
Flor theorem [174, 351] without using Brouwer’s theorem.

Theorem 9.1.8 ([351, 394]). (a) Suppose T is monotone on a Banach space X with
range contained in α BX ∗ , for some α > 0. Then for every x0 in X there is x∗0 ∈
convw∗R(T ) ⊂ α BX ∗ such that (x0, x∗0) is monotonically related to graph(T ).
(b) In consequence, T has a bounded monotone extension T̂ with dom(T̂ )=X and
R(T̂ ) ⊂ convw∗R(T ).
(c) In particular, a maximal monotone T with bounded range has dom(T )=X and
has range(T ) connected.

Proof. (a) It is enough, after translation, to show x0 = 0 ∈ dom(T ). Fix α > 0 with
R(T ) ⊂ C := convw∗ R(T ) ⊂ α BX ∗ .

Consider

fT (x) := inf
{PT (x, x∗) : x∗ ∈ C

}
.

Then fT is convex since PT is. Observe that PT (x, x∗) ≥ 〈x, x∗〉 and so fT (x) ≥
inf x∗∈C〈x, x∗〉 ≥ −α ‖x‖ for all x in X . As x 
→ inf x∗∈C〈x, x∗〉 is concave and
continuous the sandwich theorem (9.1.4) applies.

Thus, there exist w∗ in X ∗ and γ in R with

PT (x, x∗) ≥ fT (x) ≥ 〈x, w∗〉 + γ ≥ inf
x∗∈C

〈x, x∗〉 ≥ −α ‖x‖

for all x in X and x∗ in C ⊂ α BX ∗ . Setting x = 0 shows γ ≥ 0. Now, for any (y, y∗)
in the graph of T we have PT (y, y∗) = 〈y, y∗〉. Thus,

〈y − 0, y∗ − w∗〉 ≥ γ ≥ 0,
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which shows that (0, w∗) is monotonically related to the graph of T . Finally, 〈x, w∗〉+
γ ≥ inf x∗∈C〈x, x∗〉 ≥ −α ‖x‖ for all x ∈ X involves three sublinear functions, and
so implies that w∗ ∈ C ⊂ α BX ∗ .
(b) Consider the set E of all monotone extensions of T with range in C ⊂ α BX ∗ ,
ordered by inclusion. By Zorn’s lemma E admits a maximal member T̂ and by (a) T̂
has domain the whole space. Part (c) follows immediately, since T being maximal
and everywhere defined is a weak∗-cusco and so has a weak∗-connected range.

One may consult [217] and [394, Theorem 4.1] for other convex analytic proofs of
(c). Note also that the argument in (a) extends to an unbounded set C whenever

x0 ∈ core(dom fT + dom σC).

The full Debrunner–Flor result is stated next:

Theorem 9.1.9 (Debrunner–Flor extension theorem [174, 351]). Suppose T is a
monotone operator on Banach space X with range T ⊂ C with C weak∗-compact
and convex. Suppose also ϕ : C 
→ X is weak∗-to-norm continuous. Then there is
some c∗ ∈ C with 〈x − ϕ(c∗), x∗ − c∗〉 ≥ 0 for all x∗ ∈ T (x).

It seems worth observing that:

Proposition 9.1.10. The full Debrunner–Flor extension theorem is equivalent to
Brouwer’s theorem.

Proof. An accessible derivation of Debrunner–Flor from Brouwer’s theorem is given
in [351]. Conversely, let g be a continuous self-map of a norm-compact convex set
K ⊂ int BX in a Euclidean space X . We apply the Debrunner–Flor extension theorem
to the identity map I on BX and to ϕ : BX 
→ X given by ϕ(x) := g(PK x), where PK

is the metric projection mapping (any retraction would do). We obtain x∗0 ∈ BX and
also x0 := ϕ(x∗0) = g(PK x∗0) ∈ K with

〈x − x0, x − x∗0〉 ≥ 0

for all x ∈ BX . Since x0 ∈ int BX , for h ∈ X and small ε > 0 we have x0 + εh ∈ BX

and so 〈h, x0 − x∗0〉 ≥ 0 for all h ∈ X . Thus, x0 = x∗0 and so PK x∗0 = PK x0 = x0 =
g(PK x∗0), is a fixed point of the arbitrary self-map g.

Figure 9.1 illustrates the construction of Proposition 9.1.10.

9.1.4 Local boundedness results

We next turn to local boundedness results. Recall that an operator T is locally bounded
around a point x if T (Bε(x)) is bounded for some ε > 0.

Theorem 9.1.11 ([391, 421]). Let X be a Banach space and let S and T : X → 2X ∗

be monotone operators. Suppose that

0 ∈ core[conv dom(T )− conv dom(S)].
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Figure 9.1 The construction of Proposition 9.1.10.

Then there exist r, c > 0 such that, for any x ∈ dom(T ) ∩ dom(S), t∗ ∈ T (x) and
s∗ ∈ S(x),

max(‖t∗‖, ‖s∗‖) ≤ c (r + ‖x‖)(r + ‖t∗ + s∗‖).
Proof. Consider the convex lsc function

τT (x) := sup
z∗∈T (z)

〈x − z, z∗〉
1+ ‖z‖ .

This is a refinement of the function [79] originally used to prove local boundedness
of monotone operators [391, 421, 121]. We first show that conv dom(T ) ⊂ dom τT ,
and that 0 ∈ core

⋃∞
i=1[{x : τS(x) ≤ i, ‖x‖ ≤ i}− {x : τT (x) ≤ i, ‖x‖ ≤ i}]. We now

apply conventional Baire category techniques – with some care.

The next corollary recaptures Theorem 6.1.6.

Corollary 9.1.12 ([391, 121, 421]). Let X be any Banach space. Suppose T is
monotone and

x0 ∈ core conv dom(T ).

Then T is locally bounded around x0.

Proof. Let S = 0 in Theorem 9.1.11 or directly apply Proposition 9.1.2 to τT .

We can also improve Theorem 9.1.8.

Corollary 9.1.13. A monotone mapping T with bounded range admits an everywhere
defined maximal monotone extension with bounded weak∗-connected range contained
in convw∗R(T ).

Proof. Let T̂ denote the extension of Theorem 9.1.8 (b). Clearly it is everywhere
locally bounded. The desired maximal monotone extension T ∗(x) is the operator
whose graph is the norm-weak∗-closure of the graph of x 
→ conv T̂ (x), since this is
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both monotone and is a norm-weak∗ cusco. Explicitly, T ∗(x) := ∩ε>0conv∗T̂ (Bε(x)),
see [121].

Recall that a maximal monotone mapping is locally maximal monotone, type
(LMM) or type (FP), if (graph T−1)∩ (V × X ) is maximal monotone in V × X , for
every convex open set V in X ∗ with V ∩ range T �= ∅. Dually, a maximal monotone
mapping is maximal monotone locally (VFP), is defined by reversing the roles of X
and X ∗ with T instead of T−1. It is known that all maximal monotone operators on a
reflexive space are type (FP) and (VFP), see [217, 218, 351, 393] and Theorem 9.4.6,
as are all subgradients of closed convex functions, [391, 393] and Theorem 9.4.8. It
is shown in [217] that a maximal monotone operator T with range T = X ∗ (resp.
dom T = X ) is locally maximal monotone (resp. maximal monotone locally).

For a maximal monotone operator T we may usefully apply Corollary 9.1.13 to the
mapping Tn(x) := T (x)∩ n BX ∗ . Under many conditions the extension, T̂n is unique.
Indeed as proven by Fitzpatrick and Phelps:

Proposition 9.1.14. ([215, 217]) Suppose T is maximal monotone and suppose n is
large enough so that R(T ) ∩ n int BX ∗ �= ∅.
(a) There is a unique maximal monotone T̂n such that Tn(x) ⊂ T̂n(x) ⊂ nBX ∗
whenever the mapping Mn defined by

Mn(x) := {
x∗ ∈ nBX ∗ : 〈x∗ − z∗, x − z〉 ≥ 0 for all z∗ ∈ T (z) ∩ n int BX ∗

}
,

is monotone; in which case Mn = T̂n.
(b) Part (a) holds whenever T is type (FP) and the dual norm is strictly convex. Hence,
it applies for any maximal monotone operator on a reflexive space in a strictly convex
dual norm.

Proof. Since T̂n exists by Corollary 9.1.13 and since T̂n(x) ⊂ Mn(x), (a) follows. We
refer to [215, Theorem 2.2] for the fairly easy proof of (b).

It is reasonable to think of the sequence (T̂n)n∈N as a good nonreflexive generaliza-
tion of the resolvent-based Yosida approximate [351, 121] or of Hausdorff’s Lipschitz
regularization of a convex function, [215, 351, 121] – especially in the (FP) case where
one also showseasily that (i) T̂n(x) = T (x)∩n BX ∗ wheneverT (x)∩int n BX ∗ �= ∅, and
(ii) T̂n(x) \ T (x) ⊂ n SX ∗ , [217]. Thus, for local properties, such as differentiability,
one may often replace T by some T̂n if it simplifies other matters.

9.1.5 Convexity of the domain

We start with

Corollary 9.1.15 ([363, 368, 391]). Let X be any Banach space. Suppose that T is
maximal monotone with core conv dom(T ) nonempty. Then

core conv dom(T ) = int conv dom(T ) ⊂ dom(T ). (9.1.2)

In consequence both the norm closure and interior of dom(T ) are convex.
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Proof. We first establish the inclusion in (9.1.2). Fix x+ε BX ⊂ int conv dom(T ) and,
appealing to Corollary 9.1.12, select M := M (x, ε) > 0 so that T (x+ε BX ) ⊂ M BX ∗ .

For N > M define nested sets

TN (x) := {x∗ : 〈x − y, x∗ − y∗〉 ≥ 0, for all y∗ ∈ T (y) ∩ N BX ∗},

and note these images are weak∗-closed. By Theorem 9.1.8 (b), the sets are nonempty,
and by the next Lemma 9.1.16 bounded, hence weak∗-compact. Observe that by
maximality of T , T (x) = ⋂

N TN (x) �= ∅, as a nested intersection, and x is in
dom(T ) as asserted.

Then int conv dom(T ) = int dom(T ) and so the final conclusion follows.

Lemma 9.1.16. For x ∈ int conv dom(T ) and N sufficiently large, TN (x) is bounded.

Proof. A Baire category argument [351], shows for N large and u ∈ 1/N BX one has
x + u ∈ cl conv DN where

DN := {z : z ∈ dom(T ) ∩ N BX , T (z) ∩ N BX ∗ �= ∅} .

Now for each x∗ ∈ TN (x), since x + u lies in the closed convex hull of DN , we have

〈u, x∗〉 ≤ sup{〈z − x, z∗〉 : z∗ ∈ T (z) ∩ NBX ∗ , z ∈ N BX } ≤ 2N 2

and so ‖x∗‖ ≤ 2N 3.

Another nice application is:

Corollary 9.1.17 ([421]). Let X be any Banach space and let S, T : X → 2X ∗ be
maximal monotone operators. Suppose that

0 ∈ core[conv dom(T )− conv dom(S)].

For any x ∈ dom(T ) ∩ dom(S), T (x)+ S(x) is a weak∗-closed subset of X ∗.

Proof. By the Krein–Šmulian theorem (Exercise 4.4.26), it suffices to use Theorem
9.1.11 to prove every bounded weak∗-convergent net in T (x)+ S(x) has its limits in
T (x)+ S(x).

Thus, we preserve some structure – even if we have not shown that T + S must
actually be maximal, see [391, 421].

Finally, a recent result by Simons [395] shows that:

Theorem 9.1.18 ([395]). If S is maximal monotone and int dom(S) is nonempty then

int dom(S) = int {x : (x, x∗) ∈ dom FS}.

This then very neatly recovers the convexity of int D(S). It would be interesting to
determine how much one can similarly deduce about cl dom(S) – via regularization
or enlargement – when int dom(S) is empty.
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For example, suppose S is domain regularizable meaning that for ε > 0, there is a
maximal Sε with H (D(S), D(Sε)) ≤ ε and core D(Sε) �= ∅. Then dom(S) is convex.
In reflexive space we can use

Sε :=
(
S−1 + N−1

εBX

)−1
,

which is maximal by Theorem 9.3.6. [Here H denotes Hausdorff distance, as intro-
duced in Chapter six, and we assume 0 ∈ S(0).] See also Theorems 9.4.7 and 9.3.9.
When S = ∂f for a closed convex f this applies in general Banach space. Indeed
Sε = ∂fε where fε(x) := inf ‖y−x‖≤ε f (y).

Of course in a reflexive space, by considering T−1 we have established similar
results for the range of a monotone operator. Later in this chapter we shall see how
the range can misbehave in more general Banach spaces.

We will revisit such domain convexity results in the final two sections.

Exercises and further results

As with subgradients, much more can be said about maximal monotone operators
in finite dimensions – often relative interior can replace interior in hypotheses.) The
next two exercises provide monotone extensions of finite-dimensional results we
have already met. The first is a result originally due to Mignot which generalizes
Alexandrov’s theorem (2.6.4).

Motivated by the second-order analysis of convex functions, it makes sense to say
a monotone operator T on a Euclidean space E is differentiable at x ∈ dom T if T (x)
is singleton (this can be weakened but one will conclude T (x) is singleton) and there
is a matrix A = ∇T (x) such that

T (x′) ⊂ T (x)+ ∇T (x)(x′ − x)+ o(‖x′ − x‖)BE .

9.1.1 (Differentiability of finite-dimensional monotone operators [378]).�� Let T be
maximal monotone on a Euclidean space.

1. Show that T is differentiable at x ∈ dom T if and only if the nonexpansive resolvent
R(y) := (I + T )−1 (y) is differentiable at y = x + T (x); and T is necessarily
continuous at x.

2. Deduce Mignot’s theorem that a maximal monotone operator is almost everywhere
differentiable in the interior of its domain [378, §6.5].

Hint. Examine the proof of Alexandrov’s theorem (2.6.4).

Remark 4.6.17 shows the impossibility of such a result holding generally in infinite
dimensions. The next result also from [378, §6.5] employs Exercise 9.1.1 to recon-
struct a maximal monotone operator as we did a subgradient in Theorem 4.3.13. Let
us denote D1(T ) := {x : T is differentiable at x}.
9.1.2 (Reconstructing finite-dimensional maximal monotone operators [378]).�� Let
T be a maximal monotone operator on a Euclidean space with int dom T �= ∅. Then
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for any dense set S ⊂ D1(T ) for each x ∈ dom T one has

T (x) = conv
{

lim
n→∞T (xn) : xn ∈ S, xn → x

}
+ Ndom T (x).

Hint. The reconstruction inside the interior is quite straightforward as T is a minimal
cusco. The boundary behavior is more subtle.

9.1.3 (Single-valuedness and maximal monotonicity [96]). Consider a maximal
monotone multifunction T on a Euclidean space and an open subset U of its domain,
and define the minimum norm function g : U → R by

g(x) := inf {‖y‖ : y ∈ T (x)}.

(a) Prove g is lsc. An application of the Baire category theorem now shows that any
such function is generically continuous.

(b) For any point x in U at which g is continuous, prove T (x) is a singleton.

Hint. Prove ‖ ·‖ is constant on T (x) by first assuming y, z ∈ T (x) and ‖y‖ > ‖z‖,
and then using the condition

〈w − y, x + ty − x〉 ≥ 0 for all small t > 0 and w ∈ T (x + ty)

to derive a contradiction.

(c) Conclude that any maximal monotone multifunction is generically single-valued
on the interior of its domain.

(d) Deduce that any convex function is generically Gâteaux differentiable on the
interior of its domain.

(e) (Kenderov theorem [350]) Show that this argument holds true on a Banach space
with an equivalent norm whose dual is strictly convex – and so on any WCG
space. Note this generalizes Exercise 4.6.6.

9.2 Cyclic and acyclic monotone operators

For completeness we offer a simple variational proof of the next theorem – already
established from Fenchel duality in Section 6.1. Earlier proofs are well described in
[351, 391].

Theorem 9.2.1 (Maximality of subgradients). Every closed convex function has a
(locally) maximal monotone subgradient.3

Proof. Without loss of generality we may suppose

〈0− x∗, 0− x〉 ≥ 0 for all x∗ ∈ ∂f (x)

3 This fails in all separable incomplete normed spaces (as discussed in Chapter 8) and in some Fréchet
spaces
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but 0 �∈ ∂f (0); so f (x) − f (0) < 0 for some x. By Zagrodny’s approximate mean
value theorem (see Theorem 4.3.8), we find xn → c ∈ (0, x], x∗n ∈ ∂f (xn) with

lim inf
n

〈x∗n , c − xn〉 ≥ 0, lim inf
n

〈x∗n , x〉 ≥ f (0)− f (x) > 0.

Now c = θ x for some θ > 0. Hence,

lim sup
n

〈x∗n , xn〉 < 0,

a contradiction.

9.2.1 Monotonicity of the Fréchet subdifferential

Various forms of monotonicity characterize convexity or quasiconvexity of the under-
lying function. We illustrate this for ∂F f . Recall, a multifunction F : X → X ∗ is
quasimonotone if

x∗ ∈ F(x), y∗ ∈ F(y) and 〈x∗, y − x〉 > 0 ⇒ 〈y∗, y − x〉 ≥ 0.

as is the case for any monotone multifunction.

Theorem 9.2.2. Let f : X → (−∞,+∞] be a lsc function on a Fréchet smooth
Banach space X . Then f is quasiconvex if and only if ∂F f is quasimonotone.

Proof. Suppose f is not quasiconvex and so there exist x, y, z ∈ X such that z ∈ [x, y]
and f (z) > max{ f (x), f (y)}. Apply Theorem 4.3.8 with a := x, b := z, to obtain
sequences (xi) and x∗i ∈ ∂F f (xi) such that xi → x̄ ∈ [x, z), lim inf i→∞〈x∗i , x̄−xi〉 ≥ 0
and lim inf i→∞〈x∗i , z − x〉 > 0. As y − x̄ = ‖y − x̄‖/‖z − x‖ (z − x) we have

lim inf
i→∞ 〈x∗i , y − xi〉 > 0. (9.2.1)

Fix λ ∈ (0, 1) with z = x̄+λ(y− x̄) and set zi := xi+λ(y− xi). Then zi → z. Since
f is lsc, (9.2.1) assures an integer i such that f (zi) > f (y) and

〈x∗i , y − xi〉 > 0. (9.2.2)

Applying Theorem 4.3.8 again with a := y and b := zi, yields sequences (yj) and (y∗j )
satisfying y∗j ∈ ∂F f (yj) such that yj → ȳ ∈ [y, zi), while lim inf j→∞〈y∗j , ȳ− yj〉 ≥ 0
and lim inf j→∞〈y∗j , zi − y〉 > 0. Noting that zi − y and xi − ȳ point in the same
direction, we obtain

lim inf
j→∞ 〈y∗j , xi − yj〉 > 0. (9.2.3)

Since ȳ ∈ [xi, y), inequality (9.2.2) yields

lim inf
j→∞ 〈x∗i , yj − xi〉 = 〈x∗i , ȳ − xi〉 > 0. (9.2.4)
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Inequalities (9.2.3) and (9.2.4) imply, for j large, that 〈y∗j , xi − yj〉 > 0 and 〈x∗i , yj −
xi〉 > 0. So ∂F f is not quasimonotone, a contradiction.

The converse is easier and is left as Exercise 9.2.1.

In Exercise 9.2.3 we apply this result to deduce easily that monotonicity of ∂F f
characterizes convexity of f .

9.2.2 N-monotone operators

For N = 2, 3, . . ., a multifunction T is N-monotone if

N∑
k=1

〈x∗k , xk − xk−1〉 ≥ 0

whenever x∗k ∈ T (xk) and x0 = xN . We say T is cyclically monotone when T is
N -monotone for all N ∈ N, as hold for all convex subgradients. Then monotonicity
and 2-monotonicity coincide, while it is a classical result of Rockafellar [369, 351]
that in a Banach space every maximal cyclically monotone operator is the subgradient
of a proper closed convex function (and conversely). We recast this result to make
the parallel with the Debrunner–Flor theorem (9.1.8) explicit.

Theorem 9.2.3 (Rockafellar [351, 369]). Suppose C is cyclically monotone on a
Banach space X . Then C has a maximal cyclically monotone extension C, which is
of the form C = ∂fC for some proper closed convex function fC. Moreover, R(C) ⊂
convw∗R(C).

Proof. We fix x0 ∈ dom C, x∗0 ∈ C(x0) and define

fC(x) := sup

{
〈x∗n , x − xn〉 +

n−1∑
k=1

〈x∗k−1, xk − xk−1〉 : x∗k ∈ C(xk), n ∈ N

}
,

where the sup is over all such chains. The proof in [349] shows that C ⊂ C := ∂fC .
The range assertion follows because fC is the supremum of affine functions whose

linear parts all lie in range C. This is most easily seen by writing fC = g∗C with
gC(x∗) := inf {∑i tiαi :

∑
i tix∗i = x∗,

∑
i ti = 1, ti > 0} for appropriate αi. More

explicit proofs are sketched in Exercise 9.2.7.

The exact relationship between F∂f and ∂f is quite complicated. One does
always have

〈x, x∗〉 ≤ F∂f (x, x∗) ≤ f (x)+ f ∗(x) ≤ F∗∂f (x, x∗) ≤ 〈x, x∗〉 + δ∂f (x, x∗),

as shown in [38, Proposition 2.1] and discussed in further detail in Section 9.2.6.
Likewise, when L is linear and maximal (with dense range) then

FL(x, x∗) = 〈x, x∗〉 − inf
z∈X
〈z, Lz − x∗〉.
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Question 9.2.4. From various perspectives it is interesting to answer the following
two questions, [70].

(a) When is a maximal monotone operator T the sum of a subgradient ∂f and a skew
linear operator S? This is closely related to the behavior of the function

FLT (x) :=
∫ 1

0
sup

x∗(t)∈T (tx)
〈x, x∗(t)〉 dt,

defined assuming 0 ∈ core dom T .4 In this case, FLT = FL∂f = f , and we call
T (fully) decomposable.

(b) How does one appropriately generalize the decomposition of a linear monotone
operator L into a symmetric (cyclic) and a skew (acyclic) part? Viz

L = 1

2
(L+ L∗|X )+ 1

2
(L− L∗|X ).

Answers to these questions may well allow progress with open questions about the
behavior of maximal monotone operators outside reflexive space – since any ‘bad’
properties are anticipated to originate with the skew or acyclic part.

To be precise we say a linear operator L from X to X ∗ is symmetric if L∗|X = L
or equivalently if 〈Lx, y〉 = 〈Lx, y〉 for all x, y ∈ X , and skew if L∗|X = −L or
equivalently if 〈Lx, y〉 = −〈L, y〉 for all x, y ∈ X . Thus, in the Euclidean or Hilbert
setting we recover the familiar definitions.

9.2.3 Cyclic-acyclic decompositions of monotone operators

We next describe Asplund’s approach in [16, 15] to Question 9.2.4(b). We begin
by observing that every 3-monotone operator such that 0 ∈ T (0) has the local
property that

〈x, x∗〉 + 〈y, y∗〉 ≥ 〈x, y∗〉 (9.2.5)

whenever x∗ ∈ T (x) and y∗ ∈ T (y). We will call a monotone operator satisfying
(9.2.5), 3−-monotone, and write T ≥N S when T = S+R with R being N -monotone.
Likewise we write T ≥ω0 S when R is cyclically monotone.

Proposition 9.2.5. Let N be one of 3−, 3, 4, . . ., or ω0. Consider an increasing
(infinite) net of monotone operators on a Banach space X , satisfying

0 ≤N Tα ≤N Tβ ≤2 T ,

whenever α < β ∈ A.

4 The use of FLT originates in discussions had with Fitzpatrick shortly before his death.
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Suppose that 0 ∈ Tα(0), 0 ∈ T (0) and that 0 ∈ core dom T . Then

(a) There is a N-monotone operator TA with Tα ≤N TA ≤2 T , for all α ∈ A.
(b) If R(T ) ⊂ MBX ∗ for some M > 0 then one may suppose R(TA) ⊂ MBX ∗ .

Proof. (a) We first give details of the single-valued case. As 0 ≤2 Tα ≤2 Tβ ≤2 T ,
while T (0) = 0 = Tα(0), we have

0 ≤ 〈x, Tα(x)〉 ≤ 〈x, Tβ(x)〉 ≤ 〈x, T (x)〉,

for all x in dom T . This shows that 〈x, Tα(x)〉 converges as α goes to∞.
Fix ε > 0 and M > 0 with T (ε BX ) ⊂ M BX ∗ . We write Tβα = Tβ−Tα for β > α,

so that 〈Tβαx, x〉 → 0 for x ∈ dom T as α,β go to∞.
We appeal to (9.2.5) to obtain

〈x, Tβα(x)〉 + 〈y, Tβα(y)〉 ≥ 〈Tβα(x), y〉, (9.2.6)

for x, y ∈ dom T . Also, 0 ≤ 〈x, Tβα(x)〉 ≤ ε for β > α > γ (x) for all x ∈ dom T .
Now, 0 ≤ 〈y, Tβα(y)〉 ≤ 〈y, T (y)〉 ≤ εM for ‖y‖ ≤ ε. Thus, for ‖y‖ ≤ ε2 and

β > α > γ (x) we have

ε(M + ε) ≥ 〈x, Tβα(x)〉 + 〈y, T (y)〉 (9.2.7)

≥ 〈x, Tβα(x)〉 + 〈y, Tβα(y)〉
≥ 〈y, Tβα(x)〉,

from which we obtain ‖Tβα(x)‖ ≤ M + ε for all x ∈ dom T , while 〈y, Tβα(x)〉 → 0
for all y ∈ X . We conclude that (Tα(x))α∈A is a norm-bounded weak∗-Cauchy net
and so weak∗-convergent to the desired N -monotone limit TA(x).

In the general case we may still use (9.2.5) to deduce that Tβ = Tα+Tβα where (i)
Tβα ⊂ (M + ε)BX ∗ and (ii) for each t∗βα ∈ Tβα one has t∗βα →w∗0 as α and β →∞.
The conclusion follows as before, but is somewhat more technical.

(b) Fix x ∈ X . We again apply (9.2.5), this time to Tα to write

〈Tx, x〉 + 〈Ty, y〉 ≥ 〈Tαx, x〉 + 〈Tαy, y〉 ≥ 〈Tαx, y〉

for all y ∈ D(T ) = X , by Theorem 9.1.8 (c). Hence

〈Tx, x〉 +M‖y‖ ≥ ‖Tαx‖ ‖y‖,

for all y ∈ Y . This shows that Tα(x) lies in the M -ball, and since the ball is weak∗
closed, so does TA(x).

The set-valued case is entirely analogous but more technical (see Exercise 9.2.5).

We comment that 0 ≤2 (−ny, nx) ≤2 (−y, x) for n ∈ N, shows the need
for (9.2.5) in the deduction that Tβα(x) are equi-norm bounded. Moreover, if X
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is an Asplund space (with a technology that did not exist when Asplund stud-
ied this subject), the proof of Proposition 9.2.5 can be adjusted to show that
TA(x) = norm− limα→∞ Tα(x), [70] (the Daniel property). The single-valued case
effectively comprises [15, Theorem 6.1].

We shall say that a maximal monotone operator A is acyclic or in Asplund’s term
irreducible if whenever A = ∂g + S with S maximal monotone and g closed and
convex then g is necessarily a linear function. We can now provide a broad extension
of Asplund’s original idea [16, 15]:

Theorem 9.2.6 (Asplund decomposition). Suppose that T is a maximal monotone
operator on a Banach space with dom T having nonempty interior.

(a) Then T may be decomposed as T = ∂f + A, where f is closed and convex while
A is acyclic.

(b) If the range of T lies in M BX ∗ then f may be assumed M-Lipschitz.

Proof. (a) We normalize so 0 ∈ T (0) and apply Zorn’s lemma to the set of cyclically
monotone operators C := {C : 0 ≤ω0 C ≤2 T , 0 ∈ C(0)} in the cyclic order. By
Proposition 9.2.5 every chain in C has a cyclically monotone upper-bound. Consider
such a maximal C with 0 ≤ω0 C ≤2 T . Hence T = C + A where by construction
A is acyclic. Now, T = C + A ⊂ ∂f + A, by Rockafellar’s result of Theorem 9.2.3.
Since T is maximal the decomposition is as asserted.

(b) In this case we require all members of C to have their range in the M -ball and
apply part (b) of Proposition 9.2.5. It remains to observe that every M -bounded cycli-
cally monotone operator extends to an M -Lipschitz subgradient – as an inspection of
the proof of Rockafellar’s result of Theorem 9.2.3 confirms.

By way of application we offer the following corollary where we denote the
mapping x 
→ T (x) ∩ µBX ∗ by T ∩ µBX ∗ .

Corollary 9.2.7. Let T be an arbitrary maximal monotone operator T on a Banach
space. For µ > 0 one may decompose

T ∩ µBX ∗ ⊂ T̂µ = ∂fµ + Aµ,

where fµ is µ-Lipschitz and Aµ is acyclic (with bounded range).

Proof. Combining Theorem 9.2.6 with Proposition 9.1.14 we deduce that the
composition is as claimed.

Note that since the acyclic part Aµ is bounded in Corollary 9.2.7, it is only skew
and linear when T is itself cyclic. Hence, such a range bounded monotone operator
is never fully decomposable in the sense of Question 9.2.4(a).

Theorem 9.2.6 and related results in [16, 70] are entirely existential: how can one
prove Corollary 9.2.6 constructively in finite dimensions? How in general does one
effectively diagnose acyclicity? What is the decomposition for such simple monotone
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maps such as

(x, y) 
→ (sinh(x)− α y2/2, sinh(x)− α x2/2)

which is monotone exactly for α ≥ −2/
√

x2
0 − 1 ∼ 0.7544 . . . with x0 the

smallest fixed point of coth? We refer to [118] for a more detailed discussion of
Question 9.2.4(a).

Example 9.2.8. Consider the maximal monotone linear mapping

Tθ : (x, y) 
→ (cos(θ)x − sin(θ)y, cos(θ)y + (sin(θ)x))

for 0 ≤ θ ≤ π/2. The methods in [16] show that for n = 1, 2, . . . the rotation
mapping Tπ/n is n-monotone but is not (n + 1)-monotone, a more explicit proof is
given in 9.2.6. These matters are taken much further in Section 9.2.6 which describes
work from [31] where appropriate Fitzpatrick functions are associated to n-monotone
operators.

9.2.4 Explicit acyclic examples

As noted, skew linear mappings are canonical examples of monotone mappings that
are not subdifferential mappings. It is therefore reassuring to prove that they are
acyclic:

Proposition 9.2.9. Suppose that S : Rn → Rn is a continuous linear operator
satisfying 〈S(x), x〉 = 0 for all x ∈ Rn. Then S is acyclic.

Proof. Let S = F + R where F is a subdifferential mapping and R is maximal
monotone. Since S is single-valued, F and R are single-valued. In particular. F = ∇f
for some convex differentiable f . Since R is monotone, we have

0 ≤ 〈R(x)− R(y), x − y〉 = 〈S(x)− S(y), x − y〉 − 〈F(x)− F(y), x − y〉
= −〈F(x)− F(y), x − y〉 = 〈∇(−f )(x)− ∇(−f )(y), x − y〉.

This shows that−f is convex, so f is convex and concave, hence linear on its domain.
But dom f ⊃ dom S = Rn, so f ∈ Rn . So F = ∇f is constant. In fact, by subtracting
from F and adding to R, we may assume that F = 0.

We leave it to the reader to check that the sum of an acyclic operator and a skew
linear operator is still acyclic. It is not clear that the sum of two acyclic operators
must be acyclic. For continuous linear monotone operators, then, the usual decompo-
sition into symmetric and skew parts is the same as the Asplund decomposition into
subdifferential and acyclic parts.

We recall that Asplund was unable to find explicit examples of nonlinear acyclic
mappings [16], and this remains quite challenging, see Exercise 9.2.4. In particular, it
would be helpful to determine a useful characterization of acyclicity. We make some
progress in this direction by providing an explicit and to our mind surprisingly simple
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example: we present a nonlinear acyclic monotone mapping Ŝ : R2 → R2, originally
given in [118].

Precisely, Ŝ is constructed by restricting the range of the skew mapping S(x, y) =
(−y, x) to the unit ball, and taking a range-preserving maximal monotone extension
of the restriction. This extension is unique, as we see from the following corollary of
Proposition 9.1.14.

Corollary 9.2.10 (Unique extension). Suppose T : Rn → Rn is maximal monotone
and suppose that range T ∩ int B �= ∅. Then there is a unique maximal monotone
mapping T̂ such that T (x) ∩ B ⊂ T̂ (x) ⊂ B. Furthermore,

T̂ (x) = {x∗ ∈ B : 〈x∗ − y∗, x − y〉 ≥ 0 for all y∗ ∈ T (y) ∩ int B}. (9.2.8)

Note that T̂ is either a Lipschitz subgradient or it has a nonlinear acyclic part: the
acyclic part is bounded so it cannot be nontrivially linear. Hence in the construction
of Proposition 9.2.11 we know that Ŝ has nonlinear acyclic part, which we shall
eventually show in Proposition 9.2.15 to be Ŝ itself.

Proposition 9.2.11. Define S : R2 → R2 by S(x, y) = (−y, x) for x2 + y2 ≤ 1.
Then the unique maximal monotone extension Ŝ of S with range restricted to the unit
disk is:

Ŝ(x) =
S(x) if ‖x‖ ≤ 1;√

1− 1
‖x‖2

x
‖x‖ + 1

‖x‖S
(

x
‖x‖
)

if ‖x‖ > 1.

Proof. From Corollary 9.2.10, we know that Ŝ exists and is uniquely defined. In the
interior of the unit ball, equation (9.2.8) shows that Ŝ(x) = S(x). Indeed, let t > 0 be
so small that z = x + ty ∈ B for all unit length y. Then

〈S(x + ty)− Ŝ(x), y〉 ≥ 0

for all unit y. Letting t → 0 shows that Ŝ(x) = S(x). To determine (u, v) = Ŝ(x) for
‖x‖ ≥ 1, it suffices by rotational symmetry to consider points x = (a, 0) with a ≥ 1.
Then monotonicity requires that

〈̂S(x)− S(z), x − z〉 ≥ 0

for all ‖z‖ ≤ 1. Let z =
(

1
a ,−

√
a2−1
a

)
so that Ŝ(z) = S(z) =

(√
a2−1
a , 1

a

)
. Then

〈
(u, v)−

(√
a2 − 1

a
,
1

a

)
, (a, 0)−

(
1

a
,−
√

a2 − 1

a

)〉
≥ 0.

Expanding this gives

u

(
a− 1

a

)
+
√

1− 1

a2
(v − a) ≥ 0,
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Figure 9.2 A field plot of Ŝ.

and noting that u ≤ √1− v2 gives√
1− v2(a2 − 1)+

√
a2 − 1(v − a) ≥ 0

which reduces to (av−1)2 ≤ 0, that is, v = 1/a. Similarly, setting z =
(

1
a ,−

√
a2−1
a

)
also shows that u =

√
1− 1

a2 .

So Ŝ(x) = Ŝ(a, 0) =
(√

1− 1
a2 , 1

a

)
=
√

1− 1
‖x‖2

x
‖x‖ + 1

‖x‖S
(

x
‖x‖
)
. The same

result holds for general ‖x‖ ≥ 1 by considering the coordinate system given by the
orthogonal basis {x, S(x)}.

Figure 9.2 shows the graph of the vector field Ŝ. Having computed Ŝ, we commence
to show that it is acyclic, with the aid of two technical lemmas:

Lemma 9.2.12. Ŝ(x + tS(x)) = S(x) for all t ≥ 0, and all ‖x‖ = 1.

Proof.

Ŝ(x + tS(x)) =
√

1− 1

1+ t2
x + tS(x)√

1+ t2
+ 1

1+ t2
S(x + tS(x))

= t

1+ t2
(x + tS(x))+ 1

1+ t2
(S(x)− tx) = S(x),

since S2 = −I .

This construction does not extend immediately to all skew mappings, since it
assumes that S2 = −I , which can only occur in even dimensions:
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Fact 9.2.13. Skew orthogonal matrices exist only in even dimensions.

Proof. Det S = Det(S2) = Det(−S) = (−1)n Det S.

However, such mappings do exist for each even-dimensional R2n, and these can be
embedded in R2n+1 in the obvious way. Thus, our construction provides an acyclic
nonlinear mapping for each Rn, n > 1.

To show that Ŝ is acyclic, we suppose that Ŝ = F + R, where F = ∂f for some
convex proper lsc function f and R is maximal monotone, and show that F is constant.

Lemma 9.2.14. Let ‖x‖ = 1, t ≥ 0 and y(t) = x + tS(x). Then 〈F(y(t)), S(x)〉
= c(x) for some constant c(x).

Proof. Suppose t1 �= t2. Then Ŝ(y(t1)) = Ŝ(y(t2), by Lemma 9.2.12, so

0 ≤ 〈R(y(t1))− R(y(t2)), y(t1)− y(t2)〉
= 〈̂S(y(t1))− Ŝ(y(t2)), y(t1)− y(t2)〉 − 〈F(y(t1))− F(y(t2)), y(t1)− y(t2)〉
= −〈F(y(t1))− F(y(t2)), y(t1)− y(t2)〉 ≤ 0,

so

〈F(y(t1))− F(y(t2)), x + t1S(x)− (x + t2S(x))〉 = 0,

that is

〈F(y(t1)), S(x)〉 = 〈F(y(t2)), S(x)〉

for any t1, t2.

Proposition 9.2.15. The extension mapping Ŝ given explicitly in Proposition 9.2.11
is nonlinear and acyclic with bounded range and full domain.

Proof. First note that if Ŝ = F + R with R monotone and F = ∂f , then both are
single-valued, so F = ∇f . As in Proposition 9.2.9, we can assume that f (x) = 0
when ‖x‖ ≤ 1.

Let ‖y‖ > 1. Then there is a unit vector x and a t such that y = x + tS(x):

x = x̂(y) := y

‖y‖2
−
√

1

‖y‖2
− 1

‖y‖4
S(y),

t = t(y) =
√
‖y‖2 − 1,
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and we note that y → x̂(y) is continuous. We will determine f (y) by integrating F
along the ray s → x + sS(x). Using Lemma 9.2.14, we have:

f (y)− f (x) =
∫ t

0
〈∇f (x + sS(x)), S(x)〉 ds

=
∫ t

0
c(x) ds = c(x)t.

Since f is continuous and convex, c is continuous and positive, so y → c(̂x(y)) is
continuous and positive.

Plugging in t(y) gives f (y) = c(̂x(y))
√‖y‖2 − 1 when ‖y‖ > 1 and f = 0 for

‖y‖ ≤ 1. Suppose c(y) > 0 for some ‖y‖ = 1. Then for f to be convex on the
segment [y, 2y] we require that:

(1− λ)f (y)+ λf (2y) ≥ f
(
(1+ λ)y

)
for all λ ∈ (0, 1).

This means

0+ λc
(̂
x(2y)

)√
3 ≥ c(̂x

(
(1+ λ)y

))√
λ2 + 2λ,

or

c
(̂
x(2y)

)√
3 ≥ c

(̂
x
(
(1+ λ)y

))√
1+ 2

λ
,

for all λ ∈ (0, 1). Letting λ → 0, we get x̂
(
(1 + 2λ)y

) → y, so c
(̂
x
(
(1 + λ)y

)) →
c(y) > 0. Since

√
1+ 2

λ
→ ∞, the inequality does not hold for small λ unless

c(y) = 0.
For f to be convex and everywhere defined, then, we require c(y) = 0 for all

‖y‖ = 1. That is, f is identically zero.

It seems probable that the construction above applied to any nontrivial skew linear
mapping always leads to an acyclic mapping – and that more ingenuity will allow
some reader to prove this. We dedicate the next subsection to exploring Fitzpatrick’s
last function for Ŝ as constructed above.

9.2.5 Computing FLŜ

We can also explicitly compute Fitzpatrick’s last function FLŜ as described in the
previous section. We have:

Proposition 9.2.16. With Ŝ as before, we have:

FLŜ(x) =
0 if ‖x‖ ≤ 1;√‖x‖2 − 1+ arctan

(
1√

‖x‖2−1

)
− π

2 if ‖x‖ > 1.
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Proof. It is immediate from the definition that FLŜ(x) = 0 when ‖x‖ ≤ 1. For
‖x‖ > 1, we get:

FLS̄(x) =
∫ 1

0
〈x, Ŝ(tx)〉 dt

=
∫ 1

‖x‖

0
t〈x, S(x)〉 dt +

∫ 1

1
‖x‖

√
1− 1

t2‖x‖2

1

‖x‖〈x, x〉 dt

+
∫ 1

1
‖x‖

1

t‖x‖2
〈S(x), x〉 dt

=
∫ 1

1
‖x‖

√
1− 1

t2‖x‖2
‖x‖ dt

=
∫ ‖x‖

1

√
1− 1

s2
ds

=
√
‖x‖2 − 1+ arctan

(
1√‖x‖2 − 1

)
− π

2
.

Note that FLŜ is convex, since it is a composition of the norm x → ‖x‖ with the

increasing convex function t → ∫ t
1

√
1− 1

s2 ds. So Ŝ is weakly decomposable in the

sense that Ŝ = ∇FLŜ + SL where SL is skew-like: 〈SLx, x〉 = 0. To determine SL,
we compute:

∇FLŜ(x) =
0 if ‖x‖ < 1;√

1− 1
‖x‖2

x
‖x‖ if ‖x‖ ≥ 1.

So S̄(x) = ∇FLŜ(x)+ h(‖x‖)S(x), where

h(t) =
{

1 if t ≤ 1;
1
t2

if t ≥ 1.

So Ŝ is not decomposable since SL = x → h(‖x‖)S(x) is not skew. Note finally that
SL is not monotone.

9.2.6 Fitzpatrick functions of finite and infinite order

The following functions studied in [31] may be interpreted as common ancestors of
the Fitzpatrick function and Rockafellar’s antiderivative of Theorem 9.2.3.

Definition 9.2.17. Let A : X → 2X ∗ , let (a1, a∗1) ∈ graph A, and let n ∈ {2, 3, . . .}.
If n = 2, we set CA,2,(a1,a∗1) : X × X ∗ → (−∞,+∞] : (x, x∗) 
→ 〈x, a∗1〉 +
〈a1, x∗〉 − 〈a1, a∗1〉. Now suppose that n ∈ {3, 4, . . .}. Then the value of the function
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CA,n,(a1,a∗1) : X × X ∗ → (−∞,+∞] at (x, x∗) ∈ X × X ∗ is defined by

sup
(a2,a∗2)∈graph A,

...
(an−1,a∗n−1)∈graph A

( n−2∑
i=1

〈ai+1 − ai, a
∗
i 〉
)
+ 〈x − an−1, a∗n−1〉 + 〈a1, x∗〉; (9.2.9)

equivalently, by

sup
(a2,a∗2)∈graph A,

...
(an−1,a∗n−1)∈graph A

〈x, x∗〉 +
( n−2∑

i=1

〈ai+1 − ai, a
∗
i 〉
)
+ 〈x − an−1, a∗n−1〉 + 〈a1 − x, x∗〉.

(9.2.10)

Definition 9.2.18 (Fitzpatrick functions of finite order). Let A : X → 2X ∗ . For every
n ∈ {2, 3, . . .}, the Fitzpatrick function of A of order n is

FA,n = sup
(a,a∗)∈graph A

CA,n,(a,a∗). (9.2.11)

The Fitzpatrick function of A of infinite order is FA,∞ = supn∈{2,3,...} FA,n.

Our first result is immediate from the definition.

Proposition 9.2.19. Let A : X → 2X ∗ and let n ∈ {2, 3, . . .}. Then FA,n : X × X ∗ →
[−∞,+∞] is convex and lsc. At (x, x∗) ∈ X × X ∗, the value of FA,n is given by

sup
(a1,a∗1)∈graph A,

...
(an−1,a∗n−1)∈graph A

〈x, x∗〉 +
( n−2∑

i=1

〈ai+1 − ai, a
∗
i 〉
)
+ 〈x − an−1, a∗n−1〉 + 〈a1 − x, x∗〉.

(9.2.12)

Moreover,

FA,n ≥ 〈·, ·〉 on graph A. (9.2.13)

If n = 2, then (9.2.12) simplifies to sup(a,a∗)∈graph A〈x, a∗〉+〈a, x∗〉−〈a, a∗〉, which
is the original definition of the Fitzpatrick function of A at (x, x∗) ∈ X × X ∗.

Note that (FA,n)n∈{2,3,...} is a sequence of increasing functions and that FA,n → FA,∞
pointwise. We next provide a characterization of n-cyclically monotone opera-
tors by Fitzpatrick functions of order n which directly generalizes the notion of a
representative function.
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Proposition 9.2.20. Let A : X → 2X ∗ and let n ∈ {2, 3, . . .}. Then the following are
equivalent.

1. A is n-cyclically monotone.
2. FA,n ≤ 〈·, ·〉 on graph A.
3. FA,n = 〈·, ·〉 on graph A.

We now can give a simpler, but by no means easy, proof of Asplund’s observation
recorded in Example 9.2.8 that for each n = 2, 3, . . . the matrix corresponding to
rotation by π/n in the Euclidean plane is n-cyclically monotone yet not (n + 1)-
cyclically monotone.

Theorem 9.2.21 (Rotations). Let X = R2 and let n ∈ {2, 3, . . .}. Denote the matrix
corresponding to counter-clockwise rotation by π/n by Rn, i.e.,

Rn :=
(

cos(π/n) − sin(π/n)
sin(π/n) cos(π/n)

)
. (9.2.14)

Then Rn is maximal monotone and n-cyclically monotone, but Rn is not (n + 1)-
cyclically monotone.

Proof.

(a) It is clear that Rn is monotone, and that R∗n = R−1
n . Since dom Rn = X , the

maximal monotonicity of Rn is immediate. Show that R2 is not 3-cyclically
monotone, as it is skew-symmetric. For the remainder of the proof we assume
that n ∈ {3, 4, . . .}.

(b) Let us show next that Rn is not (n+ 1)-cyclically monotone. Take x ∈ X � {0}.
Since Rn+R∗n is invertible (in fact, a strictly positive multiple of the identity), there
exists a ∈ X such that 1

2Rna+ 1
2R∗na = R∗nx. Note that a �= 0 (since x �= 0) and that

Rna �= R∗na (sinceπ/n < π ). The fact that Rn is an isometry and the parallelogram
law thus yield 4‖a‖2 = 2‖Rna‖2+2‖R∗na‖2 = ‖Rna+R∗na‖2+‖Rna−R∗na‖2 >

‖Rna+ R∗na‖2 = ‖2R∗nx‖2 = 4‖x‖2. Hence

‖a‖ > ‖x‖. (9.2.15)

Furthermore, Rna+ R∗na = 2R∗nx implies that

2〈a, Rna〉 = 〈a, Rna+ R∗na〉 = 2〈a, R∗nx〉 = 2〈Rna, x〉.

Using (9.2.15), we note that

−〈a, Rna〉 + 2〈x, Rna〉 = 〈a, Rna〉 = ‖a‖2 cos(π/n)

> ‖x‖2 cos(π/n) = 〈x, Rnx〉. (9.2.16)

We now take n points from graph Rn by setting

(for all i ∈ {1, 2, . . . , n}) (ai, a
∗
i ) = (R2i

n a, R2i+1
n a). (9.2.17)
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Then, since Rn is an isometry, we have for every i ∈ {1, 2, . . . , n− 1},

〈ai+1 − ai, a
∗
i 〉 = 〈R2i+2

n a− R2i
n a, R2i+1

n a〉
= 〈R2i+2

n a, R2i+1
n a〉 − 〈R2i

n a, R2i+1
n a〉

= 〈Rna, a〉 − 〈a, Rna〉 = 0. (9.2.18)

Using (9.2.12), (9.2.17), (9.2.18), the fact that R2n
n = Id and that Rn is an isometry,

and (9.2.16), we deduce that

FRn,n+1(x, Rnx) ≥
( n−1∑

i=1

〈ai+1 − ai, a
∗
i 〉
)
− 〈an, a∗n〉 + 〈x, a∗n〉 + 〈a1, Rnx〉

= −〈R2n
n a, R2n+1

n a〉 + 〈x, R2n+1
n a〉 + 〈R2

na, Rnx〉
= −〈a, Rna〉 + 〈x, Rna〉 + 〈Rna, x〉
> 〈x, Rnx〉. (9.2.19)

Thus FRn,n+1 > p on graph Rn � {(0, 0)}, and therefore, by Exercise 9.2.20, Rn

is not (n+ 1)-cyclically monotone.
(c) It remains to show that Rn is n-cyclically monotone. Take

x1 = (ξ1, η1), . . . , xn = (ξn, ηn) in X ,

and set xn+1 = x1. We must show that

0 ≥
n∑

i=1

〈xi+1 − xi, Rnxi〉. (9.2.20)

Next identify R2 with C in the usual way: x = (ξ , η) in R2 corresponds to ξ + iη
in C, where i = √−1 and 〈x, y〉 = Re (xy) for x and y in C. The operator Rn

corresponds to complex multiplication by

ω = exp(iπ/n). (9.2.21)

Thus the aim is to show that

0 ≥ Re
( n∑

i=1

(xi+1 − xi)ωxi
) = n∑

i=1

Re
(
(xi+1 − xi)ωxi

)
,
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an inequality which we now reformulate in Cn. Denote the n× n-identity matrix
by I and set

B :=



0 1 0 · · · 0

0 0 1 0
...

...
. . .

. . .

0
0 1
1 0 · · · 0


∈ Cn×n and R := ωI ∈ Cn×n. (9.2.22)

Identifying x ∈ Cn with (x1, . . . , xn) ∈ X n, we note that (9.2.20) means 0 ≥
Re

((
(B − I)x

)∗
Rx
)
; equivalently, 0 ≥ x∗(B∗ − I)Rx + x∗R∗(B − I)x. In other

words, we need to show that the Hermitian matrix

C = (I − B∗)R+ R∗(I − B)

=



(ω + ω) −ω 0 · · · 0 −ω
−ω (ω + ω)

. . . 0

0
. . .

. . .
. . .

...
... 0
0 (ω + ω) −ω
−ω 0 · · · 0 −ω (ω + ω)


(9.2.23)

is positive semidefinite. The matrix C is a circulant (Toeplitz) matrix and thus
belongs to a class of well-studied matrices that have close connections to Fourier
Analysis. It is well known that the set of (n not necessarily distinct) eigenvalues
of C is

� = {
q(1), q(ω2), . . . , q(ω2(n−1))

}
, where q : t 
→ (ω + ω)− ωt − ωtn−1.

(9.2.24)
Since ω2n = 1, we verify that

� = {2 cos(π/n)− 2 cos((2k + 1)π/n) : k ∈ {0, 1, . . . , n− 1}}

is a set of nonnegative real numbers, as required.

The Fitzpatrick function of order n arose by keeping n fixed while supremizing
over (a, a∗). Analogously, we next see that Rockafellar’s antiderivative is (essen-
tially) obtained by keeping (a, a∗) fixed while supremizing over n. Therefore, the
function CA,n,(a,a∗) can honestly be viewed as the ‘common ancestor’of the Fitzpatrick
functions and Rockafellar’s antiderivative.
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Definition 9.2.22 (Rockafellar function). Let A : X → 2X ∗ and (a, a∗) ∈ graph A.
Then we define the Rockafellar function by

RA,(a,a∗) : X → (−∞,+∞] : x 
→ sup
n∈{2,3,...}

CA,n,(a,a∗)(x, 0). (9.2.25)

Moreover, Rockafellar functions are antiderivatives, which are unique up to
constants. The following taken from [31] is a refinement of Theorem 9.2.3.

Fact 9.2.23 (Rockafellar). Let f : X → (−∞,+∞] be convex, lsc, and proper.
Then ∂f is maximal monotone and cyclically monotone, hence maximal cyclically
monotone. Conversely, let A : X → 2X ∗ be maximal cyclically monotone and let
(a, a∗) ∈ graph A. Then RA,(a,a∗) is convex, lsc, and proper, RA,(a,a∗)(a) = 0, and

A = ∂RA,(a,a∗) (9.2.26)

is maximal monotone. If ∂f = A, then f (·) = f (a)+ RA,(a,a∗)(·).

We may now connect the Fitzpatrick function of infinite order and its Fenchel
conjugate for subdifferentials:

Theorem 9.2.24 (Fitzpatrick function of infinite order). Let f : X → (−∞,+∞]
be convex, lsc, and proper. Then for every (x, x∗) ∈ X × X ∗,

〈x, x∗〉 ≤ F∂f ,2(x, x∗) ≤ F∂f ,3(x, x∗) ≤ · · · ≤ F∂f ,n(x, x∗)→ F∂f ,∞(x, x∗)

= f (x)+ f ∗(x∗) (9.2.27)

and

F∗∂f ,2(x
∗, x) ≥ F∗∂f ,3(x

∗, x) ≥ · · · ≥ F∗∂f ,n(x
∗, x)→ h(x∗, x) ≥ F∗∂f ,∞(x

∗, x)

= f ∗(x∗)+ f (x), (9.2.28)

where h : X ∗ × X : (−∞,+∞] is convex and

h(x∗, x) ≥ h∗∗(x∗, x) = f ∗(x∗)+ f (x).

Proof. By Definition 9.2.18 and (9.2.12), it is clear that (F∂f ,n)n∈{2,3,...} is an
increasing sequence converging pointwise to F∂f ,∞. Since ∂f is maximal monotone
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〈·, ·〉 ≤ F∂f ,2. Take (x, x∗) ∈ X × X ∗. Using Definitions 9.2.17 and 9.2.22 show that

F∂f ,∞(x, x∗) = sup
n∈{2,3,...}

F∂f ,n(x, x∗) = sup
n∈{2,3,...}

sup
(a,a∗)∈graph ∂f

C∂f ,n,(a,a∗)(x, x∗)

= sup
(a,a∗)∈graph ∂f

sup
n∈{2,3,...}

C∂f ,n,(a,a∗)(x, 0)+ 〈a, x∗〉

= sup
(a,a∗)∈graph ∂f

〈a, x∗〉 + R∂f ,(a,a∗)(x)

= sup
(a,a∗)∈graph ∂f

〈a, x∗〉 + (
f (x)− f (a)

)
= f (x)+ sup

a∈dom ∂f

(〈a, x∗〉 − f (a)
)

= f (x)+ f ∗(x∗). (9.2.29)

This proves (9.2.27). Fenchel conjugation shows
(
F∗
∂f ,n(x

∗, x)
)
n∈{2,3,...} is a decreasing

sequence converging to h(x∗, x), where h : X ∗ × X : (−∞,+∞] is a convex func-
tion such that h(x∗, x) ≥ h∗∗(x∗, x) ≥ f ∗(x∗) + f (x). Conjugating this decreasing
sequence, we get F∂f ,2(x, x∗) ≤ F∂f ,3(x, x∗) ≤ · · · ≤ F∂f ,n(x, x∗) ≤ · · · ≤ h∗(x, x∗).
Hence F∂f ,∞(x, x∗) = f (x) + f ∗(x∗) ≤ h∗(x, x∗). A final conjugation yields
h∗∗(x∗, x) ≤ f ∗(x∗)+ f (x).

In summary, we have now built a remarkable bridge from the Fitzpatrick function
of ∂f to f ∗(x∗)+ f (x).

Exercises and further results

9.2.1. Show that every quasiconvex function is quasimonotone.

Hint. First show f (z) ≤ f (w)⇒ f −(w, z − w) ≤ 0. Now existence of x∗ ∈ ∂F f (x)
with 〈x∗, y − x〉 > 0 implies f −(x; y − x) > 0 and so f (x) < f (y). Deduce, for all
y∗ ∈ ∂F f (y) that 〈y∗, y − x〉 ≤ f −(y; y − x) ≤ 0.

9.2.2. Let f : X → (−∞,+∞] be lsc on a Fréchet smooth space. Suppose x 
→
f (x)+ 〈x∗, x〉 is quasiconvex for every x∗ ∈ X ∗. Prove that f is convex.

Hint. Fix x and y. Pick x∗ such that f (x) + 〈x∗, x〉 = f (y) + 〈x∗, y〉, and appeal to
quasiconvexity of g := f + 〈x∗, ·〉.

Thus, requiring quasiconvexity of the sum of a quasiconvexity function with all
linear functions is enough to force convexity. Compare Exercise 6.7.9.
9.2.3 (Monotonicity implies convexity). Let f : X → (−∞,+∞] be lsc on a Fréchet
smooth Banach space X . If ∂F f is monotone, then f is convex.

Hint. If ∂F f is monotone then for each x∗ ∈ X ∗ the operator x → ∂F f (x) + x∗ =
∂F ( f + x∗)(x) is monotone, hence quasi-monotone. By Theorem 9.2.2, for each
x∗ ∈ X ∗, the function f + x∗ is quasiconvex. This implies the convexity of f
(Exercise 9.2.2).
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Asplund commented in [15] that ‘nothing more is known about irreducible
monotone mappings in this the simplest of cases’ than the following:
9.2.4. Let f be a C1-complex function on an open convex subset D ⊂ C. Viewed as
a real function on R2 the following is the case

• f is monotone if and only if it satisfies

Re
∂f

∂z
≥
∣∣∣∣∂f

∂z

∣∣∣∣ .
• f is a subgradient if and only if it satisfies

∂f

∂z
≥
∣∣∣∣∂f

∂z

∣∣∣∣ .
Thus, for f to be acyclic there must exist no nonconstant analytic function g with

∂g

∂z
≥
∣∣∣∣∂g

∂z

∣∣∣∣ and Re
∂( f − g)

∂z
≥
∣∣∣∣∂( f − g)

∂z

∣∣∣∣ .
9.2.5.� Complete the proof of Proposition 9.2.5 in the set-valued case.
9.2.6. For S(x, y) := (−y, x) and z := (x, y), consider the operator F on R2 given by

F(z) :=
(

1− 1

log ‖z‖
)

z

‖z‖ −
1

log ‖z‖
S(z)

‖z‖
for ‖z‖ < 1, z �= (0, 0) and set

F(0, 0) := {z : ‖z‖ ≤ 1}.

(a) Show F is maximal monotone and that its domain is bounded (the norm of F(z)
tends to infinity when ‖x‖ tends up to 1).

(b) Show that any solution to ż ∈ F(z) revolves infinitely many times around the
origin in any neighborhood of the origin.

(c) Determine if F is acyclic.

9.2.7.� We give the details of the range assertion in Theorem 9.2.3.

Lemma 9.2.25. Let X be a Banach space and let x∗α ∈ X ∗ for α ∈ A and with each
rα real. Let f (x) := sup{〈x∗α , x〉 − rα : α ∈ A}. Then range ∂f ⊂ conv∗{x∗α : α ∈ A}.
Proof. Consider the convex function g defined on X ∗ by

g(x∗) := inf
{∑

λαi rαi :
∑

λαi x∗αi
= x∗,

∑
λαi = 1, λαi > 0

}
,

as we range over all finite subsets of {(x∗α , rα) : α ∈ A}. It is easy to check that
g∗|X = f , and f ∗ = g∗∗ viewed in σ(X ∗, X ) . Now when x∗ ∈ ∂f (x) we have
f (x) + f ∗(x∗) = 〈x∗, x〉. Since x ∈ dom f we see that g∗∗(x∗) is finite and we are
done since dom g∗∗ ⊂ dom g

∗
.
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Alternative proof : if the conclusion fails we may find x∗ ∈ ∂f (x), ε > 0 and h ∈ X
such that

〈x∗, h〉 > ε + sup
α∈A
〈x∗α , h〉, (9.2.30)

by the Hahn–Banach theorem (4.1.7). Thus, for each α ∈ A we have

〈x∗, h〉 ≥ ε + 〈x∗α , x〉 = ε + (〈x∗α , x + h〉 − rα)− (〈x∗α , x〉 − rα)

≥ ε + 〈x∗α , x + h〉 − rα − f (x).

Now f (x) is finite and so supremizing over α ∈ A yields

〈x∗, h〉 ≥ ε + f (x + h)− f (x),

in contradiction to x∗ ∈ ∂f (x).

9.2.8. Prove the following result from [118]:

Theorem 9.2.26 (Decomposability). Suppose we are given a continuously differ-
entiable maximal monotone operator T : dom T ⊂ Rn → Rn for which 0 ∈
int dom T = dom T . Then T is decomposable on dom T if and only if T −∇FLT is
skew on dom T . In this case FLT is necessarily convex.

It is often difficult to see that FLT is not convex otherwise. Try plotting the example
of Section 9.2.5. An illustrative example is drawn in Figure 9.3.
9.2.9. Let g ≥ 0 be a nonconstant and continuous real function such that either
g(x) ≥ 1 = g(0) or g(x) ≤ 1 = g(0). Let

G(x) :=
∫ x

0
g and K(x) :=

∫ x

0
{(1+ g)/2}2.
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Figure 9.3 A nonconvex FLT .
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(a) Show that T (x, y) := (K(x)− G(y), K(y)− G(x)) is both continuously differ-
entiable and maximal monotone on R2. (b) Show that T is never decomposable on
R2 [118]. (c) Try computing and plotting various examples in a computer algebra
package.

9.3 Maximality in reflexive Banach space

We begin with:

Proposition 9.3.1. A monotone operator T on a reflexive Banach space is maximal
if and only if the mapping T (· + x)+ J is surjective for all x in X . (Moreover, when
J and J−1 are both single valued, a monotone mapping T is maximal if and only if
T + J is surjective.)

Proof. We prove the ‘if’. The ‘only if’ is completed in Corollary 9.3.5. Assume
(w, w∗) is monotonically related to the graph of T . By hypothesis, we may solve
w∗ ∈ T (x + w)+ J (x). Thus w∗ = t∗ + j∗ where t∗ ∈ T (x + w), j∗ ∈ J (x). Hence

0 ≤ 〈w − (w + x), w∗ − t∗〉 = −〈x, w∗ − t∗〉 = −〈x, j∗〉 = −‖x‖2 ≤ 0.

Thus, j∗ = 0, x = 0. So w∗ ∈ T (w) and we are done.

We now prove our central result whose proof – originally very hard and due to
Rockafellar [370] – has been revisited over many years culminating in the results in
[391, 398, 399, 446, 121] among others:

Theorem 9.3.2. Let X be a reflexive space. Let T be maximal monotone and let f be
closed and convex. Suppose that

0 ∈ core{conv dom(T )− conv dom(∂f )}.

Then

(a) ∂f + T + J is surjective.
(b) ∂f + T is maximal monotone.
(c) ∂f is maximal monotone.

Proof. (a) As in [398, 399, 446], we consider the Fitzpatrick function FT (x, x∗) and
further introduce fJ (x) := f (x) + 1/2‖x‖2. Let G(x, x∗) := −fJ (x) − f ∗J (−x∗).
Observe that

FT (x, x∗) ≥ 〈x, x∗〉 ≥ G(x, x∗)

pointwise thanks to the Fenchel–Young inequality (Proposition 4.4.1(a))

f (x)+ f ∗(x∗) ≥ 〈x, x∗〉,
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for all x ∈ X , x∗ ∈ X ∗, along with Proposition 9.1.1. Now, the constraint qualification

0 ∈ core{conv dom(T )− conv dom(∂f )}

assures that the sandwich theorem (9.1.4) applies to FT ≥ G since f ∗J is everywhere
finite by Proposition 9.1.6.

Then there are w ∈ X and w∗ ∈ X ∗ such that

FT (x, x∗)− G(z, z∗) ≥ w(x∗ − z∗)+ w∗(x − z) (9.3.1)

for all x, x∗ and all z, z∗. In particular, for x∗ ∈ T (x) and for all z∗, z we have

〈x − w, x∗ − w∗〉 + [
fJ (z)+ f ∗J (−z∗)+ 〈z, z∗〉] ≥ 〈w − z, w∗ − z∗〉.

Now use the fact that −w∗ ∈ dom(∂f ∗J ), by Proposition 9.1.6, to deduce that −w∗ ∈
∂fJ (v) for some z and so

〈v − w, x∗ − w∗〉 + [ fJ (v)+ f ∗J (−w∗)+ 〈v, w∗〉] ≥ 〈w − v, w∗ − w∗〉 = 0.

The second term on the left is zero and so w∗ ∈ T (w) by maximality. Substitution of
x = w and x∗ = w∗ in (9.3.1), and rearranging yields

〈w, w∗〉 + {〈−z∗, w〉 − f ∗J (−z∗)
}+ {〈z,−w∗〉 − fJ (z)

} ≤ 0,

for all z, z∗. Taking the supremum over z and z∗ produces 〈w, w∗〉 + fJ (w) +
f ∗J (−w∗) ≤ 0. This shows −w∗ ∈ ∂fJ (w) = ∂f (w) + J (w) on using the sum
formula for subgradients, implicit in Proposition 9.1.6.

Thus, 0 ∈ (T+∂fJ )(w), and since all translations of T+∂f may be used, while the
(CQ) is undisturbed by translation, (∂f + T ) (x+·)+J is surjective which completes
(a). Also ∂f + T is maximal by Proposition 9.3.1 which is (b). Finally, setting T ≡ 0
we recover the reflexive case of the maximality for a lsc convex function.

Recall that the normal cone NC(x) to a closed convex set C at a point x in C is
NC(x) = ∂δC(x).

Corollary 9.3.3. The sum of a maximal monotone operator T and a normal cone
NC on a reflexive Banach space, is maximal monotone whenever the transversality
condition 0 ∈ core[C − conv dom(T )] holds.

In particular, if T is monotone and C := cl conv dom(T ) has nonempty interior,
then for any maximal extension T̂ the sum T̂ +NC is a ‘domain preserving’ maximal
monotone extension of T .

Corollary 9.3.4 ([391, 399]). The sum of two maximal monotone operators T1 and
T2, on a reflexive Banach space, is maximal monotone whenever the transversality
condition 0 ∈ core[conv dom(T1)− conv dom(T2)] holds.
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Proof. Theorem 9.3.2 applies to the maximal monotone product mapping
T (x, y) := (T1(x), T2(y)) and the indicator function f (x, y) = δ{x=y} of the diag-
onal in X ⊗ X . Finally, check that the given transversality condition implies the
needed (CQ), along the lines of Theorem 9.3.2. We obtain that T + JX⊗X + ∂δ{x=y}
is surjective. Thus, so is T1 + T2 + 2 J and we are done.

As always in convex analysis, one may easily replace the core condition by a
relativized version – with respect to the closed affine hull.

We next recall the Rockafellar–Minty surjectivity theorem:

Corollary 9.3.5 (Rockafellary–Minty). For a maximal monotone operator on a
reflexive Banach space, range(T + J ) = X ∗.

Proof. Let f ≡ 0 in Theorem 9.3.2. Alternatively, on noting that

FJ (x, x∗) ≤ ‖x‖
2 + ‖x∗‖2

2
,

we may apply Theorem 9.3.6.

9.3.1 The Fitzpatrick inequality

We record a very special case of Theorem 9.2.24. Namely

F∂f (x, x∗) ≤ f (x)+ f ∗(x∗),

and note that we have exploited the beautiful inequality

FT (x, x∗)+ f (x)+ f ∗(−x∗) ≥ 0, for all x ∈ X , x∗ ∈ X ∗, (9.3.2)

valid for any maximal monotone T and any convex function f . Also, note that
(x, x∗) 
→ f (x) + f ∗(x∗) is a representative function for ∂f . Correspondingly, we
have the Fitzpatrick inequality

FT1(x, x∗)+ FT2(x,−x∗) ≥ 0, for all x ∈ X , x∗ ∈ X ∗, (9.3.3)

valid for any maximal monotone T1, T2. Moreover, by Proposition 9.1.1,

F∗T (x∗, x) ≥ sup
y∗∈T (y)

〈x, y∗〉 + 〈x∗, y〉 − FT (y, y∗) = FT (x, x∗). (9.3.4)

We clearly have an extension of (9.3.3): H1
T (x, x∗) + H2

S(x,−x∗) ≥ 0, for any
representative functions H1

T and H2
S .

Letting F̂S(x, x∗) := FS(x,−x∗), we may establish:

Theorem 9.3.6. Let S and T be maximal monotone on a reflexive space. Suppose
that 0 ∈ core{dom(FT ) − dom(F̂S)} as happens if 0 ∈ core{conv graph(T ) −
conv graph(−S)}. Then 0 ∈ range(T + S).
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Proof. We apply the Fenchel duality theorem (4.4.18), or follow through the steps of
Theorem 9.3.2. From either result one obtains µ ∈ X , λ ∈ X ∗ and β ∈ R such that

FT (x, x∗)− 〈x, λ〉 − 〈µ, x∗〉 + 〈µ, λ〉
≥ β ≥ −FS(y,−y∗)+ 〈y, λ〉 − 〈µ, y∗〉 − 〈µ, λ〉,

for all variables x, y, x∗, y∗. Hence for x∗ ∈ T (x) and −y∗ ∈ S(y) we obtain

〈x − µ, x∗ − λ〉 ≥ β ≥ 〈y − µ, y∗ + λ〉.
If β ≤ 0, we derive that −λ∗ ∈ S(µ) and so β = 0; consequently, λ ∈ T (µ) and
since 0 ∈ (T + S)(µ) we are done. If β ≥ 0 we argue first with T .

Note that the graph condition in Theorem 9.3.6 is formally more exacting than the
domain condition as shown by conv graph(J�2) which is the diagonal in �2 ⊗ �2 =
dom(FJ�2

), indeed FJ�2
(x, x∗) = 1

4‖x + x∗‖2. More interestingly, Zălinescu [447]
has adapted this argument to extend results like those in [395] in the reflexive case.

9.3.2 Monotone variational inequalities

We say that T is coercive on C if inf y∗∈(T+NC )(y)〈y, y∗〉/‖y‖ → ∞ as y ∈ C goes
to infinity in norm, with the convention that inf ∅ = +∞. A variational inequality
requests a solution y ∈ C and y∗ ∈ T (y) to

〈y∗, x − y〉 ≥ 0 for all x ∈ C.

Equivalently this requires us to solve the set inclusion 0 ∈ T (y) + NC(y). In
Hilbert space this is also equivalent to finding a zero of the normal mapping
TC(x) := T (PC(x))+ (I − PC)(x).

We denote the variational inequality by V (T ; C). (For general variational inequal-
ities with T merely upper-semicontinuous, proving solutions to V(T,C) is equivalent
to establishing Brouwer’s theorem.)

Corollary 9.3.7. Suppose T is maximal monotone on a reflexive Banach space and is
coercive on the closed convex set C. Suppose also that 0 ∈ core(C − conv dom(T )).
Then V (T , C) has a solution.

Proof. Let f := δC , the indicator function. For n = 1, 2, 3, · · · , let Tn := T + J/n.
We solve

0 ∈ (Tn + ∂δC) (yn) = (T + ∂δC)+ 1

n
J (yn) (9.3.5)

and take limits as n goes to infinity. More precisely, we observe that using our
key Theorem 9.3.2, we find yn in C, and y∗n ∈ (T + ∂δC) (yn), j∗n ∈ J (yn)/n with
y∗n = −j∗n . Then

〈y∗n , yn〉 = −1

n
〈j∗n , yn〉 = −1

n
‖yn‖2 ≤ 0
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so coercivity of T + ∂δC implies that ‖yn‖ remains bounded and so j∗n → 0. On
taking a subsequence we may assume yn ⇁w y. Since T +∂δC is maximal monotone
(again by Theorem 9.3.2), it is demiclosed [121]. It follows that 0 ∈ (T + ∂δC)(y) =
T (y)+ NC(y) as required.

A more careful argument requires only that for some c ∈ C

inf
y∗∈T (y)

〈y − c, y∗〉/‖y‖ → ∞

as ‖y‖ → ∞, y ∈ C. Letting C = X in Corollary 9.3.7 we deduce:

Corollary 9.3.8. Every coercive maximal monotone operator on a Banach space is
surjective if (and only if) the space is reflexive.

Proof. To complete the proof we recall that, by James’ theorem (4.1.27), surjectivity
of J is equivalent to reflexivity of the corresponding space.

It also seems worth noting that the techniques of §9.4.2 are at heart all techniques
for variational equalities. We conclude this section by noting another convex approach
to the affine monotone variational inequality (complementarity problem) on a closed
convex cone S in a reflexive space. We consider the abstract quadratic program

0 ≤ µ := inf {〈L(x)− q, x〉 : Lx ≥S+ q, x ≥S 0}, (9.3.6)

which has a convex objective function. Suppose that (9.3.6) satisfies a constraint
qualification as happens if either L(S)+ S+ = X ∗ or if X is finite-dimensional and
S is polyhedral. Then there is y ∈ S++ = S with

µ ≤ 〈L(x)− q, x〉 + 〈Lx − q, y〉, (9.3.7)

for all x ∈ S. Letting x := y shows µ = 0, and we have approximate solu-
tions to the affine complementarity problem. Moreover, when L is coercive on S
or in the polyhedral case, (9.3.6) is attained and we have produced a solution to the
problem.

Exercises and further results

9.3.1. Suppose H is a Hilbert space and T : H → H is a maximal monotone mapping.
Show that (I + T )−1 has domain H and is nonexpansive. In particular, Rockafellar’s
theorem (6.1.5) ensures this applies when T = ∂f where f : E → R is convex.

Hint. Corollary 9.3.5 implies that dom(I + T )−1 = H . The nonexpansive assertion
follows as in Exercise 3.5.8.

9.3.2 (Elliptic partial differential equations [195, 131, 275]).† Much early impetus for
the study of maximal monotone operators came out of partial differential equations
and takes place within the confines of Sobolev space – and so we content ourselves
with an example of what is possible.
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As an application of their study of existence of eigenvectors of second-order non-
linear elliptic equations in L2(
), the authors of [275] assume that 
 ⊂ Rn, (n > 1)
is a bounded open set with boundary belonging to C2,α for some α > 0. They assume
that one has functions |ai(x, u)| ≤ ν (1 ≤ i ≤ n) and |a0(x, u)| ≤ ν|u| + a(x) for
some a ∈ L2(
) and ν > 0; where all ai are measurable in x and continuous in u (a.e.
x). They then consider the normalized eigenvalue problem

5u+ λ

{
n∑

i=1

ai(x, u)
∂u

∂xi
+ a0(x, u)

}
= 0, x ∈ 
, (9.3.8)

u(x) = 0 x ∈ bdry


‖u‖2 = 1

where5u = −∇2u = −∑n
i=1

∂2u
∂x2

i
is the classical Laplacian. To make this accessible

to Sobolev theory, a weak solution is requested to (9.3.8) for 0 < λ ≤ 1 when
u ∈ W 2,2(
) ∩W 1,2

0 (
). In this setting, a solution of

5u+ τu = f (x)

for all τ > 0 and all f ∈ L2 (and with ‖u‖2 = 1) is assured. Minty’s surjectivity
condition (Proposition 9.3.1) implies T := 5 is linear and maximal monotone on
L2(
)with domain W 2,2(
)∩W 1,2

0 (
). Of course, one must first check monotonicity
of 5 using integration by parts in the form∫




〈v,5u〉 =
∫



〈∇v,∇u〉,

for allv ∈ W−1,2(
), u ∈ C∞0 (
) ⊂ W 1,2
0 (
). One is now able to provide a Fredholm

alternative type result for (9.3.8) [275, Theorem 10]. In like-fashion one can make
sense of the assertion that for 2 ≤ p <∞ the p-Laplacian5p is maximal monotone:
5pu is given by

5pu := −div(|∇u|p−2∇u) ∈ W−1,q(
)

for u ∈ W 1,p(
) with 1/p+ 1/q = 1.
We can also improve Corollary 9.1.15 in the reflexive setting.

9.3.3 (Range closure in reflexive space). We will again improve the following result
significantly in Section 9.7, but the proof technique merits mention.

Theorem 9.3.9 ([391]). Suppose T is maximal monotone on a reflexive Banach space.
Then norm closures and interiors of dom(T ) and range (T ) are convex.

Proof. Without loss of generality, we assume 0 is in the closure of conv dom(T ). Fix
y ∈ dom(T ), y∗ ∈ T (y). Theorem 9.3.5 applied to T/n solves w∗n/n + j∗n = 0 with
w∗n ∈ T (wn), j∗n ∈ J (wn), for integer n > 0. By monotonicity

1

n
〈y∗, y − wn〉 ≥ 1

n
〈w∗n , y − wn〉 = ‖wn‖2 − 〈j∗n , y〉
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where ‖wn‖2 = ‖j∗n‖2 = 〈j∗n , wn〉 and wn ∈ dom(T ). We deduce supn ‖wn‖ < ∞.
Thus, (j∗n) has a weak cluster point j∗. In particular, denoting D := dom(T )

d2
D(0) ≤ lim inf

n→∞ ‖wn‖2 ≤ inf
y∈D
〈j∗, y〉 = inf

y∈conv D
〈j∗, y〉 ≤ ‖j∗‖ dconv D(0) = 0.

We have actually shown that cl conv dom(T ) ⊂ cl dom(T ) and so cl dom(T ) is convex
as required.

Since range(T ) = dom(T−1) and X ∗ is also reflexive we are done.

In a nonreflexive space, Theorem 9.4.3 of the next section applied similarly proves
that domT is convex. Consequently, if as when T is type (ED) – see [393] –
dom(T )∩ ⊂ dom(T ), the latter is convex. Dually, it is known that every locally
maximal operator T – and so every dense type operator – has range(T ) convex [351,
Proposition 4.2].
9.3.4 (Operators with full domain). Suppose T is maximal monotone on a reflex-
ive Banach space X and is locally bounded at each point of cl dom(T ). Show that
dom(T ) = X .

Hint. First observe that dom(T ) must be closed and so convex. By the Bishop–
Phelps theorem (Exercise 4.3.6), there is some boundary point x ∈ dom(T ) with a
nonzero support functional x∗. Then T (x)+[0,∞) x∗ is monotonically related to the
graph of T . By maximality T (x) + [0,∞) x∗ = T (x) which is then nonempty and
(linearly) unbounded.

9.4 Further applications

9.4.1 Extensions to nonreflexive space

We let T denote the monotone closure of T in X ∗∗ × X ∗. That is, x∗ ∈ T (x∗∗) when

inf
y∗∈T (y)

〈x∗ − y∗, x∗∗ − y〉 ≥ 0.

Recall that T is type (NI) if

inf
y∗∈T (y)

〈x∗ − y∗, x∗∗ − y〉 ≤ 0

for all x∗∗ ∈ X ∗∗ and x∗ ∈ X ∗, see [391, 393].
We say T is of dense type or type (D) if every pair (x∗, x∗∗) in the graph of the

monotone closure of T is the limit of a net (x∗α , xα) with x∗α ∈ T (xα) with xα ⇁∗ x∗∗,
x∗α → x∗ and supα ‖xα‖ <∞, and we write x∗ ∈ T1(x∗∗) [240, 391, 393].

Clearly, T1(x) ⊂ T (x); so every dense type operator is of type (NI). We denote
FT (G, x∗) := P∗T (x∗, G), viewed as a mapping on X ∗∗×X ∗, and make the following
connection with FT .
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Proposition 9.4.1. Let T be maximal monotone on a Banach space X . Then

FT (G, x∗) = sup
y∗∈T (y)

〈y∗, G〉 + 〈y, x∗〉 − 〈y, y∗〉 ≥ 〈x∗, G〉

with equality if and only if x∗ ∈ T (G). In particular, FT |X×X ∗ = FT .
Moreover, T is type (NI) if and only if FT is a representative function for the

operator T .

Proof. These are left for the reader. Such results are elaborated in Section 9.7.

Proposition 9.4.2 (Gossez). The subgradient of every closed convex function f on a
Banach space is of dense type. Indeed

∂f = (∂f )1 =
(
∂f ∗

)−1
.

Proof. For any closed convex f we have (∂f ∗)−1 ⊂ ∂f , while – with a little effort –
Golstine’s theorem (Exercise 4.1.13) shows that (∂f ∗)−1 ⊂ ∂f 1.

A fairly satisfactory extension of Theorem 9.3.2 is:

Corollary 9.4.3. If T is type (NI) then

range(T + ∂f ∗∗ + J ∗∗) = X ∗.

Proof. Follow the steps of Theorem 9.3.2 or Theorem 9.3.6 using PT and fJ + f ∗J as
the functions in the Fitzpatrick inequality.

In the case that T is dense type this result originates with Gossez (see [241, 351]).
These dense type operators are still poorly understood. We can similarly derive –
in the notation of the previous section – that V (T , C

∗
) will have solution when the

(CQ) holds and T is type (NI). We refer to [241, 217, 218] for more detailed results
regarding coercive operators in nonreflexive space.

The Rockafellar–Minty surjectivity theorem (9.3.5) has a modest extension: for an
maximal monotone N of type (NI) that range(N + J ∗∗) = X ∗ which implies that

N = N ; and so that N is maximal as a monotone mapping from X ∗∗ to X ∗.
The next result will again be revisited later in the chapter.

Theorem 9.4.4 (Fitzpatrick–Phelps [217]). Every locally maximal monotone opera-
tor on a Banach space has cl range T convex.

Proof. We suppose not and then may suppose by homothety that there are ±x∗ in
cl range T of unit-norm but with midpoint 0 �∈ cl range T .

We build the equivalent dual ball B′ := conv{±2x∗,α B∗X } where 0 < α < 1/2 is
chosen with (range T )∩2αB∗X = ∅. We consider T̂ extending T ∩B′ as in Proposition
9.1.14, so that

range T̂ ⊂ cl conv{R(T ) ∩ B′} and range T̂ \ range T ⊂ bd B′.
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Figure 9.4 The ball constructed in Theorem 9.4.4.

It follows that

range T̂ ⊂ (R(T ) ∩ B′)
⋃

(cl conv{R(T ) ∩ B′} ∩ bd B′).

Hence range T̂ is weak∗-disconnected. As T̂ is a weak∗-cusco it has a weak∗-
connected range which contradicts the construction.

A dual argument shows that type (VFP) mappings have cl dom(T ) convex.

9.4.2 Local maximality revisited

We are also in a position to show why in a reflexive setting all maximal mono-
tone operators are locally maximal, that is type (FP). We start with the following
contrapositive whose simple proof is in [351].

Proposition 9.4.5. Let T be a monotone operator on a Banach space X . Then T is
locally maximal monotone if and only if every weak∗-compact and convex set C∗ in
X ∗ with R(T ) ∩ int C∗ �= ∅ is such that if x∗ ∈ int C∗ (in norm) but x∗ /∈ T (x) there
is z∗ ∈ T (z) ∩ C∗ with 0 > 〈z∗ − x∗, z − x〉.

It is obvious that every maximal monotone operator on a reflexive space is type
(D), and it is known that type (D) implies type (FP); see [393, Theorem 17]. A direct
proof follows.

Theorem 9.4.6 (Fitzpatrick–Phelps). Every maximal monotone operator on a
reflexive space is locally maximal.

Proof. Since X is reflexive, M := (T−1+∂δC∗)−1 is maximal, by Theorem 9.3.2(b),
while x∗ ∈ int C∗ \ M (x). Since M is maximal monotone we can find z ∈ dom T ,
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z∗ ∈ C∗, z∗ ∈ T (z) and u ∈ NC∗(z∗) such that z + u ∈ (T + ∂δC∗)−1(z∗) with

0 > 〈z∗ − x∗, z − x〉 + 〈z∗ − x∗, u〉.

As the second term on the right is nonnegative, we are done.

A useful reformulation of the argument in Theorem 9.4.6 is given next.

Proposition 9.4.7 (Fitzpatrick–Phelps). Let X be a Banach space. A maximal
monotone operator T is locally maximal monotone if

M (T , C∗) :=
(
T−1 + ∂δC∗

)−1

is maximal monotone on X whenever C∗ is convex and weak∗-compact with R(T ) ∩
int C∗ �= ∅.

We shall call an operator satisfying these hypotheses strongly locally maximal.
While every maximal monotone operator on a reflexive space is clearly strongly
locally maximal, not every convex subgradient is – as Theorem 9.5.2 will show.
However we can still use Proposition 9.4.5 to prove:

Theorem 9.4.8 (Simons). The subgradient of every closed convex function f on a
Banach space is locally maximal monotone.

Proof. Fix x∗ ∈ int C∗ \ ∂g(x) as in the hypotheses of Proposition 9.4.5. Then
Corollary 9.1.5 and Theorem 9.2.1 and combine to show that M := ∂g∗ + ∂δC∗ =
∂ (g∗ + δC∗) is maximal monotone on X ∗, since dom g∗ ∩ int C∗ �= ∅. Now x �∈
M (x∗) (since x∗ ∈ int C∗) so we deduce the existence of w∗∗ = z∗∗ + u∗∗, z∗∗ ∈
∂g∗(z∗), u∗∗ ∈ ∂δC(z∗) = NC(z∗) with

0 > 〈z∗ − x∗, z∗∗ − x〉 + 〈z∗ − x∗, u∗∗〉 ≥ 〈z∗ − x∗, z∗∗ − x〉.

By Proposition 9.4.2 we may select z∗α and zα with z∗α ∈ ∂g(zα), z∗α → z∗ ∈ C∗,
zα ⇁w∗ z∗∗ and supα ‖zα‖ <∞. In consequence,

lim sup
α

〈z∗α − x∗, zα − x〉 < 0.

Now the observation that z∗α ∈ C∗ for large α, and an appeal to Proposition 9.4.5
finishes the proof.

One may similarly prove Simons’ result that dense type operators are locally
maximal by applying a variant of Corollary 9.4.3 with ∂g∗ replaced by T−1. The
corresponding results for type (VFP) appear usually to be easier. For example, T is
type (VFP) if T + NC is maximal monotone for all bounded closed convex sets with
dom T ∩ int C �= ∅. In consequence, subgradients and reflexive maximal monotones
are type (VFP).
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9.4.3 The composition formula

Another very useful foundational result is:

Theorem 9.4.9 ([446, Theorem 6]). Suppose X and Y are Banach spaces with X
reflexive, that T is a maximal monotone operator on Y , and that A : X 
→ Y , is a
bounded linear mapping. Then TA := A∗ ◦T ◦A is maximal monotone on X whenever
0 ∈ core(range(A)+ conv dom T ).

Proof. Monotonicity is clear. To obtain maximality, we consider the Fitzpatrick
inequality (9.3.3) to write

f (x, x∗)+ g(x, x∗) ≥ 0,

where

f (x, x∗) := inf {FT (Ax, y∗) : A∗y∗ = x∗}, g(x, x∗) := 1

2
‖x‖2 + 1

2
‖x∗‖2,

and apply Fenchel’s duality theorem (4.4.18) – or use the sandwich theorem directly
– to deduce the existence of x ∈ X , x∗ ∈ X ∗ with

f ∗(x∗, x)+ g∗(x∗, x) ≤ 0. (9.4.1)

Semicontinuity of f is not needed since g is continuous throughout.
Also, the constraint qualification implies that the condition used in [121, Thm

4.4.3] and in [343, Proposition 13] holds. Thus, applying Exercise 9.4.3 we have for
some y∗ with A∗y∗ = x∗:

f ∗(x∗, x) = inf {F∗T (Ax, y∗) : A∗y∗ = x∗} = min{F∗T (y∗, Ax) : A∗y∗ = x∗}
= F∗T (y∗, Ax) (9.4.2)

≥ FT (Ax, y∗),

where the last inequality follows from (9.3.4). Moreover,

g∗(x∗, x) = 1

2
‖x‖2 + 1

2
‖A∗y∗‖2.

Thus, (9.4.1) implies that{
FT (Ax, y∗)− 〈y∗, Ax〉

}
+
{

1

2
‖x‖2 + 1

2
‖A∗y∗‖2 + 〈y∗, Ax〉

}
≤ 0,

and we conclude that y∗ ∈ T (Ax) and −x∗ := −A∗y∗ ∈ JX (x) since both bracketed
terms are nonnegative. Hence, 0 ∈ JX (x)+ TA(x).

In the same way if we start with

f (x, x∗) := inf {FT (Ax, y∗) : A∗y∗ = x∗ + x∗0}
g(x, x∗) := 1

2
‖x‖2 + 1

2
‖x∗‖2 − 〈x, x∗0〉
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we deduce x∗0 ∈ JX (x) + TA(x). This applies to all domain translations of T . As in
Theorem 9.3.2, this is sufficient to conclude TA is maximal.

Note that only the domain space needs to be reflexive. Application of Theorem
9.4.9 to T (x, y) := (T1(x), T2(y)), and A(x) := (x, x) yields TA(x) = T1(x) + T2(x)
and recovers Theorem 9.3.2. With a little more effort the reader can discover how
to likewise embed Theorem 9.4.9 in Theorem 9.3.2. Alternatively, one may combine
Theorem 9.3.2 and this result in one. Again, it is relatively easy to relativize this result
to the intrinsic core; this is especially useful in finite dimensions, see [24]. A recent
paper [125] observes that the result remains true when one assumes only that

{(A∗y∗, Ax, r) : F∗T (Ax, y∗) ≤ r}

satisfies certain relative closure conditions.
An important case of Theorem 9.4.9 is the case of a reflexive injection.

Corollary 9.4.10. Let T be maximal monotone on a Banach space Y . Let ι denote the
injection of a reflexive subspace Z ⊂ Y into Y . Then TZ := ι∗◦T ◦ι is maximal mono-
tone on Z whenever 0 ∈ core(Z+conv dom T ). In particular, if 0 ∈ core(conv dom T )
then TZ is maximal for each reflexive subspace Z.

In this case also [125] implies the result remains true under more general closure
hypotheses.

Exercises and further results

9.4.1.� Confirm that Corollary 9.4.10 is indeed a special case of Theorem 9.4.9.
It is possible to construct a maximal monotone operator on �2 such that TZ is

‘frequently’ not maximal but it is not clear whether there must be many subspaces for
which it is maximal even when core conv dom T is empty.
9.4.2. Show that the composition theorem (9.4.9) can be embedded in the sum
theorem (9.3.2) and conversely.
9.4.3 (Symmetric conjugate).� Let X , Y , U and V be Banach spaces. Let A : X → Y
and B : U → V be bounded linear operators and let G be a lsc proper convex function
on Y × V . Define F(x, v) := inf {G(Ax, u) : Bu = v, u ∈ U }. Show as in [343,
Proposition 13] that

F∗(x∗, v∗) = min{G∗(y∗, B∗v∗) : A∗(y∗) = x∗, y∗ ∈ Y ∗} (9.4.3)

whenever R+π1(dom G)− R(A) = Y .

Hint. Apply the standard formula for the conjugate of composition of a closed convex
function with a bounded linear mapping ([368], [121, Theorem 4.4.3] which is actually
the case of (9.4.3) in which B, U , V are trivial).

9.4.4.� Prove the equation within (9.4.2).
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9.5 Limiting examples and constructions

It is unknown outside reflexive space whether cl dom(T ) must always be convex for
a maximal monotone operator, though the assumption of reflexivity in Theorem 9.3.9
may be relaxed to requiring R(T + J ) is boundedly weak∗-dense – as an examination
of the proof will show. Moreover, in the final section of the chapter we shall show it
is convex for all operators of type (NI).

We do however have the following result:

Theorem 9.5.1 ([85]). The following are equivalent for a Banach space X .

(a) X is reflexive;
(b) int range(∂f ) is convex for each coercive lsc convex function f on X ;
(c) int range(T ) is convex for each coercive maximal monotone T .

Proof. Suppose X is nonreflexive and p ∈ X with ‖p‖ = 5 and p∗ ∈ Jp where J is
the duality map. Define

f (x) := max

{
1

2
‖x‖2, ‖x − p‖ − 12+ 〈p∗, x〉, ‖x + p‖ − 12− 〈p∗, x〉

}
for x ∈ X . By the max formula (4.1.10), we have, for x ∈ BX ,

∂f (p) = BX ∗ + p∗, ∂f (−p) = BX ∗ − p∗, ∂f (x) = Jx (9.5.1)

using inequalities like ‖p− p‖ − 12+ 〈p∗, p〉 = 13 > 25
2 = 1

2‖p‖2.
Moreover, f (0) = 0 and f (x) > 1

2‖x‖ for ‖x‖ > 1, thus ‖x∗‖ > 1
2 if x∗ ∈ ∂f (x)

and ‖x‖ > 1. Combining this with (9.5.1) shows

range(∂f ) ∩ 1

2
BX ∗ = range(J ) ∩ 1

2
BX ∗ .

Let UX ∗ denote the open unit ball in X ∗. Now James’ theorem (4.1.27) gives us points
x∗ ∈ 1

2UX ∗ \ range(J ), thus UX ∗ \ range(∂f ) �= ∅. However, from (9.5.1)

UX ∗ ⊂ conv((p∗ + UX ∗) ∪ (−p∗ + UX ∗)) ⊂ conv int range(∂f )

so range(∂f ) has nonconvex interior. This shows that (b) implies (a) while (c) implies
(b) is clear. Finally (a) implies (c) follows from Theorem 9.3.9.

Observe the distinct role of convexity in each direction the proof of (a) ⇔ (c). It
is most often the case that one uses the same logic to establish any result of the form
‘Property P holds for all maximal monotone operators if and only if X is a Banach
space with property Q’. Another example is ‘Every (maximal) monotone operator T
on a Banach space X is bounded on bounded subsets of int dom T if and only if X is
finite-dimensional’. (See [85] for this and other like results.)
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Exercises and further results

9.5.1. The easiest explicit example, due to Fitzpatrick and Phelps (see [85]), lies in
the space c0 of null sequences endowed with the supremum norm. One may use

f (x) := ‖x − e1‖∞ + ‖x + e1‖∞ (9.5.2)

where e1 is first unit vector. Then

int range(∂f ) = {
U�1 + e1

} ∪ {U�1 − e1
}

cl int range(∂f ) = {
B�1 + e1

} ∪ {B�1 − e1
}

both of which are far from convex. It is instructive to compute the closure of the range
of the subgradient.
9.5.2.�� Gossez [240] produces a coercive maximal monotone operator with full
domain whose range has a nonconvex closure, see also Example 9.5.3. It is of the
form 2−n J�1 + S for some n > 0 and sufficiently large.

The continuous linear map S : �1 → �∞ is given by

(Sx)n := −
∑
k<n

xk +
∑
k>n

xk , for all x = (xk) ∈ �1, n ∈ N .

It is called the Gossez operator. We record that ∓S : �1 
→ �∞ is a skew bounded
linear operator, for which S∗ is not monotone but −S∗ is. Hence, −S is both of
dense type and locally maximal monotone (also called FP) while S is in neither
class, [391, 33]. Cognate linear examples are given in Exercises 9.5.6 and 9.7.16. As
made precise in Example 9.5.3 and [33] such linear examples ‘only occur’ in spaces
containing �1.

Relatedly, let ι denote the injection of �1 into �∞. Then for small positive ε, the
mapping Sε := ει + S is a coercive maximal monotone operators for which Sε fails
to be coercive, see also [241].
9.5.3 (Some further related results).�� Somewhat more abstractly, one can show that
if the underlying space X is rugged, meaning that cl span range(J − J ) = X ∗, then
the following are equivalent whenever T is bounded linear and maximal monotone,
see [33]:

(i) T is of dense type.
(ii) cl range(T + λJ ) = X ∗, for all λ > 0.
(iii) cl range(T + λJ ) is convex, for all λ > 0.
(iv) T + λJ is locally maximal monotone, for all λ > 0.

It actually suffices that (ii)–(iv) hold for a sequence λn ↓ 0. The equivalence of
(i)–(iv) thus holds for the following rugged spaces: c0, c, �1, �∞, L1[0, 1], L∞[0, 1],
C[0, 1]. In cases like c0, or C[0, 1] which contain no complemented copy of �1, a
maximal monotone bounded linear T is always of dense type [33].

In particular, S in Example 9.5.2 is necessarily not of dense type, and so on.
Also, one may use a smooth renorming of �1. This means T + λJ is single-valued,
demicontinuous.
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Fittingly, we finish this tour of counterexamples with another result due implicitly
to Simon Fitzpatrick. It again uses convexity twice.

Theorem 9.5.2 (Fitzpatrick–Phelps [215]). The following are equivalent for a
Banach space X .

(a) X is reflexive;
(b) ∂f is strongly locally maximal for each continuous convex function f on X ;
(c) each maximal monotone mapping T on X is strongly locally maximal.

Proof. (a)⇒ (c) was proven in Theorem 9.4.6 while (c)⇒ (b) follows from Theorem
9.2.1. We prove (b)⇒ (a) by contradiction and James theorem (4.1.27). Select x∗ ∈ X ∗
such that ‖x∗‖ = 1 but |〈x∗, x〉| < 1 whenever ‖x‖ ≤ 1, and define f (x) := |〈x∗, x〉|.
Let T := ∂f and C∗ := BX ∗ . Then dom(∂f ∗ + NC∗) = {tx∗ : |t| < 1} while for
|t| < 1, (∂f ∗ + NC∗) (tx∗) = {0}. Thus, the graph of M = (∂f ∗ + NC∗)

−1 is the
set (−x∗, x∗),×{0} ⊂ X × X ∗, which is monotone but not closed and hence not the
graph of a maximal monotone operator.

Note that we have exhibited a case of two convex functions f and g := δ∗BX ∗ on a
Banach space such that (∂f ∗ + ∂g∗)−1 is maximal as a monotone mapping on X ∗∗
but not as a mapping restricted to X . We finish this cross-section of limiting examples
with a somewhat counter-intuitive result.

9.5.1 Subgradients need not be norm×weak∗ closed

The bounded weak∗-topology (bw∗) on the dual of a normed space X can be defined
in many ways. It is the topology of uniform convergence on norm-compact subsets
of X and so is locally convex. Equivalently, it is the strongest topology agreeing
with the weak∗-topology on all weak∗-compact subsets of X ∗ [260, pp. 151–154].
A normed space is complete if and only if every bw∗-continuous linear functional is
weak∗-continuous (and so lies in X ) [260, Corollary. 1, p. 154]. From this it follows
immediately that the Banach–Dieudonné theorem proven directly in Exercise 4.4.26
holds. When the space is reflexive we also refer to the bounded-weak or bw-topology.

Example 9.5.3 ([83]). A proper lsc convex function f on a separable Hilbert space
E such that the graph of the maximal monotone operator ∂f is not norm×bw closed.

Proof. Let E := �2(N). To make things clearer we will keep E∗ and E separate.
Define

ep,m := 1

p

(
ep + epm

)
, e∗p,m := e∗p + (p− 1)e∗pm

for m, p, r, s ∈ N, p prime and m ≥ 2. Here en and e∗n denote the unit vectors in E and
E∗ respectively.
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Then we have

〈e∗p,m, ep′,m′ 〉 =


0 if p �= p′,
1/p if p = p′, m �= m′,
1 if p = p′, m = m′.

Further, for x ∈ E define

f (x) := max(〈e∗1, x〉 + 1, sup{〈e∗p,m, x〉 : p prime, m ≥ 2})

so f is a proper lsc convex function on E. Then f (0) = f (ep,m) = 1, f (−e1) = 0 and
f (x) ≥ 〈e∗p,m, x〉 for all x ∈ E and p prime, m ≥ 2, which implies e∗p,m ∈ ∂f (ep,m).
In fact,

f (x)− f (ep,m) = f (x)− 1 ≥ 〈e∗p,m, x〉 − 1 = 〈e∗p,m, x − ep,m〉 for all x ∈ E.

We also have 0∗ �∈ ∂f (0), since 0∗ ∈ ∂f (0) is equivalent to f (x) − f (0) ≥ 0 for all
x ∈ E (immediately from the definition of ∂f ), which is not true for x = −e1. Thus
(0, 0∗) is not in the graph of ∂f .

So we may now prove that the graph of ∂f is not norm×bw closed by proving that
(0, 0∗) is in the norm×bw closure of the set

{(ep,m, e∗p,m) : p prime, m ≥ 2} ⊆ graph ∂f .

Informally, this is true, since ep,m tends in norm to 0 for large p, and also 0∗ is a
bw-cluster point of the e∗p,m. A more precise argument is the following.

Let ε > 0 and a compact A ⊆ E be arbitrarily given. We have to prove that there
exist indices p, m with ‖ep,m‖ ≤ ε and e∗p,m ∈ A◦. Pick n0 ∈ N such that ‖ep,m‖ ≤ ε

and sup
a∈A
〈e∗p , a〉 ≤ 1/2 for all p ≥ n0. This is possible since ‖ep,m‖ = 2/p and A is

compact, so that 〈e∗p , a〉 tends to 0 for p →∞ uniformly in a ∈ A.
Then for each prime p pick m0 = m0(p) such that

sup
a∈A
〈e∗pm , a〉 ≤ 1

2(p− 1)
for all m ≥ m0,

once more using compactness of A. Now for all p ≥ n0 and m ≥ m0(p) we have

sup
a∈A
〈e∗p,m, a〉 = sup

a∈A

(
〈e∗p , a〉 + (p− 1)〈e∗pm , a〉

)
≤ 1

2
+ 1

2
,

thus ‖ep,m‖ ≤ ε and 〈e∗p,m, a〉 ≤ 1 for all a ∈ A (i.e. e∗p,m ∈ A◦).

Exercises and further results

9.5.4. The previous example extends to all infinite-dimensional separable Banach
spaces.

Hint. Replace the unit vectors by a suitable biorthogonal sequence.
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9.5.5. The example was constructed as a separable and more illustrative version of an
earlier unpublished nonseparable example due to Fitzpatrick. It takes E = �2([0, 1])
and defines

f1(x) := max(〈e0, x〉 + 1, sup{r−1〈er , x〉 : 0 < r ≤ 1}).

Hint. In the previous case we relied on an unbounded sequence having a weak*-
cluster point. Here we rely instead on the fact that {r−1 er : 0 < r ≤ 1} has 0∗ in
its bounded weak*-closure. Indeed the polar of a compact set in E contains all but
countably many points of {r−1 er : 0 < r ≤ 1}.
9.5.6. Show that the following bounded linear operator S : L1[0, 1] → L∞[0, 1]
defined by

Sx :=
∫ t

0
x(s) ds−

∫ 1

t
x(s) ds

is skew but neither ±S∗ is monotone. Thus, neither S nor −S is locally maximal
monotone, etc. This operator is called the Fitzpatrick–Phelps skew operator.

Question 9.5.4 (Some open questions [396]). Among the currently open ques-
tions are:

(a) Is every locally maximal monotone operator of type (NI)?
(b) Is every maximal monotone operator maximal monotone locally?

See also Figure 9.5.

The relative paucity of examples of pathological maximal monotone operators has
been a significant obstacle to progress until very recently. The next two sections
highlight recent advances and inter alia, shed light on various of the examples of this
section.

9.6 The sum theorem in general Banach space

A first ‘general sum theorem’ is:

Theorem 9.6.1 (Sum theorem [71]). Suppose S and T are maximal monotone
operators on a Banach space X and that (a)

0 ∈ core conv{dom S − dom T } (9.6.1)

and both domains are closed and convex or that (b)

∅ �= int dom S ∩ int dom T . (9.6.2)

Then S + T is a maximal monotone operator.

Proof. Case (a) follows from the methods of Voisei [431] as discussed below (see
Exercise 9.7.21). A slick proof is given in [396, §51]. Case (b) is proven by a limit
argument from the finite-dimensional case via Corollary 9.4.10 (Exercise 9.7.1).
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Remarkably, with no domain condition (9.6.1) still implies graph(S+T ) is sequen-
tially norm-weak∗ closed as a consequence of Theorem 9.7.6. In the second case at
least superficially there are no restrictions on the operators. An immediate set of
corollaries is the following:

Corollary 9.6.2 (Normal cones). Suppose in an arbitrary Banach space that T is
maximal monotone and C is closed and convex while either

int C ∩ int dom T �= ∅ or dom T ∩ int C �= ∅

and in the later case dom T is closed and convex. Then T +NC is maximal monotone.

Corollary 9.6.3 (Convex closure). Suppose T is maximal monotone on a Banach
space and dom T is either closed and convex or has nonempty interior. Then T is
maximal monotone locally (and dom T has a convex closure).

Moreover, it is now known that

Theorem 9.6.4 ((NI) sum theorem [433]). In any Banach space, the sum of two
maximal monotone operators of type (NI) is maximal and (NI) as soon as the standard
core condition (9.6.1) holds.

Proof. A proof is sketched in Exercise 9.7.19.

Exercises and further results

9.6.1.� Prove Corollary 9.6.3 by showing that if T +NC is maximal monotone for all
closed convex sets C then T is maximal monotone locally.
9.6.2 (Convex graph [40]). Consider a maximal monotone operator T whose graph
is convex. Show that the graph must be affine.

Hint. Normalize so that 0 ∈ T (0). First show that the graph is a convex cone. Then
verify that graph T = −graph T . Hence the graph is linear after the normalization.

9.6.3 (NI Banach spaces). A Banach space X is of type (NI) if every maximal mono-
tone operator on X is type (NI). Let EX := X × X ∗. It is conjectured in [76] that X
is type (NI) when E∗X is weakly countably determined [201] (which holds if E∗X is a
WCG subspace (and so if X is reflexive) or if EX is separable and contains no copy
of �1 (and so if X ∗∗ is separable).

Such a result would provide the first class including some nonreflexive Banach
spaces in which maximal monotone operators are provably well-comported – as
detailed in Theorem 9.7.9.

9.7 More about operators of type (NI)

In this section we discuss several recent results which shed significant light on the
centrality of operators of type negative infimum (NI). We fix a Banach space X with
norm ‖ · ‖ and write d2

graph T (x, x∗) := inf z∗∈T (z) ‖x − z‖2 + ‖x∗ − z∗‖2∗. Much as
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before, we write FT (x
∗, x∗∗) for the Fitzpatrick function of the embedding of the

graph of T in X ∗∗ × X ∗.

Proposition 9.7.1 (Strong representation). Every maximal monotone operator T of
type (NI) satisfies

F∗T (x∗, x∗∗) ≥ 〈x∗, x∗∗〉

for each x∗ ∈ X ∗ and each x∗∗ ∈ X ∗∗.

Proof. The proof is a direct computation (seen in Section 9.3) and is left as
Exercise 9.7.2.

The next result is a strengthening of one due to Simons [397]:

Theorem 9.7.2 (Strong Fitzpatrick inequality [433]). If a maximal monotone
operator is of type (NI) then

FT (x, x∗)− 〈x, x∗〉 ≥ 1

4
d2

graph T (x, x∗),

for each x∗ ∈ X ∗ and each x∗∗ ∈ X ∗∗.

Proof. We outline the steps and leave the details for Exercise 9.7.3. They clev-
erly remix ingredients we saw earlier in the chapter. As before we use the notation
g(x, x∗) := (‖x‖2 + ‖x∗‖2∗

)
/2. Fix x0 := x and x∗0 := x∗. Define δ > 0 by

δ2 := FT (x, x∗)− 〈x, x∗〉.

The Fenchel duality theorem (4.4.18) assures that

inf
X×X ∗

(FT + g) = max
X ∗×X ∗∗

(−F∗T − g∗ ≤ 0)

where the final inequality follows from Proposition 9.7.1. Let 1 > ε > 0 be given.
Now select z, z∗ with FT (z, z∗)− 〈z, z∗〉 ≤ (FT + g)(z, z∗) ≤ εδ2. By translation we
temporarily assume x0 = 0, x∗0 = 0 and note that

FT (z + x, z∗ + x∗)− 〈z + x, z∗ + x∗〉 ≤ εδ2. (9.7.1)

Moreover

g(z, z∗) ≤ −〈z, z∗〉 + εδ2 ≤ (2+ 3ε) δ2. (9.7.2)

Set x1 := z + x0, x∗1 := z∗ + x∗0. In like fashion we obtain a sequence (xn, x∗n) with

FT (xn, x∗n)− 〈xn, x∗n〉 ≤ εnδ2

such that g(xn+1 − xn, x∗n+1 − x∗n) ≤ (2+ 3ε)εnδ2.
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Since we work in Banach space the limit (w, w∗) of (xn, x∗n) exists. By norm lower-
semicontinuity the limit satisfies FT (w, w∗) = 〈w, w∗〉 so that (w, w∗) ∈ graph T .
Finally

d2
graph T (x, x∗) ≤ ‖x − w‖2 + ‖x∗ − w∗‖2 ≤ 2

2+ 3ε

(1−√ε)2 δ
2. (9.7.3)

Letting ε go to zero yields the asserted inequality.

It is natural to ask if the constant above is best possible, see Exercises 9.7.11 and
9.7.14. While the numerical value of the constant is largely unimportant, the fact
that it is invariant of the space leads to a lovely corollary both strengthening and
simplifying earlier results in this chapter.

Corollary 9.7.3 (Domain and range convexity). If a maximal monotone operator is
of type (NI) then the norm-closures of its domain and of its range are both convex.

Proof. For λ > 0 we consider the equivalent norm λ‖ · ‖ with dual norm λ−1‖ · ‖∗.
Observe that

dgraph T (x, x∗) ≥ λddom T (x).

It follows from the strong Fitzpatrick inequality, on letting λ go to infinity, that
π1 dom FT ⊆ dom T . Here π1 denotes the projection on X . Since the other inclusion
always holds and the left-hand object is convex we are done. The range case follows
similarly from dgraph T (x, x∗) ≥ λ−1drange T (x∗).

Exercises and further results

9.7.1.� Prove the second case of Theorem 9.6.1.
9.7.2.� Show that the inequality of Theorem 9.7.2 (and its consequences) holds for
all skew linear operators and so for some operators that are not type (NI). In this case
the property is not translation invariant.
9.7.3.� Confirm Equations (9.7.1), (9.7.2) and (9.7.3) of the proof of Theorem 9.7.2.

Hint.

1. For (9.7.1) note that translation of the graph of a maximal monotone operator by a
vector preserves the (NI) property and results in domain translation: more precisely
with q, q̃ denoting the bilinear forms we have (FT−b − q)(d) = (FT − q)(b+ d)
with a similar formula for F∗T−b − q̃.

2. For (9.7.2) observe that (FT − q)(b)+ (FT − q)(c) ≥ −q(c − b)/2.

9.7.4 (Conditions for an operator to be (NI)). (a) Show that a surjective maximal
monotone operator is type (NI) and hence locally maximal. This thus recaptures a
result proved directly by Fitzpatrick and Phelps [396]. (b) By contrast dom T = X
does not imply local maximality as is shown by the various skew examples. (c)
Similarly, confirm that T is type (NI) if (i) it has bounded domain (or is coercive) and
norm dense range or if (ii) its range has nonempty interior (this is harder).
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9.7.5 ((NI) implies range density). We sketch that every operator of type (NI) is
range-dense type (WD) which is to say that if 〈x∗∗ − y, x∗ − y∗〉 ≥ 0 for all y∗ ∈
T (y) (equivalently FT̂ (x

∗, x∗∗) = 〈x∗∗, x∗〉) then there is a bounded weak∗-norm
convergent net (xβ , x∗β) with x∗β →‖·‖ x∗.

1. A separation argument shows range T = range T when T is (NI).
2. Use Theorem 9.6.4 and Corollary 9.4.3 to deduce that range(T + λJ ) = X ∗.
3. Suppose 〈x∗∗ − y, x∗ − y∗〉 ≥ 0 for all y∗ ∈ T (y) and select x∗n ∈ T (xn) +

J (xn)/n with ‖x∗n − x∗‖ < 1/n2. Deduce that (xn)n∈N remains bounded and hence
J (xn)/n → 0. Thence, extract a convergent subnet (xβ , x∗β)with x∗β → x∗ in norm
to complete the proof.

The operator would be of dense type – by definition – if one could obtain that
xβ →w∗ x∗∗. [A similar argument shows that a coercive operator of type (NI) has
norm dense range.] In fact a more careful argument developed in [6] exploits the
Brøndsted–Rockafellar property to show that a maximal monotone operator of type
(NI) is actually of dense type (see Exercise 9.7.16).

Moreover, it is easy to check that a densely-defined affine maximal monotone
operator of range-dense type is of dense type.

Hint. If h∗ ∈ T (h) then y∗ + εh∗ ∈ T (y + εh) for ε > 0.

9.7.6 ((NI) characterization). Show that a maximal monotone operator T is type (NI)
if and only if

FT (x
∗, x∗∗) ≥ 〈x∗, x∗∗〉

for each x∗ ∈ X ∗ and each x∗∗ ∈ X ∗∗, and that this happens if and only if each repre-
sentative function satisfies R∗

T (x
∗, x∗∗) ≥ 〈x∗, x∗∗〉. Hint. FT (x

∗, x∗∗) = P∗T (x∗, x∗∗)
as noted in Proposition 9.4.1.

9.7.7. An efficient way to show that a skew operator is not of type (NI) is recorded
in the following theorem.

Theorem 9.7.4 (Nonmonotone conjugates [33]). Suppose T is a continuous linear
operator from X to X ∗ with skew part S and there is e ∈ X ∗ such that

e �∈ range T and 〈Tx, x〉 = 〈e, x〉2, for all x ∈ X .

Then T is monotone but S∗ is not (and hence S and T are not (NI)).

Hint. Let Px := 〈e, x〉e, for all x ∈ X ; then 〈P∗x∗∗, x〉 = 〈x∗∗, Px〉 = 〈x∗∗, e〉
〈e, x〉 and hence P∗x∗∗ = 〈x∗∗, e〉e, for all x∗∗ ∈ X ∗∗. So P is symmetric. Consider
now S := T − P. Then 〈Sx, x〉 = 〈Tx, x〉 − 〈Px, x〉 = 〈Tx, x〉 − 〈e, x〉2 = 0, for all
x ∈ X , thus S is skew. Since T = P + S, the symmetric (resp. skew) part of T is P
(resp. S). Because e �∈ range T , there exists some x∗∗0 with T ∗(x∗∗0 ) with 〈x∗∗0 , e〉 �= 0.



454 Monotone operators

Hence

〈S∗x∗∗0 , x∗∗0 〉 = 〈T ∗x∗∗0 , x∗∗0 〉 − 〈P∗x∗∗0 , x∗∗0 〉 = 0− 〈x∗∗0 , e〉2 < 0;

so S∗ is not monotone.

Theorem 9.7.4 allows for an easy verification that the Gossez and Fitzpatrick-
Phelps skew operators are as claimed.

The first two parts of the following exercise are due to Simons [390]. Part three is
a lovely recent result of Alves and Svaiter [4], while the rest is due to Gossez [238].
9.7.8 (Uniqueness implies (NI)). A maximal monotone operator T : X → X ∗ is said
to be unique or have the uniqueness property if there is a unique (maximal) monotone
extension in X ∗∗ × X ∗. Show the following:

1. T is unique if and only if the monotone closure T is monotone.
2. An operator of type (NI) is unique.
3. A maximal monotone operator with the uniqueness property is either affine or

type (NI).
4. The Gossez operator is unique (and affine) but, as observed in Exercise 9.7.16, is

not (NI).
5. There are nonunique affine maximal monotone operators with infinitely many

maximal extensions to the bidual. Gossez’s proof is subtle but an easy approach
is given in Exercise 9.7.9.

9.7.9 (Nonuniqueness). Let A : X → X ∗ be a bounded skew linear operator on a
Banach space. (a) Show that A is not unique if and only if there are F , G ∈ X ∗∗ such
that 〈A∗F , F〉 ≤ 0, 〈A∗G, G〉 ≤ 0 but such that 〈A∗(F −G), F −G〉 > 0. (b) Deduce
that A is unique if −A∗ is monotone and in particular if range A∗ = range A∗|X .
(c) Deduce that if neither −A∗ nor A∗ is monotone – as for the Fitzpatrick–Phelps
operator of Exercise 9.5.6 – then A is not unique (and conversely). (d) Show that in
fact there are infinitely many maximal extensions to the Fitzpatrick–Phelps operator.

Hint. (a) x∗ ∈ AF if and only if x∗ = −A∗F and 〈A∗F , F〉 ≤ 0.
(c) Fix H , K ∈ X ∗∗ with 〈A∗H , H 〉 = −1, 〈A∗K , K〉 = 1. Let τ > 0 be given and

set F := H + τK and G := H − τK . Then, for τ sufficiently small, 〈A∗F , F〉 <
0, 〈A∗G, G〉 < 0 but 〈A∗(F − G), F − G〉 = τ 2〈A∗K , K〉 > 0.

(d) One may add any member of the Haar basis to F .

9.7.10. Suppose T is locally maximal monotone. Show that the norm-closure of the
range of T or T is the same convex set.
9.7.11. Show that the best possible constant in Theorem 9.7.2 is 1/2. Indeed the
inequality is then an equality for the identity in Euclidean or Hilbert space.
9.7.12 ((NI) implies (FP) [433]). Show that every maximal monotone operator
of type (NI) is locally maximal monotone. It is not known whether all locally
maximal monotone operators are of type (NI). The classes do coincide for linear
operators.

Hint. Use the characterization in 9.4.5 and, without loss, assume x = 0 and x∗ = 0
with βB∗ ⊂ C∗,β > 0. Consider the function f given by f (x, x∗) := FT (x, x∗) +
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α‖x‖+δαB∗(x∗) for 2α < β. Observe that inf X×X ∗ f = 0 and apply the techniques of
the strong Fitzpatrick inequality theorem 9.7.2 to deduce 0 ∈ T (0), a contradiction.

9.7.13 ((NI) implies (ANA) [433]). Show that for any maximal monotone operator
T of type (NI) when b∗ �∈ T (b) one has

lim
n→∞

〈b− xn, b∗ − x∗n〉
‖xn − b‖‖x∗n − b∗‖ = −1

for some sequence x∗n ∈ T (xn), with xn �= b, x∗n �= b∗. Such operators are said to be of
type (ANA) or almost negative alignment. It is not known if all maximal monotone
operators are type (ANA).

Hint. Use the strong Fitzpatrick inequality to show that for x∗ ∈ T (x) one can find
bounded sequences (xn) and (x∗n) with

‖x − xn‖2 + ‖x∗ − x∗n‖2 + 2〈x − xn, x∗ − x∗n〉 ≤ 1/n

for each n ∈ N.

9.7.14 (Brøndsted–Rockafellar property [3]). Show the following:

1. Refine the proof of the strong Fitzpatrick inequality 9.7.2 to deduce that
d2

graph T (x, x∗)/4 can be improved to a supremum norm:

inf
s∗∈T (s)

max{‖x − s‖2, ‖x∗ − s∗‖2∗}.

2. Confirm that this inequality can be derived for any closed convex proper function
with h(x, x∗) ≥ 〈x, x∗〉 and h∗(x∗, x∗∗) ≥ 〈x∗∗, x∗〉. The conclusion becomes

h(x, x∗)− 〈x, x∗〉 ≥ inf
{h(s,s∗)=〈s,s∗〉}

max{‖x − s‖2, ‖x∗ − s∗‖2∗}

and in consequence

h(x, x∗)− 〈x, x∗〉 ≥ 1

2
inf

{h(s,s∗)=〈s,s∗〉}
{‖x − s‖2 + ‖x∗ − s∗‖2∗}

which provides the best constant in Theorem 9.7.2.

9.7.15 (Positive linear implies (ANA)). Show that every bounded linear monotone
operator on a Banach space is maximal monotone of type (ANA) [396, Theorem 47.7]
9.7.16 ((NI) implies (BR) [3]). Show the following:

1. Each maximal monotone (NI) operator T has the Brøndsted–Rockafellar property,
is (BR). That is: for α > 0,β > 0 suppose

inf
y∗∈T (y)

〈x∗ − y∗, x − y〉 > −αβ.
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Then there is z∗ ∈ T (z) with ‖z − x‖ < α and ‖z∗ − x∗‖ < β. Note that the
original strong Fitzpatrick inequality shows that one can achieve ‖z − x‖ < 2α
and ‖z∗ − x∗‖ < 2β.

2. Show that every skew bounded linear operator is (BR). Hence, Gossez’s skew
operator of 9.5.2 is (BR) and (ANA) but not (NI).

3. Show that the tail operator E : �1 → �∞ given by (Ex)n :=∑
k≥n xk (originally

due to Fitzpatrick and Phelps and discussed in [396, Example 33.6]) is maximal
monotone and (ANA) but is not (BR).

Hint. Let e1 be the first unit vector and e = (1, 1, . . . , 1, . . .) in �∞. Then
〈e1, E(x)〉 = 〈x, e〉. While inf x∈X 〈x − (−e1), E(x) − e〉 = −1, the distance of
e from range E is one since range E ⊂ c0.

9.7.17. Determine, in comparison to the result of Exercise 9.7.8, whether there is (i) a
nonlinear maximal monotone operator which is (BR) and not (NI) and (ii) a nonlinear
maximal monotone operator which is not (BR).

Hint. (ii) If T is (BR) and inf x∈X 〈x − y, T (x)− y∗〉 > −∞, then y∗ lies in range T .
Now consider a small nonlinear perturbation of E.

9.7.18 (Maximality of representatives [3]).

Theorem 9.7.5. Suppose that h : X × X ∗ → [−∞,+∞] is a proper, convex and
norm-to-weak∗-lsc function such that (i) h(x, x∗) ≥ 〈x, x∗〉 and (ii) h∗(x∗, x) ≥ 〈x∗, x〉
for all (x, x∗) ∈ X × X ∗. Then if G(A) := {(x, x∗) ∈ X × X ∗ : h∗2(x, x∗) = 〈x, x∗〉}
it follows that (a) G(A) := {(x, x∗) ∈ X × X ∗ : h(x, x∗) = 〈x, x∗〉} and (b) A is
monotone. (c) Moreover, if h is (NI) then A is maximal.

Hint. (a) First if h(x, x∗) = 〈x, x∗〉 deduce as in the reflexive case that (x, x∗) ∈
∂h(x, x∗) because the bilinear form is a Gâteaux subderivative. Hence, h(x, x∗) +
h∗(x∗, x) = 2〈x, x∗〉 and (a) holds.
(b) To show monotonicity, suppose that h∗(x∗, x) = 〈x∗, x〉 and h∗(y∗, y) = 〈y∗, y〉.
Then by convexity we have

4 h∗((x∗ + y∗)/2, (x + y)/2〉 ≤ 2〈x∗, x〉 + 2〈y∗, y〉

and by hypothesis (ii)

〈x∗ + y∗, x + y) ≤ 4 h∗((x∗ + y∗)/2, (x + y)/2)).

Combining these last two inequalities and simplifying shows A is monotone.
(c) To show maximality suppose 〈x∗ − a∗, x− a) ≥ 0. for all a∗ ∈ A(a). Without loss
of generality, let us assume x∗ = 0, x = 0. Then as in Theorem 9.7.2

inf
(
{h(y, y∗)− 〈y∗, y〉} + {(‖y‖2 + ‖y∗‖2)/2+ 〈y∗, y〉}

)
= 0 = min(h∗ + g∗).

Now, by the generalization of Theorem 9.7.2 given in Exercise 9.7.14 we may select
‖yn − an‖2 + ‖y∗n − a∗n‖2 → 0 with a∗n ∈ A(an), ‖yn‖2 + ‖y∗n‖2 + 2〈yn, y∗n〉 → 0
and h(yn, y∗n) − 〈yn, y∗n〉 → 0. Observe that (yn, y∗n) is bounded and argue that 0 ≤
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〈an, a∗n〉 → 0. Finally derive that ‖an‖2 + ‖an‖2 → 0 and as h is lsc we derive
h(0, 0) ≤ 〈0, 0∗〉 as required.

9.7.19 (Maximality of (NI) sums [433]). We now establish Theorem 9.6.4.
First apply Theorem 9.7.5 to two partial infimal convolutions:

VS,T (x
∗∗, x∗) := inf

{FS(x
∗∗, u∗)+ FT (x

∗∗, v∗) : u∗ + v∗ = x∗
}

,

and

WS,T (x
∗∗, x∗) := inf

{PT (x
∗∗, u∗)+ PS(x

∗∗, v∗) : u∗ + v∗ = x∗
}

.

As noted in [71] we have a lovely observation first exploited by Voisei and also
given in [396, Therorem 16.4]:

Theorem 9.7.6 (Partial convolution [431]). Suppose T and S are maximal monotone
and satisfy the transversality condition

0 ∈ core
(
π1(dom(PS)− π1(dom PT )

)
.

Then VS,T (x∗∗, x∗) = W∗
S,T (x

∗∗, x∗) is norm-lower-semicontinuous and is attained
when finite.

Moreover,

W∗
S,T (x

∗, x) ≥ 〈x∗, x〉

and

WS,T (x, x∗) ≥ 〈x, x∗〉,

for x ∈ X and x∗ ∈ X ∗. In consequence

graph(S + T ) = {(x, x∗) : VS,T (x, x∗) = 〈x, x∗〉}.

If in addition, S and T are of type (NI) then

WS,T (x
∗∗, x∗) ≥ 〈x∗∗, x∗〉,

for x∗∗ ∈ X ∗∗ and x∗ ∈ X ∗.

Proof. The argument – based on a conjugate formula of Penot [343, Proposition 13]
– as in Vosei [431] and earlier in this chapter, or a direct Lagrangian calculation,
shows VS,T (x∗∗, x∗) = W∗

S,T (x
∗∗, x∗) and is attained when finite. The rest follows

since P∗S = FS and P∗S = FT have the requisite representative properties.

Theorem 9.7.7 ((NI) sums). Let S, T : X ⇒ X ∗ be two maximal monotone operators
of type (NI) such that

0 ∈ core
(
π1(dom PS)− π1(dom PT )

)
.
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Then S + T is a maximal monotone operator of type (NI).

Hint. We apply Exercise 9.7.18 to h =WS,T . By Theorem 9.7.6 h∗ = VS,T . Thus

G(B) := {(x, x∗) : inf
{FT (x, u∗)+ FS(x, v∗) : u∗ + v∗ = x∗

} = 〈x, x∗〉}

determines a maximal monotone operator B. But direct computation, appealing to
Proposition 9.1.1 again, shows that B = S + T .

As always, since conv(dom S − dom T ) ⊆ π1(dom PS) − π1(dom PT ) we have
also the following result.

Corollary 9.7.8. Let S, T : X ⇒ X ∗ be two maximal monotone operators of type
(NI) such that

0 ∈ core conv
(

dom S − dom T
)
.

Then S + T is a maximal monotone operator of type (NI).

The corresponding results for compositions as in Section 9.4.3 also follow.
To summarize, in the language of Exercise 9.6.3 we can now assert the following

result, of which all the pieces have been discussed in this and the previous section.

Theorem 9.7.9 ((NI) Banach spaces [76]). Let X be a Banach space of type (NI).
Then every maximal monotone operator T is of type (NI) and in consequence:

1. The range and domain of T have convex norm-closure [3, 433, 397].
2. T has the Brøndsted-Rockafellar property (BR) [3].
3. T is almost negatively aligned (ANA) [433].
4. T is both locally maximal monotone (LMM) or (FP) and maximally locally

monotone (FPV) [433].
Moreover, if S is another maximal monotone operator and

0 ∈ core (dom T − dom S)

then T + S is again maximal monotone [433].

This result is conjectured to hold in nonreflexive spaces such as the James space
(which is codimension-one in its bidual, [199]).

There is another positive result when one of the mappings is not type (NI). As with
Theorem 9.6.1 (a) it relies on the following proposition.

Proposition 9.7.10 ([71], Theorem 24.1 of [396]). Let S and T be maximal and
suppose that (9.6.1) holds. (a) Then S + T is maximal monotone if and only if
FS+T (x, x∗) ≥ 〈x, x∗〉 for all x ∈ X and x∗ ∈ X ∗. (b) In particular this holds if
FS+T (x, x∗) ≤ 〈x, x∗〉 implies x ∈ dom(S + T ).

Hint. Apply parts (a) and (b) of Theorem 9.7.5 to WS,T ≥ FS+T and appeal to
Theorem 9.7.6.
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Relationships between Classes

ANA BR LMM FPV

NI

D Subgradient
X

reflexive

In general non-reflexive space all implications are strict except for
those marked with ‘?’. The dotted implication is conjectured only. 

?

MM

??

Figure 9.5 Relations between classes of operators.

9.7.20 (Verona–Verona theorem [396]). Show that T + ∂f is maximal whenever f is
closed and convex and T is maximal and everywhere defined. Hint. The hard work

is to show Proposition 9.7.10 (b) applies [396, §53].

Note that this includes the case where T is a bounded monotone linear operator
which is not of type (NI). The proof in [396] goes through if one only assumes

dom f ⊂ int dom T . (9.7.4)

9.7.21.� Prove Theorem 9.6.1 (a).

Hint. Use Proposition 9.7.10 (b) and the method of Exercise 9.7.19.

9.7.22.� Prove Theorem 9.6.1 (b).

Hint. Use (9.7.4) in the product space.

A schematic illustration of known and open relationships is given in Figure 9.5.
Recall that uniqueness and type (NI) coincide in the nonlinear case.
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Further remarks and notes

It is not knowledge, but the act of learning, not possession but the act of getting there, which
grants the greatest enjoyment. When I have clarified and exhausted a subject, then I turn
away from it, in order to go into darkness again; the never-satisfied man is so strange if
he has completed a structure, then it is not in order to dwell in it peacefully, but in order
to begin another. I imagine the world conqueror must feel thus, who, after one kingdom is
scarcely conquered, stretches out his arms for others. (Carl Friedrich Gauss)1

10.1 Back to the finite

We finish this book by reprising some of the ways in which finite-dimensionality has
played a critical role in the previous chapters. While our list is far from complete it
should help illuminate the places in which care is appropriate when ‘generalizing’.
Many of our results have effectively the same proof in Banach spaces as they do in
Euclidean spaces.

10.1.1 The general picture

For example, the equivalence of local boundedness and local Lipschitz properties for
convex functions is a purely geometric argument that does not depend on the dimen-
sion of the space (compare Theorem 2.1.10 and Proposition 4.1.4). Consequently,
in finite dimensions a real-valued convex functions is automatically continuous
essentially because a simplex has nonempty interior (see Theorem 2.1.12). This
argument clearly fails in infinite-dimensional spaces, and the result fails badly as
there are discontinuous linear functionals on every infinite-dimensional Banach space
(Exercise 4.1.22). However, if f is everywhere finite and lsc then f is continuous
(Proposition 4.1.5) – since a Banach space is barreled, as it is a Baire space (see
Exercise 10.1.9). This is one of the few significant analytic properties which hold in
a large class of incomplete normed spaces.

The preceding is typical of a class of results from Euclidean space that have natural
analogs in general Banach spaces with an additional closure assumption on the convex

1 Carl Friedrich Gauss, 1777–1855, in an 1808 letter to his friend Farkas Bolyai (the father of Janos
Bolyai).
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function (which allows the recovery of an interiority condition). Some of the most
important and striking examples of this are that the max formula, sandwich theorem
and Fenchel duality theorem extend nicely to Banach spaces with only a modest
amount of extra work as is explored in Chapter 4.

However, many results do not extend well from Euclidean spaces to infinite-
dimensional spaces. This is principally because the compactness properties and
support properties of convex sets have become significantly more subtle. We mention
two such examples of this. First, every finite convex function on a Euclidean space
is bounded on bounded sets because of continuity and compactness of balls. In con-
trast, on any infinite-dimensional Banach space there is a globally continuous convex
function that is unbounded on a ball; see Theorem 8.2.2 where it is illustrated that
construction of such a function depends on more subtle properties than just lack of
compactness (further related results of this nature are presented in Chapter 8). Second,
an illustration of support properties is that disjoint closed convex sets in Euclidean
space can always be separated because of nonempty relative interior (Theorem 2.4.7)
while this can fail in infinite-dimensional spaces (Exercise 4.1.9).

In order to more concisely address many of the issues we just raised, we present
two compendia of standard results taken from [96].

Theorem 10.1.1 (Closure, continuity, and compactness). Let X be a Banach space.
The following statements are equivalent:

(a) X is finite-dimensional.
(b) Every vector subspace of X is closed.
(c) Every linear map taking values in X has closed range.
(d) Every linear functional on X is continuous.
(e) Every convex function f : X → R is continuous.
(f) The closed unit ball in X is (pre-)compact.
(g) For each nonempty closed set C in X and for each x in X , the metric distance

dC(x) = inf {‖x − y‖ : y ∈ C} is attained.
(h) The weak and norm topologies coincide on X .
(i) The weak∗ and norm topologies coincide on X ∗.

Proof. Properties (b) – (d) and (f) – (i) are implied by (a) as is covered in an
introductory linear functional analysis text. Theorem 2.1.12 shows (a) implies (e).
Exercise 4.1.22 shows there is a discontinuous linear functional on every infinite-
dimensional space; hence deduce that (e), (d) and (b) imply (a). For (c), consider a
nonclosed subpace, with the help of a Hamel basis (extended) from the subspace to
the whole space, one can construct a linear projection onto the subspace.

For (f) and (g): use the basic separation theorem (4.1.12) to find a sequence
(xn) ⊂ BX such that 1/2 < ‖xn‖ < 1/2 + 1/n, and dYn(xn+1) ≥ 1/2 where
Yn = span{x1, . . . , xn}. Then C := {xn}∞n=1 is a closed set, and dC(0) = 1/2
is not attained. For (h) and (i), observe in infinite dimensions, nonempty weakly
open and weak∗-open sets contain infinite-dimensional subspaces and are hence
unbounded.
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Moving from continuity to tangency properties of convex sets we have:

Theorem 10.1.2 (Support and separation). Let X be a separable Banach space. Then
the following statements are equivalent.

(a) X is finite-dimensional.
(b) Whenever a lsc convex f : X → (−∞,+∞] has a unique subgradient at x then

f is Gâteaux differentiable at x.
(c) X every (closed) convex set in X has a supporting hyperplane at each boundary

point.
(d) Every (closed) convex set in X has nonempty relative interior.
(e) Suppose A is closed and convex, while R is a ray (or line). Then A∩R = ∅,⇒ A

and R are separated by a closed hyperplane.

Proof. Theorem 2.2.1 shows (a) implies (b) even without a lsc assumption on f . To see
that (c) holds in finite dimensions, one may assume 0 ∈ C. In the event span C = X ,
C has nonempty interior and so the supporting hyperplane theorem (2.4.3) may be
applied. In the event span C �= X , there is a nonzero linear functional that contains C
in its kernel. Observe this proof allows the possibility that the supporting functional
may be constant on C; Exercise 10.1.12 shows that this is unavoidable.

The conditions (d) and (e) hold in finite-dimensional spaces by Theorem 2.4.6 and
Theorem 2.4.7 respectively.

Conversely, Example 4.2.6 shows (b) implies (a); see also Exercise 4.2.5. To
prove (c) implies (a), take a countable dense collection {xn}∞n=1 ⊂ SX . Let C :=
conv({2−nxn}∞n=1 ∪ {0}) then C is compact because it is closed and totally bounded,
span C is infinite-dimensional and hence 0 is a boundary point of C. For each φ ∈
X ∗ \ {0} observe that supC φ > 0 and so 0 ∈ C has no supporting hyperplane. Check
that this example can also be used to show (d) implies (a).

Finally, Exercise 4.1.9 can be modified for any separable Banach space X
using a Markuševič basis. That is, there exist {xn, x∗n}∞n=1 ⊂ X × X ∗ satisfying
span({xn}∞n=1) = X , the span of {x∗n}∞n=1 is weak∗-dense in X ∗, and x∗n(xm) = 1
if m = n and 0 otherwise; see [199, Theorem 6.41]. By scaling, we may assume
‖xn‖ = 1 for all n. Define A := {x ∈ X : x∗n(x) ≥ 0 for all n ∈ N} and
R := {ta− b : t ≥ 0} where a := 4−nxn and b := 2−nxn. Verify that A ∩ R = ∅ but
that no nonzero φ ∈ X ∗ can separate A and R and thus deduce that (e) implies (a).

In sum these results say treat ‘finite-dimensionally derived intuition with cau-
tion’. Lest one forgets, the world of just three-dimensional convex polyhedra
[243] is already marvelously complex as illustrated by Figure 10.1 [434]. They
show Archimedean dual solids: a truncated dodecahedron and an icosahedron with
triangular pyramids added to each face.

Exercises 10.1.3 and 10.1.4 point to other places where Euclidean verities break
down. Exercise 10.1.6 is intended to reenforce the reminder that Euclidean does not
equate to obvious.



10.1 Back to the finite 463

Figure 10.1 Truncated dodecahedron and Triakis icosahedron.

10.1.2 A closer look

Theorem 10.1.1 clearly highlights things that ‘can go wrong’ outside of Euclidean
space. However, let us be clear that the weak topologies of Theorem 10.1.1(h) and
(i) are immensely important and useful in the study of infinite-dimensional spaces.
Indeed, they provide natural Hausdorff topologies with much less stringent con-
vergence requirements. Among the most important and fundamental results in this
direction is the Banach–Alaoglu or Alaoglu’s theorem (4.1.6) that ensures the dual
unit ball is weak∗-compact (Exercise 6.7.11).

There are several important convex analytic results on Euclidean space that extend –
at least in substantial parts – to general Banach spaces with the help of Alaoglu’s
theorem. For example, a differentiable convex function on E has a continuous deriva-
tive (Theorem 2.2.2). Crucial to this is that a continuous convex function is locally
Lipschitz and hence the derivative mapping is locally bounded and compactness
arguments are available for use in conjunction with properties of the convex subd-
ifferential. This extends to general Banach spaces in the following sense: a Fréchet
differentiable convex function has norm-to-norm continuous derivative and a Gâteaux
differentiable continuous convex function has norm-to-weak∗ continuous derivative
(Corollary 4.2.12). The norm-to-norm continuity for Fréchet differentiability requires
both relative weak∗-compactness of bounded sets in the dual and the fact that its
defining limit is uniform over all directions in the unit ball of X , however the norm
compactness of the dual unit ball is not needed.

Such dual weak∗-compactness properties along with the power and consequences
of Baire mentioned above lie at the heart of the depth and success of the related concept
of monotone operators on Banach spaces; this is explored in detail in Chapter 9. The
Moreau–Rockafellar theorem (4.4.10) makes it clear how tightly conjugacy couples
interiority and compactness properties. We restate its dual version (Theorem 4.4.12)
which we have often seen in use implicitly:

Theorem 10.1.3 (Moreau–Rockafellar dual). Let f : X → (−∞,+∞] be proper,
convex and lsc. Then f is continuous at zero if and only if f ∗ has weak∗-compact
lower level sets.
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The literature is replete with papers proving that both conditions hold for a given
convex function or program: unaware that they are doing double work, see Exercise
10.1.7.

In many parts of the study of convex functions, it is natural to restrict to specialized
classes of Banach space. For example, as explored in various places in this book,
Asplund spaces are the venue where continuous convex functions have a dense set of
points of Fréchet differentiability – and much then follows. In Chapter 8 we saw how
various natural properties of convex functions characterize very different classes of
Banach spaces.

Other situations may require the narrower class of reflexive Banach spaces in which
the unit ball is weakly compact (so there is compactness available in both the space and
its dual). In fact, a Banach space is reflexive space if and only if each closed bounded
convex is weakly compact (Exercise 4.1.25), and as a consequence every continuous
linear functional attains its maximum on such a set – actually an equivalence grace
of James. See Exercise 10.1.11 for explicit examples of failure of norm attainment
in some nonreflexive spaces. Some salient topics in this book where reflexive spaces
form the natural setting are in the study of Legendre functions (see Chapter 7) and of
maximal monotone operators – at least for certain properties such as coercivity – are
most fully developed there (see Chapter 9).

Still, the reader should be reminded that support properties are in many ways quite
good outside of the reflexive setting because of the landmark Bishop–Phelps theorem
(4.3.4) and its two vitally important cousins – the Brøndsted–Rockafellar theorem
(4.3.2) and Ekeland’s variational principle (4.3.1). These results ensure that there is
a large supply of support points of closed convex sets and functions on tap.

There also many properties that characterize the more restrictive but highly fungi-
ble Hilbert space. The most striking is perhaps the deep result that a Banach space
X is (isomorphic to) Hilbert space if and only if every closed vector subspace is
complemented in X . Especially with respect to best approximation properties, it is
Hilbert space that best captures the properties of Euclidean space. Another illustra-
tion is the connection to nonexpansive mappings as given in and around Theorem
6.1.14. For readers whose primary interest is Hilbert space, we recommend [175] for
approximation properties and [37] for an exposition on convex analysis and monotone
operators.

Whether you have reached this section as a step into the infinite or as a look back
to the finite, we hope it illustrates that while additional care is needed in studying
convex functions on infinite-dimensional spaces, the theory of convex functions in
those spaces is a rich and well-developed field of study.

Exercises and further results

10.1.1 (Amisleading convex hull). This construction illustrates a caution over reading
too much into a picture. Consider the set constructed by placing a regular 4 · 2n-gon,
Pn, at height 2−n in R3, for n = 0, 1, 2, . . . and then taking the union of the shells
between subsequent cross-sections; the vertices of Pn are aligned with those at the



10.1 Back to the finite 465

Figure 10.2 A misleading convex hull.

next step. Figure 10.2 shows the convex set built from the first three shells. Show
that the set constructed as n increases is nonconvex. This illustrates that the convex
hull cannot be created myopically.
10.1.2 (Universal convex sets).�� In [244] it is shown, using a result of Peano on
continua, that in Rn+2 there is a compact convex set C such that every compact convex
subset of the unit ball of Rn is realized (up to a rigid motion) as the intersection of
C with some n-dimensional plane in Rn+2. This complements a negative result of
Grünbaum that there is no compact convex symmetric set C in R3, such that every
symmetric convex body in R2 is the affine image of the intersection of C with some
two-dimensional subspace. This answered a question of Mazur and was extended by
Bessaga who replaced ‘3’ by ‘finite’ and ‘2’ by ‘n’.
10.1.3 (Nonclosedness of convex hull). Show that part (d) of Exercise 2.4.11 charac-
terizes finite dimensions by constructing in every infinite-dimensional Banach space
a convergent sequence whose convex hull is not closed.

Hint. In Hilbert space let xn := en/2n where en is the n-th unit vector. Then x :=∑
n>0 en/4n is in the closure of the convex hull of {xn}∞n=1∪{0} but not in the convex

hull. In a general Banach space, one can use a Markuševič basis in an analogous
fashion on a separable subspace.

10.1.4 (Pointed cones and bases). Determine which parts of Exercise 2.4.26 remain
equivalent in Banach space.
10.1.5. Show that Exercise 2.7.3 remains valid for (weakly) compact convex sets in
Banach space.
10.1.6 (Highly unstable abstract linear programs [106]). Consider the following
closed convex cone in R7, where we write z := (x1, x2, x3, x4, y1, y2, y3) to denote a
point in R7 and let

K := {z ∈ R7 : 0 ≤ x1, 0 ≤ x2, x2
3 + (x4 − x2)

2 ≤ x2
2, 0 ≤ y1, y2

2 + (y3 − y1)
2 ≤ y2

1}.
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Define the linear mapping z∗ : R7 → R by z∗(z) := x4 + y3. For each 0 ≤ λ < ∞
and µ ∈ R define

Aλ :=
 −λ 1 0 0 0 0 0

0 0 1 0 0 0 0
0 0 0 0 0 1 0

 and βµ :=
 1

1
µ

 .

Then for each 0 ≤ λ <∞ and µ ∈ R consider the optimization problem:

p(λ,µ) := inf {z∗(x) : x ∈ K and Aλx = βµ}.
Confirm that this infimum is obtained if and only if λ = µ = 0. Underlying this is a
closed conical image A(K) such that arbitrarily close rank-one perturbations Aλ(K)
are not closed. Clearly this forces K to be nonpolyhedral and more [106].
10.1.7. Let X , Y be Banach spaces. Let K ⊂ Y be a closed convex cone with
nonempty interior and let f : X → R and g : X → Y be convex and K-
convex respectively. Apply Theorem 10.1.3 to the perturbation function p(b) :=
inf x∈X { f (x) : g(x) ≤K b}.
10.1.8 (Separable quasi-complements [247]).�� Let X be a Banach space with closed
subspaces Y , Z . We say Y and Z are quasi-complemented or that Z is a quasi-
complement for Y if Y ∩ Z = {0} and Y + Z is dense in X . It is known that every
subspace of �∞(N) is quasi-complemented [247, Corollary 5.89]. A space has an
infinite-dimensional separable quasi-complemented subspace if and only if it has
an infinite-dimensional separable quotient [247, Corollary 5.80]. It is not known if
every Banach space has some infinite-dimensional separable quasi-complemented
subspace, but it does if its dual contains a copy of c0(N), �1(N) or an infinite-
dimensional reflexive space [247, Cor 5.80 and Exercise. 5.10]. Many separable
counterexamples lift to any superspace in which it is quasi-complemented.

(a) Show that in Theorem 10.1.2 the equivalence of (a), (b), (c) and (e) remains valid
if X is assumed to have an infinite-dimensional separable quotient (or quasi-
complement). Provide a construction of disjoint closed convex sets in such an X
that cannot be separated.

(b) Show that in Theorem 10.1.2 the equivalence of (a) and (d) remains valid if X is
assumed to be a general Banach space.

Hint. (a) Every separable space contains a symmetric compact convex densely span-
ning set. Thus, every space with a separable quasi-complement contains a (bounded)
closed convex symmetric set C with such that

⋃∞
n=1 nC is dense in X but C has empty

interior. Now use Exercise 4.2.5 to conclude δC has a unique subgradient at the origin
but is not differentiable there. Confirm that C has no supporting hyperplane at the
origin. Deduce the equivalence of Theorem 10.1.2 (a)–(c).

When X /Y is separable, X /Y has a Markuševič basis, say {x̂i, φ̂i}∞i=1. Then choose
xi ∈ x̂i, and by scaling assume ‖xi‖ = 1 and identify φ̂i with φi ∈ Y⊥. Now let
A := {x ∈ X : φi(x) ≥ 0 i ∈ N} and B := {ta−b : t ≥ 0}where a :=∑∞

i=1 4−ixi and
b :=∑∞

i=1 2−ixi. Follow the proof in Theorem 10.1.2 noting the span of {xi + Y }∞i=1
is norm dense in X .
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(b) Create the required example in a separable subspace of X . This is an instance
where embedding the example is much simpler than lifting it from a quotient.

10.1.9 (Absorbing sets). Using the Baire category theorem, Proposition 4.1.5 showed
a lsc convex function on a Banach space is continuous on the core of its domain. This
exercise explores this and related results in the setting of a barreled space.

A convex set C satisfying X = ⋃{tC : t ≥ 0} is said to be absorbing (and one
can check 0 ∈ core C).

(a) A normed space is said to be barreled if every closed convex absorbing subset
C has zero in its interior. Use the Baire category theorem to show that Banach
spaces are barreled. (There are normed spaces which are barreled but in which
the Baire category theorem fails, and there are Baire normed spaces which are not
complete: appropriate dense hyperplanes and countable codimension subspaces
will do the job.)

(b) Let f be proper lsc and convex. Suppose that zero lies in the core of the domain
of f . By considering the set

C := {x ∈ X : f (x) ≤ 1},
deduce that f is continuous at zero.

(c) Show that an infinite-dimensional Banach space cannot be written as a countable
union of finite-dimensional subspaces, and so cannot have a countable but infinite
vector space (Hamel) basis.

(d) Let X := �2 and let C := {x ∈ X : |xn| ≤ 2−n}. Show

X �=
⋃
{tC : t ≥ 0} but X = cl

⋃
{tC : t ≥ 0}.

(e) Let X := �p for 1 ≤ p <∞. Let

C := {x ∈ X : |xn| ≤ 4−n},
and let

D := {x ∈ X : xn = 2−nt, t ≥ 0}.
Show C ∩ D = {0}, and so

TC∩D(0) = {0}
where TC∩D is the tangent cone of C ∩ D (see p. 68), but

TC(0) ∩ TD(0) = D.

(In general, as we have seen we need to require something like 0 ∈ core(C−D),
which fails in this example.)

(f) Show that every (separable) infinite-dimensional Banach space X contains a
proper vector subspace Y with cl(Y ) = X . Thus, show that in every such space
there is a nonclosed convex set with empty interior whose closure has interior.
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10.1.10 (Unique subgradients). This exercise provides some explicit examples of the
type ensured by Theorem 10.1.2(b).

(a) Let f be the indicator function of the nonnegative cone in �p for 1 ≤ p <∞. Let
x∗ have strictly positive coordinates. Prove 0 is the unique element of ∂f (x∗) but
f is not continuous at x∗.

(b) Let X := L1[0, 1] with Lebesgue measure. Recall the negative Boltzmann–
Shannon entropy:

B(x) :=
∫ 1

0
x(t) log x(t) dt

for x(t) ≥ 0 almost everywhere and B(x) := ∞ otherwise. Show B is convex,
nowhere continuous (but lsc), and has a unique subgradient when x > 0 almost
everywhere, namely 1+ log x(t).

10.1.11 (Norm-attaining functionals). James’ theorem (4.1.27) ensures that there are
non-norm-attaining functionals on any nonreflexive Banach space. This exercise
requests some explicit examples of this.

(a) Find non-norm-attaining functionals in c0, in �∞ and �1.
(b) Consider the closed unit ball of �1 as a set C in �2. Show C is closed and bounded

with empty interior. Determine the support points of C.

10.1.12 (Proper support points).�� Let C be a closed convex set. Then x ∈ C is a
proper support point of C if there exists φ ∈ C such that φ(x) = supC φ > supC φ.
The existence of closed convex sets in each nonseparable Banach space in which
every point is a proper support point is dependent on set-theoretic axioms; see [247,
Section 8.1] and the references therein.

(a) Let C := {(x, y, z) ∈ R3 : x2 + y2 ≤ 1, z = 0}. Verify that (0, 0, 0) is a support
point of C that is a not proper support point.

(b) Let X be separable with C ⊂ X closed, bounded, and convex. Let {xn : n ∈ N} be
dense in C. Let x̄ :=∑∞

n=1 2−nxn. Then any linear continuous functional f with
f (x̄) = supC f must be constant on C and so x̄ is not a proper support point of C.
Modify the construction to show that there is no need to assume C is bounded.

(c) Show every point of the nonnegative cone in the space �1(R) is a proper support
point.

Theorem 10.1.1 showed that every infinite-dimensional Banach space can have a
nonclosed linear subspace. The next three exercises examine some explicit examples
and further related properties.
10.1.13. Let X be a separable Banach space. Construct a continuous linear mapping
T : X → X such that the range of T is dense but not closed.

Hint. Let {xi, x∗i }∞i=1 be a Markuševič basis for X where ‖xi‖ = 1 for all i ∈ N. Define

T : X → X by T (x) :=∑∞
i=1

x∗i (x)xi

2i‖x∗i ‖ .
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10.1.14 (Sums of closed cones). (a) Let X := �2. Construct two closed convex
cones (subspaces) S and T such that S ∩ T = {0} while S+ + T− �= �2. Deduce
that the sum of closed subspaces may be dense.

(b) Let X = �2. Construct two continuous linear operators mapping X to itself such
that each has dense range but their ranges intersect only at zero. (This is easier if
one uses the Fourier identification of L2 with �2.)

10.1.15 (Sums of subspaces). (a) Let M and N be closed subspaces of X . Show that
M + N is closed when N is finite-dimensional. (Hint: First consider the case
when M ∩ N = {0}.)

(b) Let X = �p for 1 ≤ p <∞. Define closed subspaces M and N by

M := {x : x2n = 0} and N := {x : x2n = 2−nx2n−1}.

Show that M + N is not closed. Observe that the same result obtains if M is
replaced by the cone

K := {x : x2n = 0, x2n−1 ≥ 0}.

(Hint: Denote the unit vectors by (un). Let

xn :=
∑
k<n

u2k−1 and yn := xn +
∑
k<n

2−ku2k .

Then xn ∈ M , yn ∈ N , but xn−yn ∈ M+N converges to
∑

k<∞ 2ku2k �∈ M+N .)
(c) Relatedly, let X := �2 and denote the unit vectors by (un). Suppose (αn) is a

sequence of positive real numbers with 1 > αn > 0 and αn → 1 sufficiently
fast. Set

en := u2n−1, fn := αnu2n−1 +
√

1− α2
nu2n.

Consider the subspaces

M1 := cl span{e1, e2, . . .} and M2 := cl span{ f1, f2, . . .}.
(i) Show M1 ∩ M2 = {0} and that the sum M⊥

1 + M⊥
2 is dense in X but not

closed.
(ii) Dually, show that M⊥

1 ∩M⊥
2 = {0} and that the sum M1 +M2 is dense in

X but not closed.
(iii) Find two continuous linear operators on X , T1, and T2 such that both have

dense range but R(T1) ∩ R(T2) = {0}. (Such subspaces are called disjoint
operator ranges.)

10.1.16 (Semicontinuity of separable functions on �p). As discussed in this section,
lower-semicontinuity is a crucial assumption on convex functions in infinite-
dimensional spaces. Part (b) of this exercise provides a natural example of a convex
function that is not lsc. Let functions ϕi : R → [0,+∞] be given for i ∈ N. Let the
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function F be defined on X = �p for 1 ≤ p <∞ by

F(x) :=
∑

i

ϕi(xi).

Relatedly, suppose the function ϕ : R → (−∞,+∞] is given, and consider the
function

Fϕ(x) :=
∑

i

ϕ(xi).

(a) Show that F is convex and lsc on X if and only if each ϕi is convex and lsc on R.
(b) Suppose 0 ∈ dom Fϕ . Show that Fϕ is convex and lsc on X if and only if

(i) ϕ is convex and lsc on R, and
(ii) inf R ϕ = 0 = ϕ(0).

Thus, for ϕ := exp∗ we have Fϕ is a natural convex function which is not lsc.

10.2 Notes on earlier chapters

Chapter 1. Our goal in this chapter is to illustrate that since their introduction by
Jensen, convex functions have found far-reaching applications in diverse subjects.
We have not endeavored to provide an historical account of the study of convexity,
for that we already recommendedAsplund [15], Fenchel [212], Berger [53] and make
other such mention later in the book. Our notes for this chapter are admittedly sparse
because many of the results are revisited in other chapters of this book in which further
information can be found – including the notes to those chapters; for those topics that
we do not revisit, we have endeavored to include appropriate references in the text.

We must also acknowledge that there is a large and diffuse literature on generaliza-
tions of convexity and convex functions which for the most part we have eschewed in
this book – except when such a notion arises naturally. A few representative reference
books are [25, 362, 401].

Finally, for convenience, we have made some expository decisions. For instance,
our cones always contain zero, our functions are proper unless otherwise flagged,
our normed spaces are usually real and complete, and sets are often assumed closed.
Thus, a result might hold more generally but the generality would typically not add
much to the content and might complicate the discussion.

Section 2.1 and 2.2. Several sources have inspired our presentation in this and
future sections. For example, Stromberg’s wonderful book [410] on classical analysis
strongly influenced our presentation on convex functions on R, and in particular The-
orem 2.1.2 comes from [410, Theorem 4.43]. We believe the classic text of Roberts
and Varberg [366] remains a standard by which books on convex functions should be
measured, and readers will see its influence frequently in the current book. We should
note that Lipschitz functions were introduced in [295]. The proof of the Hahn–Banach
extension theorem we used follows that given in Rudin [383].

Much else in our approach to this and other chapters was – perhaps not surprisingly –
motivated by [95]. The reader will see that we have recorded many of its exercises.
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The reader will also recognize exercises from [332] and from [369]. We must also
mention Zalinescu’s book [445] which we have found is an indispensable reference
for readers looking for a thorough yet efficient coverage of convex analysis in general
vector spaces; its influence can be found throughout the present work.

Identifying linear mappings with multilinear mappings avoids the cumbersome
notation would have arisen in the study of higher-order derivatives had we continued
beyond those of second-order. For a rigorous account of higher order differentiability
on Banach spaces, the reader can consult [144, 185], as our presentation here was
admittedly casual and minimal. In this direction, let us point out that the limit in (2.2.4)
could exist for all h, k ∈ E without the mapping being bilinear; see Exercise 2.6.11 and
Section 2.6 which also outlines more general approaches to second-order derivatives
of convex functions.

Sections 2.3 and 2.4. A key consequence of Proposition 2.1.14 and Theorem 2.3.5 is
that one has a fine analytic and computational tool for analyzing minima of composite
convex functions. Further information on conjugates and computational convex anal-
ysis can be found in Y. Lucet’s survey [298]. In particular, the notion of an iterated
conjugate – in which one conjugates one variable at a time – is computationally useful
in several dimensions, for just the same reason that iterated integration often is, see
also Exercise 2.3.32. The reference [231, §1.6] contains informative material on the
origin and treatment of experimental design (see Exercise 2.3.27(c)) through linear
semi-infinite optimization problems. It would be hard to exaggerate the ubiquity of
Fenchel duality as a tool in diverse fields [299] such as mechanics [195], machine
learning [365], mathematical economics [300], statistical fitting algorithms [56], in
addition to many others discussed in the text.

There are several ways in which one can ‘average’ or combine convex functions
in addition to arithmetic averages and infimal convolutions. In this direction a paper
by Bauschke and Wang [39] discusses a kernel average that includes these and many
other well known averages, and provides applications of it in various areas of convex
analysis; see also Exercise 4.4.8. The recent article [10] looks at the essential a
priori properties that are needed to characterize several types of duality operations,
such as conjugation and polarity. For example, it contains results of the flavor: if a
transformation T on the lsc convex functions on Rn satisfies T (Tf ) = f and f ≤ g
implies Tf ≥ Tg, then T is essentially the operation of conjugation, i.e. (Tf )(x) =
f ∗(Ax + x0)+ 〈x, x0〉 + c0 where A is symmetric, x0 ∈ Rn and c0 ∈ R (see [11] and
[10, Theorem 1]).

Section 2.5. The elementary proof of Rademacher’s theorem (2.5.4) follows that
given in [96] with a nice variant to be found in [329]. Slicker proofs are possible if
one wishes to appeal to more integration theory [52].

Section 2.6. The proof of Theorem 2.6.1 largely follows the course suggested by
Rockafellar in [377], in particular for the implication (c) implies (a); however we
follow the proof of the converse as outlined by Crandall et al. in [162]. Theo-
rem 2.6.1 and related results in the more general setting of Banach spaces were
derived in [107, Section 3] which also built upon some work of Bangert [30]. Fur-
ther generalizations of second-order differentiability along with properties thereof are
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provided in the paper [377] along with the references to applications of those prop-
erties. A version of Alexandrov’s theorem on R2 was given by Busemann and Feller
[138]. Alexandrov’s theorem appeared in [2]; the proof of Alexandrov’s theorem
outlined here follows that of Crandall et al. [162] who followed Mignot’s approach
[316]. Other proofs of Alexandrov’s theorem have been obtained by Bangert [30] and
Rockafellar [374].

Ioffe and Penot [263] exploit Alexandrov-like theory, again starting with the subtle
analysis in [162], to carefully study a subjet of a function f at x, the subjet ∂2−f (x)
being defined as the collection of second-order expansions of all C2 local minorants

g with g(x) = f (x). The limiting 2-subjet is ∂
2
f (x) := lim supy→f x ∂

2−f (x), Various
distinguished subsets and limits are also considered. They provide a calculus, based
on a sum rule for limiting 2-subjets (that holds for all lower-C2 functions and so for
all continuous convex functions) making note of both the similarities and differences
from the first-order theory. Interesting refinements are given by Eberhard andWenczel
in [191].

Section 2.7. Much more detailed material can be found in [369]. In infinite dimensions
this section can usefully be revisited in conjunction with Section 5.2 and Section 6.6.

Section 3.1. Our approach in this section is analogous to [418, 95]. The key idea,
Theorem 3.1.6 (key theorem of polyhedrality), is due to Minkowski [318] and Weyl
[436]. While the treatment is complete theoretically, it does little to shed light on
the important and hard computational problem of efficiently moving between the
two facial and verticial representations or of the general problem of computing
the convex hull of a finite set of points [339]. The technique of Corollary 3.1.9 is
extremely powerful as a way of exploiting linearity or polyhedrality in a more general
problem. The failure to appreciate that Corollary 3.1.8 and its consequences such as
Exercise 3.1.9 require constraint qualification in the non-polyhedral case haunted the
early history of Fenchel duality and semi-infinite programming; and Example 3.2.14
even features in Ron Stern’s academic novel Goldman’s Theorem (2009).

Section 3.2. This section largely follows [288] and [95]. The Davis theorem (3.2.5)
appeared in [168] (without the closure assumption). A host of convexity properties
of eigenvalues like those of Exercise 3.2.5 (Examples of convex spectral functions)
can be found in [261] or [49], for example. Many other properties analogously ‘lift’
from symmetric functions to symmetric matrices as illustrated for prox regularity in
[165]. Fine surveys of eigenvalue optimization appear in [290, 289].

Section 3.3. The importance of linear programming duality, and of the simplex
method, was first emphasized by Dantzig in the mid-1940s [166]. That of semidef-
inite duality was emphasized by Nesterov and Nemirovskii [331], especially from
a computational complexity vantage-point. A good reference for general linear pro-
gramming is [154] while a straightforward exposition of now celebrated central path
methods may be found in [439]. Semidefinite programming has wide application in
control theory [127] and elsewhere. A comprehensive recent survey of duality gaps
(as first discovered by Duffin and others in the 1950’s) in abstract linear programming
and their resolution is given in [417].
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Section 3.4. The development follows [95, §8.1]. The corresponding selection mate-
rial is developed in [378, pp. 186–195] along with generic selection results in finite
dimensions. One example of the many uses of the Kakutani–Fan theorem is in estab-
lishing the existence of equilibria in mathematical economics. A discussion, based
on nonsmooth mean value theorems, of stability and Lyapunov functions is given in
[121, §3.5.2].

Section 3.5. A proof of the smooth variational principle along the lines of Theorem
3.5.1 can be achieved in superreflexive space [108]. Analogously, the proof of the
convex mean value theorem of Exercise 3.5.5 generalizes entirely with the use of an
appropriate approximate mean value theorem see 9.2.1. The variational proof given
of Theorem 3.5.2 would seem to showcase the technique most likely to extend to the
general Hilbert case setting – if indeed the result is true (see also Section 4.5).

Section 4.1. Separation theorems are at the foundation of much of modern functional
analysis. This section presented the basics. The article [1] provides precise conditions
under which closed convex sets can be separated in reflexive spaces.

More delicate examples than given in Exercise 4.1.17 can be constructed; see
[348] for where on a Hilbert space X – or more generally [85, Example 4.1] where
on Banach space X with separable quotient – there are proper lsc convex functions f
and g whose domains are equal and dense in X , and their subdifferentials are at most
single-valued, but dom(∂f ) ∩ dom(∂g) = ∅.

The nonemptiness of subdifferentials and the more delicate max formula are core
results of the convex analysis. Fenchel, Moreau, Rockafellar, Valadier and many
others contributed to the current form of these results.

Examples of emptiness of the subdifferential in the absence of the qualification
conditions are discussed in [110, 349]. The reader is refered to [257] for information
on calculus concerning ε-subdifferentials.

The notion of finite representability was introduced and studied by James in
[264, 265].

Section 4.2. The terminology of bornologies used here is as in [350, p. 59]. The
various versions of Šmulian’s theorem presented here are natural variations of results
from [404] which dealt with the case of norms.

Section 4.3. We proved only the bare minimum on variational principles in this
section, a far more comprehensive treatment can be found in [121]. Ekeland’s varia-
tional principle first appeared in [193] and was inspired by Bishop–Phelps theorems
([58, 59]). Smooth variational principles first appeared in [108] and a discussion of a
general form of the Borwein–Preiss smooth variational principle can be found in [121,
Section 2.5]. The version we presented for smooth bump functions (Theorem 4.3.6)
was developed in [179]. The Gδ-condition in the conclusion of this the smooth vari-
ational principle (and many related problems) can be strengthened [181]. However,
in this section, we have essentially followed the original approach of [180, Section
I.2] with a strong influence from [350]. For unified and rather general approaches to
several variational principles see [296] and [286]. We also recommend Lucchetti’s
book [297] for further reading on this topic.
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A recent paper of De Bernardi and Veselý [173] established several interesting
properties including the uncountability of support functionals to closed convex sets
and pathwise connectedness of support points of closed convex sets. These results
were then extended in [423] using a parametric smooth variational principle.

See also Section 6.6 for Stegall’s variational principle (Corollaries 6.6.16 and
6.6.17) which has a linear perturbed function, and, in particular, Exercises 6.6.17 and
6.6.16 for further information on higher-order smooth variational principles when the
derivatives need not be Lipschitz; further information in this direction can be found
in [205].

As outlined in Exercise 4.3.3, longstanding interesting questions remain in geo-
metric fixed point theory. A recent notable advance in this area was obtained in [187]
where it is shown that every Banach space that can be embedded into c0(�) (for
instance reflexives spaces) can be renormed to have the (weak) fixed point property
for nonexpansive mappings, and this norm can be chosen arbitrarily close to the
original norm.

Section 4.4. Much of our approach to boundedness properties of conjugate functions
and the Moreau–Rockafellar theorems was motivated by the proofs outlined in [35].
Fenchel’s original work is [211]. An attractive early summary of Fenchel duality
theory is given in [367]. Much of the exposition on Fenchel duality follows the concise
book [95] which is also a good source for additional examples and applications. The
paper [136] provides a version of Fenchel duality using only that sum of the epigraphs
of f ∗ and g∗ is weak∗-closed. Also, the hypothesis that T is bounded and linear can
generally be relaxed to it being closed.

For further continuity properties of subdifferentials and an alternate approach to
some things done herein, see [143]. For well developed theory on preservation of con-
vergence through conjugation, one can consult Beer’s monograph [44], additionally,
one will find a development on the approximation of f by using infimal convolutions
with smoothing kernels that provide more general results of nature of Corollary 4.4.17

Section 4.5. In this section we presented one proof that weakly closed Čebyšev sets
in a Hilbert space are convex (Theorem 4.5.9), and outlined another in Exercise 4.5.9.
There are other approaches to proving Čebyšev sets in finite-dimensional spaces are
convex. See the updated version of the book [95, 96] or see [72] for an account of
two other such proofs that use fixed-point methods and farthest points respectively. In
contrast to the positive results in Exercises 4.5.9 and 4.5.10 we point out that there are
examples in rotund reflexive spaces of Čebyšev subspaces whose metric projection
is discontinuous [132], see also [229, p. 246], and Westfal and Frerking [435] show
that any nonconvex Čebyšev set in a Hilbert space must have a badly discontinuous
metric projection.

Also, if there is a nonconvex Čebyšev set in a Hilbert space, then the original proof
of Asplund [14] shows that then there is a cavern that is not a Čebyšev set (a Klee
or Asplund cavern is the complement of an open convex body). An example of a
nonconvex Čebyšev set in an incomplete inner product space is presented in [269],
with some details in the proof corrected later in [267], and then [270] shows that the
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nonconvex Čebyšev set constructed in the incomplete inner product space can also
be bounded.

The historical notes in [175, Chapter 12] give a good account of the development
of the known convexity properties of Čebyšev sets. Vlasov’s survey [430] gives a
comprehensive account of the research of Čebyšev sets as it was in 1973. Our selection
of the material presented in this section was influenced very strongly by [445, Sections
3.8 and 3.9]. Many of the results in various forms are from [192, 405, 406, 429].

Some related information on companion bodies and antiproximal (also known as
‘antiproximinal’) norms is given in Exercise 6.6.12. The recent paper [324] provides
a detailed recent study of what happens to dC when the norm is replaced by the gauge
of a nonsymmetric convex body.

Section 4.6. Theorem 6.1.2 is due to Preiss and Zajíček [356], we followed the proof
as presented in [350, Theorem 2.11, p. 22]. An excellent treatment of null sets and
the differentiability of Lipschitz functions in separable Banach spaces can be found
in [52, Chapter 7], and for quick reference there is a detailed summary of the key
notions on pp. 166–168 therein. According to Theorem 4.6.5, if f : X → R is
a continuous convex function where f ′ is locally Lipschitz, then f has a second-
order Gâteaux derivative except at possibly an Aronszajn null set. In fact, [107,
Corollary 4.2] says that if the set of Lipschitz smooth points of f is Aronszajn
null, then so is the set of points where f fails to have a weak second-order Taylor
expansion.

Our examples herein focused on the failure of Alexandrov’s theorem in infinite-
dimensional spaces, however, there are some positive results for special classes of
convex functions, including convex integral functions, presented in [107, Section 7];
in particular, see Theorem 7.6 and Corollary 7.8 therein. See also [310, 328] for
further results concerning Lipschitz smoothness and second-order subgradients of
convex functions or convex integral functions.

This section made little reference to convex functions or norms that are everywhere
second-order differentiable. More information can be found in [203].

The introduction of null sets and various versions of Theorem 4.6.5 were made
independently by Christensen [153] (who used Haar null sets), Aronszajn [8] (using
Aronszajn null sets) and Mankiewicz [301] (using another class of null sets now
known to coincide with Aronszajn null sets); a proof of the version we stated can
be found in [52, Theorem 6.42], as well as a thorough discussion discussion of the
various classes of null sets. Gaussian null sets were introduced by Phelps [347].

The striking Example 4.6.11 on �2 was shown by Matoušek and Matoušková [305],
and in fact the function constructed is a norm; later Matoušková generalized the
construction to superreflexive spaces in [307].

In contrast to the situation of Exercise 4.6.12, the properties of Haar-null sets
outside of separable space are subtle, see [105]. Indeed in large cardinality spaces it
is possible for a measurable set to be locally null without being null.

The study of the differentiability of Lipschitz mappings between Banach spaces
has seen significant advances in recent years. The reader is referred to [293] for an
overview of some recent developments.
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Section 5.1. Unlike almost all other topics, renorming is nearly exclusively a Banach
space topic since all norms in a space of finite dimension are equivalent and the
Euclidean norm is as good as it gets. But even in this setting changing the norm
can sometimes have magical results, as illustrated by the discussion after Theorem
4.3.12. Sometimes it is useful to use p-norms for p near one or infinity as it allows
one to study polyhedral structure in the limit via what is in effect a smooth or rotund
renorming. This implicitly lies beneath much of the material on barrier functions.
Equally, in the analysis of interior point or quasi-Newton methods and in related
study of positive definite matrices it is quite usual to renorm (actually re-Hilbertize)
the space via ‖x‖2 := 〈Anx, x〉where (An) is a sequence of positive-definite matrices.
A simple illustration was given in Exercise 5.1.34. Another illustration of the value
of finite-dimensional renorming is in the ability to move between different matrix
norms (see Exercises 3.2.17 and 3.2.18).

Šmulian’s theorems (5.1.4 and 5.1.5) are from [404]. The proof of Kadec’s theo-
rem (5.1.14) given here follows the approach of Davis and Johnson [170]. We should
note that Klee was also an important contributor to development of renorming theory
with papers such as [278] among many others. The Milman-Pettis theorem (5.1.20)
was proved in [317, 345]; the proof presented here is from [294, Proposition 1.e.3,
Vol. II].

The fundamental relationship between moduli of convexity and smoothness in
Proposition 5.1.22 was established by Lindenstrauss [292]. A systematic account of
duality relationships was given by Cudia [164] while Smith investigated relations
among various types of rotundity and smoothness in papers such as [402, 403] and
others that followed. Troyanski showed the important result that weakly compactly
generated Banach spaces admit equivalent locally uniformly convex norms in [416];
this theorem has been the subject of many generalizations and variations. A compre-
hensive treatment of this subject is given in the monograph [180]. Further extensions
and simplifications have arisen since that monograph, much of which has built on the
work of Raja [360]; see also [361] and the references therein.

Asplund averaging theorems originate with [12]. A Baire category approach to this
is given in [204]. For another introduction to renorming, the reader can consult [199].

See [203, 206, 205] for use of integral convolutions and on construction of smooth
convex functions from uniformly smooth bump functions. Other interesting construc-
tions of norms depending locally on only finitely many coordinates are given in [341].
Some analytic constructions can be found in [202].

Constructions of Gâteaux differentiable norms that are not everywhere Fréchet dif-
ferentiable, but of a far more general and delicate nature than given in Exercise 5.1.26,
can be found in [77].

Section 5.2. Results on the exposed point and smoothness duality with functions
and their conjugates have their genesis in Asplund’s and Rockafellar’s [17], in fact,
far more general results can be found in that seminal paper. The reader may have
noticed the proof of the ‘moreover’ part of Theorem 5.2.3 in the nonconvex case
depends essentially on a growth condition on f − φ0 rather than the boundedness of
the domain of f . This is made explicit in the recent paper [285] where the conclusion
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is obtained when f is lsc and φ0 ∈ int dom f ∗. Exercise 5.2.12 shows that Stegall’s
variational principle [407] is equivalent to a local version of Collier’s theorem [159].

Sections 5.3 and 5.4. Uniformly convex functions on Banach spaces were introduced
by Levitin and Poljak in [287]. Their properties were studied in depth by Zalinescu
[444], and then later Azé and Penot [27] studied their duality with uniformly smooth
convex functions. A systematic account of their properties is given in the book [445],
including the related classes of functions that are uniformly convex or uniformly
smooth on bounded sets. Characterizations of Lipschitz smoothness along the lines
of Exercise 5.4.13, in various forms for were given in [203]. A treatment of renorming
superreflexive space with norms with good moduli of smoothness or rotundity is given
in the book [180]. The material for the last two subsections of Section 5.4 is based
largely on [86].

Section 5.5. Lipschitz exposed points of bounded sets were introduced by Fabian
in [200, p. 114]; that paper provides a detailed study of Lipschitz determined
spaces, and dual characterizations of such spaces through Lipschitz exposed points
of weak∗-compact convex sets in the dual. Several results such as Theorem 5.5.3 and
Example 5.5.4 are straight from that paper, however, our general presentation has
a more explicit emphasis on functions and their conjugates as in [17]. A systematic
study of norms and functions with locally or globally Lipschitz derivatives was given
in [203]. We did not present duality conditions for convex functions whose gradients
are locally Lipschitz. Results of this nature in Euclidean space can be found in the
recent article [233].

Section 6.1. This section was influenced strongly by [350] and also by the survey
[120]. We observe that it is quite usual now to refer to inner and outer semicontinuity
rather than upper and lower semicontinuity, but we have opted to stay with the older
nomenclature. Multifunction techniques are also very useful in the study of gener-
alized derivatives in nonsmooth analysis, we refer the reader to [121, Chapter 5]
and the references therein for further information in this direction. Chapter 9 further
investigates monotone operators using an ingenious function of Fitzpatrick and the
novel ideas it has spawned.

Section 6.1.1. The development follows [95, §8.1]. The corresponding selection
material is also developed in [378, pp. 186–195] along with generic selection results
in finite dimensions. The ease with which the proofs adapt from Section 3.4 illus-
trates that often the most efficient proof of a result in Euclidean space is a minor
simplification of the general result; assuming notation has been carefully handled.

There are various stronger versions of Exercise 3.4.9 (the Hahn–Katětov–Dowker
theorem to which Tong’s name is also attached) that allow for extended real-valued
f and g. In this case the distinctions between metrizable, normal and paracompact
become significant. The metric version attributed to Hahn is described in [410]. It is
possible to abstract further so that the Hahn–Banach sandwich theorem and Katětov’s
theorem are seen as two cases of the same result. We have not mentioned measurable
selections of measurable multifunctions [378, Corollary 14.6], a topic of significant
importance when dealing with integral functionals as in Section 6.3.



478 Further remarks and notes

Section 6.2. Chapter 5 in [44] gives a good account of Kuratowski–Painlevé conver-
gence; the definition we used is formulated as Theorem 5.3.5 therein. The paper [326]
illustrates the importance of Mosco convergence. Theorem 6.2.9 was established by
Mosco [327]. The earlier result for finite-dimensional spaces was established by Wijs-
man [437]. Theorem 6.2.10 was established by Beer in [42]; Beer also proved the
analogous result for slice convergence [43] which includes Mosco’s result because
of the coincidence of slice and Mosco convergence in reflexive spaces.

Further results connecting epigraphical convergence and convergence of regular-
izations of convex functions can be found in [45, 112]. For a thorough development
of these topics, one can consult Beer’s monograph [44]. Stability of epi-convergence
under addition is somewhat delicate. Indeed, [44, Example 7.1.6] presents an example
of (nonconvex) functions ( fn) converging Attouch–Wets to f and (gn) converging
Attouch–Wets to g, but ( fn + gn) does not converge Attouch–Wets to f + g. For
positive results of this nature in finite-dimensional spaces, see [378, Chapter 7], and
a nice presentation in normed spaces is given in [297, Section 9.2].

There are various results on the set convergence of generalized second derivatives
in separable Hilbert space. For an arbitrary closed convex function f and x∗ ∈ ∂f (x)
we note that Kato [276] establishes the Mosco convergence of

f (x + th)− f (x)− t〈x∗, x〉
t

to an appropriate generalized bilinear form as t decreases to zero.

Section 6.3. The work of Rockafellar [371] remains a concise yet good reference
on integral functionals. An excellent recent paper on convex integral functionals is
[262] by Alex Ioffe. The role of integral functionals in application to control and
optimization is well described in [156, 157].

Section 6.4. The material within this section comes from [94]. In fact, one of the
motivations for the study of strongly rotund functions is the study of best entropy
estimation for moment problems and for more general inverse problems, as discussed
in Section 7.6 and elsewhere in the book. More information on the behavior of such
moment problems can be found in [89, 92, 94]. The use of the �1 norm is not covered
by any of this theory, and indeed Exercise 6.4.4 shows it is impossible to place
any finite strongly rotund function on the space. That said, in finite dimensions the
polyhedrality of the norm makes it attractive for use with linear constraints. In certain
settings such as feedback control the infinite-dimensional �1 norm is very useful,
see [253]. Interesting extensions and applications of strongly rotundity for moment
problems are made in [124] with application to the study of invariant measures.

Section 6.5. The discussion is based largely based on results derived in [109].
We recommend [342] for additional information on various operator spaces and
corresponding sequence spaces discussed here. The Gâteaux differentiability char-
acterization of Theorem 6.5.15 cannot be generalized to Fréchet differentiability. In
fact, the eigenvalue mapping λ defined in this section may not even be continuous.
One way to overcome this difficulty (as illustrated in Theorem 6.5.18) is to eliminate
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all the zeros in the definition of the eigenvalue mapping. Of course, an eigenvalue
mapping λ̂ defined this way is not ‘faithful’. We refer to [101] for additional details.

We have seen how successfully one may study linear operators whose spectrum is
entirely discrete. Little of this approach would appear to carry over to more general
spectral theory. For example, we have seen how a rearrangement invariant convex
function φ on c0 will induce a unitarily invariant convex function on B0; and that φ∗
on �1 will induce the unitarily invariant conjugate on B1. What information is to be
obtained about (φ ◦ λ)∗∗ on B(H ) from φ∗∗ as a function on �∞?

Section 6.6. Seminal work on what are now called Asplund spaces comes from [13].
The lecture notes [350] provide both an efficient introduction and good reference
source onAsplund spaces. The monograph [201] provides a more advanced treatment
on weak Asplund spaces.

The idea to derive Stegall’s variational principle from Collier’s theorem [159]
appears to have first been used in [205]; that approach uses a nonlinear version of
Šmulian’s differentiability theorem. Loewen and Wang made the connection more
explicit in [296] with another variation of Šmulian’s theorem using a perturbed func-
tion in the dual space rather than the conjugate. The very recent paper [285] explores
this topic further along with some related topics. A local version of Collier’s theorem
appeared in [150], the proof is somewhat different from the one given here: it uses
Minkowski gauges and works in some more general locally convex spaces. Stegall’s
variational principle is from [408]. The beautiful duality between Asplund and RNP
was completed in [407]. Additionally, see [205, Section 5] for further information
about smooth variational principles for higher-order smoothness and the geometry of
Banach spaces.

For a more comprehensive treatment of the duality between Asplund spaces and
those with the RNP we recommend Phelps’ [350]. Our coverage on RNP spaces is
made from a geometric and duality point of view, however, these spaces originally
arose as those for which a Radon–Nikodým theorem with vector measures was valid;
see Diestel and Uhl’s monograph [184] for this and more. Although many results
involving RNP spaces have been simplified since Bourgin’s [126], that book remains
a valuable reference on RNP and related spaces.

Section 6.7. All of the material on Banach lattices is directly from [90], for further
results along those lines one can see [91]. Theorem 6.7.10 and related work can be
found in [119, 75]. It is worth remarking that while – up to density character – Hilbert
spaces are isometric as Banach spaces, but as Hilbert lattices �2(N) and L2[0, 1] are
very different: the former has norm-compact order-intervals, the latter only weakly-
compact order-intervals, and so on. Hence the Fourier transform is no respecter of
the two orders.

Sections 7.1 and 7.2. The duality of essentially strictly convex and essentially smooth
functions for finite-dimensional spaces is treated in detail in [369]. Lemma 7.2.2 is
a special case of a slightly surprising result of L. Veselý from [350, p. 37]. Essen-
tially strictly convex and essentially smooth functions for infinite-dimensional Banach
spaces were introduced in [35] as a precursor to more algorithmic work [36] discussed
in Section 7.5.
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Section 7.3. The foundational results of this section are almost entirely from [35]. The
theory of Legendre functions in reflexive space is quite satisfactory; but says nothing
about convex functions without points of continuity such as the Shannon-entropy on
L1[0, 1] [35].

Section 7.4. The section is based on the development in [115] but the key insight
is to be found in the fundamental research of [331]. An infinite-dimensional result
along the lines of that in Theorem 7.4.1, say to separable Hilbert space, would need
to replace the existence of Haar measure by something quite different. In that vein,
an illustrative positive result is given in Exercise 7.7.7.

Section 7.5 and Section 7.6. These sections follow [36] which also has a
considerable amount of algorithmic analysis and application of the class of Leg-
endre functions. The paper [139] uses interesting subgradient projection meth-
ods to solve some general convex feasibility problems in Euclidean spaces.
Fisher information as discussed in Exercise 7.6.3 is of central interest in cur-
rent mathematical physics [337]. The q-logarithm defined by logq(t) := (t1−q −
1))/(1 − q) (a different normalization to that used in 7.6.3(b)) leads to the Tsallis
entropy and to an enormous and rapidly-growing statistical physics literature (see
http://tsallis.cat.cbpf.br/biblio.htm for a massive bibliography).

The paper [291] comprehensively reviews the authors’ results on so called f -
divergences and distances for distributions and stochastic processes. Two special
classes are identified. The first is the Iα-divergences, α ∈ R, given by the functions
Iα(u) := (uα − αu+ α − 1)/α(α − 1) for u ≥ 0, extended continuously to 0 and 1.
These include the Kullback–Leibler (1951) information, the I -divergence of Csiszár
(1975), Hellinger integrals of orderα such as the Hellinger (1909) distance, and Rényi
(1961) distances of order α. The second class is the χα-divergences, α > 0, given
by χα(u) := |1− uα|1/α for α ≤ 1 and |1− u|α for α > 1, where u ≥ 0. Important
cases are the total variation distance (α = 1), and the χ2-distance of Pearson (1900).

Section 7.7. This section of the chapter is again based substantially on the current
authors work in [115]. The most significant open issues regard the construction of
more explicit and ‘natural’ examples. The forthcoming book [37] should be recalled
as it promises to have a current and complete treatment of much relevant material in
the centrally important setting of Hilbert space.

Section 8.1. Much of the material in this chapter was originally motivated by an
unpublished 1991 note of the first author reprised in [77] that led to the connec-
tion between Banach spaces not containing �1 and the coincidence of two different
bornological derivatives in the convex case. Proposition 8.1.1 combines results from
[77, 85]. Proposition 8.1.2 and Theorem 8.1.3 follow from combining results from
[77, 85, 113]. The interested reader may consult [47] for an alternative approach to
the Josefson–Nissenzweig theorem.

Section 8.2. The results originate essentially in [77, 85, 113], except forTheorem 8.2.8
which is from [116] and was motivated by examples from [392]. Exercises 8.2.5
through 8.2.8 are taken from Godefroy [232]. The results show how fundamental
structurally very simple sounding convexity notions are.
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Section 8.3. This material is similarly based on [103]. The recent paper [426] provides
a new equivalent condition for extending continuous convex functions that produces
a more elementary proof of Corollary 8.3.10 by avoiding the theorem of Rosenthal
from [381]. Some nice results on extensions of DC functions are also obtained in
[426]. Part (a) of Exercise 8.3.8 is based on a classical result of Phillips [352].

Section 8.4. While the study of convex functions outside of Banach space can be
quite rich, Exercise 8.4.1 and the following discussion make it quite clear that this is
not true if one wishes to exploit modern variational analysis.

Section 9.1. The Fitzpatrick function introduced in [215] was discovered precisely to
provide a more transparent convex alternative to an earlier saddle function construc-
tion due to Krauss [279] – we have not discussed saddle-functions in any detail but
they produce interesting maximal monotone operators [369, §33 & §37]. At the time,
Fitzpatrick’s interests were more centrally in the differentiation theory for convex
functions and monotone operators. The development in Section 9.1 through Section
9.5 is based largely on [69]. The function PT was named for Penot from whom we
really first learned its value [343, 344] – it might have been equally well-named BST

[137] save for its unfortunate meaning in English.
The search for results relating when a maximal monotone T is single-valued to

differentiability of FT did not yield fruit, and Fitzpatrick put the function aside.
On being rediscovered and exploited by [137, 343, 344] and then by many others
the field was rejuvenated. Differentiability is still the one area where to the best of
our knowledge FT has proved of little help – in part because generic properties of
dom FT and of dom(T ) seem poorly related. Some progress is reported in [190]. That
said, monotone operators often provide efficient ways to prove differentiability of
convex functions. The discussion of Mignot’s theorem in Exercise 9.1.1 is somewhat
representative of how this works as is the treatment in [350].

By contrast, as we have seen the Fitzpatrick function and its relatives now provide
the easiest access to a gamut of maximality, domain and range convexity, solvability,
and boundedness results as is detailed throughout this chapter.

Section 9.2. The treatment of explicit acyclic mappings is taken from [118]. Much
more detailed information on n-Fitzpatrick functions is to be found in [31] and many
instructive explicit computations of Fitzpatrick functions are given in [38]. Explicit
computation is often remarkably hard: surprisingly so in light of the theoretical
power of the function. A comprehensive recent study of subdifferential character-
izations of functional properties – monotonicity in various forms, Lipschitzness,
order-isotonicity – is contained in [161]. A detailed accounting in the Fréchet case is
given in [121].

Section 9.3. The results in this section become strikingly simple in Hilbert space, as
is detailed in [37], largely because J = I . Since many characterizations of Hilbert
space can be viewed as restricted versions of ‘J behaves like I ’ (see [66] and a lovely
book by Amir [7]), it is often fruitless to try to extend results from Hilbert space
by imposing Hilbert-like behavior on the duality mapping. A notable exception is
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that J is weakly sequentially continuous in Banach sequence spaces such as �p for
1 ≤ p <∞ [239].

Section 9.4. Corollary 9.4.10 deserves further study. For example, for a maximal
monotone operator T when 0 ∈ dom T but int dom T is empty, is it possible for TF

to be nonmaximal for all nontrivial finite-dimensional subspaces F? If, by contrast,
TF is always maximal for some F containing given x, y ∈ dom T then many results
follow.

Section 9.5. Rugged spaces were discussed in detail in [33]. In addition, [33] shows
that every bounded linear maximal monotone mapping on a Banach lattice is (NI) if
and only if it is (D) if and only if X contains no complemented copy of �1. Such results
extend to closed linear operators [396], and many are subsumed or much clarified by
[6]. Note that C[0,1] contains only noncomplemented copies of �1.

It would be very interesting to determine whether the graph of a maximal monotone
mapping or a subgradient must be norm-weak∗ closed if the domain has nonempty
interior.

Section 9.6. The clarity of the Fitzpatrick function based constructions has led to
the truly significant recent advances delineated in this section and in Section 9.7; and
offers hope for resolving the most persistent remaining open questions about maximal
monotone operators such as:

1. Those listed in Exercise 9.5.4.
2. Does Theorem 9.6.1 (b) hold with no extra hypotheses on S or T?
3. Given a maximal monotone operator T , can one associate a convex function fT to

T in such a fashion that T (x) is singleton as soon as ∂fT (x) is? Kenderov’s theorem
of Exercise 9.1.3 neatly links a nonconvex function to T in the WCG setting.

4. Are there some nonreflexive spaces such as c0 – in addition to the class of Exercise
9.6.3 – for which the answer to such questions might be answered in the affirma-
tive? Note the James space (which is codimension-one in its bidual, [199]) lies in
the class but c0 does not [76].

Section 9.7. An excellent reprise of what was known from a convex perspective
about monotone operators outside of reflexive space at the end of 2007 is to be found in
Stephen Simons’fine new book [396]. Note we barely mentioned monotone operators
of type (ED), central to [396], as the class is more topologically technical and further
from our current concerns. The very recent results of this section and Section 9.6
highlight the vigorous research going on in the area. Indeed, had the fine results in
[6] been discovered a little earlier, our treatment might well have been somewhat
reorganized.

The structure of maximal monotone operators outside Banach space is not espe-
cially significant in its own right – and as we have seen many pathologies can occur
(notably Exercise 8.4.1). Nonetheless in nonreflexive Banach space it is helpful to
cast representativity results in the language of locally convex vector spaces; if only
to limit the need to reprove results in different weak topologies. Many useful results
of this genre are given in [432].
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aff S ≡ affine hull of a set S, 66
f ∗∗ ≡ Fenchel biconjugate of a function f , 44
B0 ≡ space of compact self-adjoint operators, 312
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Bp ≡ Shatten p-spaces, 313
Bsa ≡ bounded self-adjoint operators on complex �2-space, 312
BX ≡ {x ∈ X : ‖x‖ ≤ 1}, the closed unit ball of a normed space X
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cl f or f ≡ closure of a function f , 21
Ac ≡ complement of a set A
cont f ≡ points of continuity of a function f
conv S ≡ convex hull of a set S, 21
conv f ≡ convex hull of a function f , 21
convS ≡ closed convex hull of a set S
convw∗(S) ≡ weak∗-closed convex hull of a set S
S ≡ norm closure of a set S
S
τ ≡ closure of a set S with respect to the topology τ

core S ≡ core of a set S, 25
Duf (x) ≡ derivative of f at x in the direction u, 34
f ′(x) ≡ derivative of f at x, 34
∇f (x) ≡ derivative of f at x, 34
f ′(x; h) ≡ directional derivative of f in the direction h, 25
dS(·) ≡ distance function to a set S, 22
dom f ≡ domain of a function f , 18
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X ∗ ≡ dual space of continuous linear functionals on X
epi f ≡ epigraph of a function f , 20
∂εf (·) ≡ ε-subdifferential of f , 137
f ∗ ≡ Fenchel (Moreau–Rockafellar) conjugate of a function f , 44
FT ≡ Fitzpatrick function, 404
FLŜ ≡ Fitzpatrick’s last function, 423
γC ≡ gauge function of a set C, 22, 127
G(T ) or graph(T ) ≡ graph of a multifunction T , 111
HT ≡ representative function, 406



484 List of symbols
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RA,(a,a∗) ≡ Rockafellar function, 429
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∇2f (·) or f ′′(·) ≡ second-order derivative of the function f , 38
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Type (ANA) ≡ almost negatively aligned operator, 455
Type (BR) ≡ Brøndsted–Rockafellar property, 455
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Type (LMM) ≡ locally maximal monotone operator, 410
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absolutely continuous, 79
absorbing set, 142, 142

in barreled spaces, 467
abstract linear program, 108, 109

unstable, 465
active set, 95
adjoint, 46
affine combination, 66
affine function, 21
affine hull, 66, 69
affine mapping, 21

characterization, 22
affine set, 66, 69
Alaoglu’s theorem, 130
Alexandrov’s theorem, 86

failure in infinite dimensions, 204
special cases in infinite dimensions, 475

α-cone meager set, 197
(ANA) operator, see maximal monotone operator,

type (ANA)
analytic center, 182
angle small set, 197, 199
anti-proximinal, 327
Applications in exercises

Blaschke–Santalo theorem, 32
coupon collection problem, 180
Csiszár entropy problems, 366
differential inclusions, 123
direct and indirect utility, 56
divergence estimates, 58
doubly stochastic matrices, 93
experimental design duality, 58
Fisher information, 365
gamma function, 32
hidden convexity, 55, 56
location problem, 59
Lyapunov, duality, 124
Lyapunov functions, duality of, 124
maximum entropy, 57
monotonicity and elliptic PDE’s, 437
multiplicative potential and penalty functions,

355
NMR entropy, 63
risk function duality, 185
symbolic convex analysis, 63

approximate fixed point, 167
approximate mean value theorem, 166

approximate selection theorem, 112
approximately convex set, 193
Archimedean solids, 462
argmin, 285
arithmetic-geometric mean inequality, 30
Aronszajn null, 197, 199, 201
Asplund averaging theorem, 221, 227
Asplund cavern, 474
Asplund space, 199, 206, 223, 318, 318, 319, 320

and renorming, 220
characterization, 281, 319, 321
dual has RNP, 324
scattered C(K), 220
separable, 199, 215
weakly compactly generated, 220

attainment, in Fenchel problems, 177
Attouch–Wets convergence, 289

Bicontinuity theorem, 290
of functions, 289
versus Mosco convergence, 295
versus pointwise convergence, 292
versus slice convergence, 295
versus uniform convergence on bounded sets,

297
Aumann convexity theorem, 14, 72

Baire category theorem, 413, 467
Baire space, 460
balanced set, 18
Banach lattice, 329–337

renorms, 334
Banach limits, 266
Banach space, 22
Banach’s fixed point theorem, 167
barreled space, 460, 467
basic separation theorem, 29, 132
β-differentiability, 150, 379

Šmulian’s theorem for, 159
Šmulian’s theorem for conjugate functions, 160
of norms, 227

BFGS update, 353
biconjugate, see Fenchel biconjugate
bilinear map, 44

as a second-order derivative, 44, 201
symmetric, 88
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bipolar, 178
bipolar cone, see cone, bipolar
bipolar theorem, 209
Bishop–Phelps cone, 182
Bishop–Phelps theorem, 163, 169
Blaschke–Santalo inequality, 33
Bohr–Mollerup theorem, 32
Boltzmann–Shannon entropy, 468
Borel measurable, 79
Borel measure, 195
Borel sets, 305
bornology, 149, 187
Borwein’s variational principle, 170
Borwein–Preiss smooth variational principle, 473
Bose–Einstein entropy, 364
boundary, properties, 462
bounded weak∗-topology, 447
(BR) operator, see maximal monotone operator,

type (BR)
Brachistochrone problem, 10
Bregman distance, 60, 358, 360
Bregman projection, 361, 364
Brøndsted–Rockafellar property, see maximal

monotone operator, type (BR)
Brøndsted–Rockafellar theorem, 121, 162
Brun–Minkowski inequality, 352

Calderón norm, 316, 317
Carathéodory’s theorem, 71
category

first, see first category
second, see second category

Cauchy–Schwarz inequality, 22, 49
Čebyšev set, 8, 117, 188

convexity of, 8, 189, 190, 474
in reflexive spaces, 188

Cellina approximate selection theorem, 112, 281
Chebyshev set, see Čebyšev set
choice function, 336
Ck -smooth function, 222

approximations, 230
C∞-smooth function, 222
Clarke directional derivative, 82, 123
Clarke subdifferential, 82

cusco property, 123
closed

images, 114
range, 461
subspace, 461

closed function, 2, 20, 127, 138
and lower-semicontinuity, 127
and weak-lower-semicontinuity, 138

closure, of function, 21, 127, 127, 138
Cobb–Douglas function, 57
codimension, countable, 467
coercive function, 24, 174

conjugate of, 174, 175
minimization on reflexive space, 183
versus cofinite, 185

cofinite function, 118, 174, 361
versus supercoercive, 118, 185, 361, 384

compact
images, 114
in infinite dimensions, 461

polyhedron, 95
range of multifunction, 114
unit ball, 461

compact separation theorem, 136
complementary slackness, in cone programming,

110
complemented subspace, 464
complete, 467
composing, USC multifunctions, 114
composition, convex functions, 75
concave

conjugate, 183
concave function, 7, 40, 126
cone, 21

bipolar, 67, 68, 108, 178, 178
finitely generated, 94
nonnegative, 468
normal, see normal cone
pointed, 68, 96

characterization, 68
polar, 67, 67, 178, 183

calculus, 178
negative, 67, 178
positive, 67, 178
sum of closed cones, 183

program, 108
sum not closed, 183
sums, 469
tangent, see tangent cone

cone convex, 75
cone quasiconvex, 335
constraint, linear, 48, 107, 177, 182
constraint qualification (CQ), 119, 405, 406
constructible, 356, 356–357
continuity

absolute, 79
and USC, 114
generic, 413
in infinite dimensions, 460
of convex functions, 461
of extensions, 116
of selections, 112

control theory, 472
convex, quasi, 414
convex body, 33
convex calculus theorem, see subdifferential, sum

rule
convex cone, base, 75
convex feasibility problem, 362
convex function, 18, 21, 126

and monotone gradients, 37, 160
bounded above everywhere, 30
bounded on β-sets, 379

extensions of, 398
bounded on bounded sets, 137, 379, 382, 384

conjugate supercoercive, 175
extensions of, 399

bounded on weakly compact sets, 379,
383, 384

composition, 75
conjugate, see Fenchel conjugate
continuity of, 4, 25, 128, 129, 461
continuous biconjugate, 386
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convex function (Cont.)
continuous extensions, 386, 392–399

failure, 392
continuously differentiable, 35
difference of, see DC function
epigraph, 139
essentially smooth, see essentially smooth

function
essentially strictly, see essentially strictly

convex function
finitely extendable, 398
Fréchet differentiable, see Fréchet

differentiability
Gâteaux differentiable, see Gâteaux

differentiability
Legendre, see Legendre function
Lipschitz, 51, 144, 173

extensions of, 53, 399
on bounded sets, 128, 137, 141

local and global minima, 4, 26, 130
local Lipschitz property, 4, 25, 128
locally uniformly, see locally uniformly convex,

function
midpoint, see midpoint convex function
on real line, 20, 36
recognizing, 36, 37, 39, 91, 141, 160, 202
stability properties, 3, 23, 139
strictly, see strictly convex, function
strongly rotund, see strongly rotund function
totally, see totally convex function
unbounded on bounded set, 381
uniformly, see uniformly convex, function
uniformly smooth, see uniformly smooth,

function
weak lower-semicontinuity, 132

convex functions, matrix, 105
convex hull

of function, 21, 128
of set, 21, 126, 464, 465

convex mean value theorem, 121
convex program, 177

ordinary, 48
convex series closed, 142
convex set, 18, 126

characterization in Hilbert space, 190
stability properties, 139
symmetric, 18

convexity, 430
core, 5, 25, 29, 34, 129, 129, 131, 141

and absorbing sets, 142, 467
in barreled spaces, 467
versus interior, 25, 142

countable
basis, 467
codimension, 467

countable set, 195
Csiszár divergence, 365
cusco, 111, 279

and Asplund spaces, 281
and maximal monotone operators, 280
Clarke subdifferential, 123
fixed points on compact convex, 111, 281
generically single-valued, 283
maximal monotone multifunction, 123

minimal, 279, 283

(D) operator, see maximal monotone operator,
type (D)

Darboux property, 72
Davis’ theorem, 101, 103, 472
DC function, 104, 146

approximation of Lipschitz functions, 218
failure, 147
k-th largest eigenvalue, 11, 104
vector-valued, 104

DC operators, 317
dense

hyperplane, 467
range, 469
subspace, 469

dense type, 439, 453
dentable, 321
denting point, 326
derivative

Dini, see Dini derivative
directional, see directional derivative
Fréchet, see Fréchet differentiability
Gâteaux, see Gâteaux differentiability

determinant, order preservation, 103
diametral set, 167
difference convex function, see DC function
difference quotient, 84

second-order, 84
differentiability

generic, 413
of spectral functions, 102

differential inclusion, 123
Dini derivative, 79
directional derivative, 6, 26, 131, 147

Lipschitz property, 131
lower, 166
sublinear property, 27, 131

disjoint operator ranges, 469
distance function, 8, 22, 127, 180

attainment, 461
convexity of, 23
on Hilbert space, 189, 190

distortable, arbitrarily, 193
distortion, 189

of a norm, 192
divergence, Kullback–Leibler, 13
divergence estimates, 75
domain

of a function, 5, 18
of a monotone operator, 118
of subdifferential

not convex, 141
polyhedral, 95

domain regularizable, 412
doubly stochastic, 93
DP∗-property, 383, 383
dual linear program, 107
dual norm, 129

characterization, 210
implied by weak∗-Kadec property, 224

dual space, 129
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dual value, in LP and SDP, 107
duality

gap
Duffin’s, 50

LP, 107
SDP, 107
weak, 177

Fenchel, 48, 98
duality mapping, 133
Dunford–Pettis property, 383, 385, 386, 388
Dunford–Pettis theorem, 302

(ED) operator, see maximal monotone operator,
type (ED)

eigenvalue
k-th largest, 11, 104
mapping, 314

eigenvalue problem, 438
eigenvalues

functions of, 101
optimization of, 472

Ekeland’s variational principle, 161, 168
equivalence with completeness, 166
in Euclidean space, 117

entropy
Boltzmann–Shannon, 61
Bose–Einstein, 364
Burg, 61

nonattainment, 311
energy, 61
Fermi–Dirac, 61, 364
maximum, 179, 182
nonattainment, 310
relative, 58
Tallis, 480

epigraph, 2, 20, 127
as multifunction graph, 114
polyhedral, 94

epigraphical convergence
and minimizing sequences, 293
relations among, 291, 295, 296
relations among in finite dimensions, 296
summary of relations among, 291
versus pointwise convergence, 292

ε-net, 318
ε-subdifferential, 121, 137

nonempty, 137
of conjugate function, 160
of norms, 222

equilibrium, 473
essentially smooth function, 338, 362

barrier for open convex cone, 351
barrier for open convex set, 348, 370
characterizations, 344
duality with essential strict convexity, 344
examples, 353
Fréchet, 347
in the classical sense, 338

compatibility in Euclidean space, 345
outside of Euclidean space, 346

log barriers, 100
spectral functions, 102
versus Gâteaux differentiability, 341

essentially strictly convex function, 339, 362

and coercivity, 347
duality with essential smoothness, 344
examples, 353
in the classical sense, 338

compatibility in Euclidean space, 345
outside of Euclidean space, 346

on reflexive spaces, 345
spaces without, 373
spectral functions, 102
versus strict convexity, 341, 342, 344, 347, 374

Euclidean space, 18, 22, 460
excess functional, 289
experimental design, 58
exposed point, 92, 211

duality with differentiability, 211
of function, 232, 235

characterization, 232
duality with Gâteaux differentiability, 234,

240
versus extreme point, 235
versus strongly exposed, 234

strongly, see strongly exposed point
versus strongly exposed, 92

extension, continuous, 116
extreme direction, 335
extreme point, 92, 211

of polyhedron, 95
versus exposed point, 92
versus support point, 224

Fan inequality, 99
Fan minimax theorem, 55
Fan theorem, 99
Fan–Kakutani fixed point theorem, 111, 281
Farkas’ lemma, 70
farthest point function, 167
Favard inequality, 49
feasible set, 49
Fenchel biconjugate, 44, 96, 101, 103, 171, 178,

179
Fenchel biconjugation theorem, 65
Fenchel conjugate, 44, 171, 179

and eigenvalues, 100
bounded on bounded sets, 384, 385
bounded on weakly compact sets, 385
differentiable, 187
examples, 45
of coercive function, 174, 175
of composition, 76
of exponential, 179, 182
of infimal convolution, 176
of Lipschitz convex, 51, 173
self conjugate characterization, 179
transformations, 46

Fenchel duality, 99, 177
and LP, 108
generalized, 99
linear constraints, 48, 97, 182
polyhedral, 97, 98
symmetric, 183

Fenchel duality theorem, 6, 46, 177
Fenchel problem, 177
Fenchel–Young inequality, 44, 101, 171
Fermat point, 59
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Fermat–Weber problem, 59
Fermi–Dirac entropy, 364
Fillmore–Williams theorem, 104
finitely generated

cone, 94–96
function, 94–98
set, 94–98

finitely representable, 143, 225
first category, 195
Fisher information, 365
Fisher information function, 365
Fitzpatrick function, 119
fixed point, 167, 474
Fourier identification, 469
(FP) operator, see maximal monotone operator,

type (FP)
Fréchet

smooth space, 166
subderivative, 165
subdifferentiable, 165
subdifferential, 165

monotonicity of, 414–415
Fréchet bornology, 149
Fréchet differentiability, 34, 37, 149, 150, 198

almost everywhere, 77, 78
and continuous selections, 277
and unique subgradients, 4, 34
characterizations of, 34, 151, 153
continuity of, 35, 43, 154
dual norm, 221
duality with local uniform convexity, 240, 251
duality with perturbed minimization, 237
duality with strongly exposed points, 234, 240,

250
duality with Tikhonov well-posed, 235
generic, 77, 152, 199, 215

conjugate functions and RNP, 321, 323
on Asplund spaces, 319

implies continuity, 41
of conjugate functions, 160, 187

and biconjugates, 178
and convexity of original, 179
and minimization principles, 323
and reflexivity, 224, 228, 250, 251

of norms, 150, 210, 215, 220
and separable duals, 215
characerization, 210
duality, 225
duality with strongly exposed points, 211
nowhere, 205
on Asplund spaces, 319
versus Gâteaux differentiability, 227

second-order, see second-order derivative
Šmulian’s theorem for, 153
support functions, 317, 318
symmetric formulation, 151
uniform, see uniformly Fréchet differentiable
versus Gâteaux differentiability, 4, 34, 41, 381,

382, 384
versus weak Hadamard differentiability, 379,

381, 384, 385
Fubini’s theorem, 79
function

Kadec property, see Kadec property, function

Lyapunov, 124
nowhere differentiable, 8
simple, 302
strongly rotund, see strongly rotund

function
fundamental theorem of calculus, 79

Gâteaux bornology, 149
Gâteaux differentiability, 34, 37, 149, 150, 198,

362
and continuous selections, 277
and directional derivatives, 41
and interior of domains, 157
and subdifferentials, 150
and unique subgradients, 4, 34, 151, 158, 346,

462
characterizations of, 34, 151, 152, 154
continuity of, 35, 43, 154
duality with exposed points, 234, 240
duality with strict convexity, 240, 250,

341
generic, 198
nongeneric, 199, 284
of conjugate functions, 160, 187
of norms, 150, 210, 211

and unique support functionals, 212
duality with exposed points, 211
duality with strict convexity, 192
nowhere, 205
versus Fréchet differentiability, 227

second-order, see second-order derivative
sets of nondifferentiability points, 201
Šmulian’s theorem for, 154
symmetric formulation, 152
uniform, see uniformly Gâteaux differentiable
versus continuity, 36, 150
versus Fréchet differentiability, 4, 34, 36, 41,

381, 382, 384
versus weak Hadamard differentiability, 383,

385
Gâteaux differentiability space, 161, 198
�-function, 32
gauge function, 22, 127

and lower semicontinuity, 144
and polar function, 58
implicit differentiation, 154
properties of, 30, 144

gauge of uniform convexity, 266
Gelfand–Phillips space, 383
generated cuscos, 116
generic

continuity, 413
differentiability, 413
single-valued, 413

generic set, 195
Goldstine’s theorem, 140
good asymptotical behavior, 340
Gordan’s theorem, 70
Gossez operator, 446
Grüss–Barnes inequality, 49
graph

minimal, 116
of a monotone operator, 278
of a multifunction, 111
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Grothendieck property, 383
Grothendieck space, 383, 390, 391, 396, 399

continuous biconjugate function, 386
extensions of convex functions, 396

Haar null, 196, 200
Hahn–Banach extension property, 147
Hahn–Banach extension theorem, 28, 130
Hahn–Katětov–Dowker sandwich theorem, 116
Hamel basis, 128, 467
Hardy et al. inequality, 100
Harmonic-arithmetic log-concavity theorem, 33
Hausdorff distance, 289
Hessian, 38

and convexity, 39, 202
higher-order derivative, 221

of norms on Lp-spaces, 222
Hilbert cube, 141
Hilbert space, 144, 464

characterizations, 481
isomorphic characterizations, 273
lattice characterizations, 332

Hilbert–Schmidt operators, 313
Hölder exposed point, 268, 273

duality, 270
Hölder inequality, 49
Hölder smooth point, 269, 273
hyperplane, dense, 467
hypersurface, 201

ideal, 331
implicit function theorem for gauges, 154
improper function, 21
improper polyhedral function, 98
inclusion control problem, 401
incomplete normed space, 460
inconsistent, 109
indicator function, 3, 21, 127, 180

conjugate of, 179
subdifferential of, 130

induced norm, 106
inequality

arithmetic-geometric mean, 30
Blaschke–Santalo, 33
Brun–Minkowski, 352
Cauchy–Schwarz, 22, 49
Fan’s, 99
Favard, 49
Fenchel–Young, 44, 171
Fitzpatrick, 435
Grüss–Barnes, 49
Hardy et al., 100
Hölder, 49
Jensen’s, 29
Knuth’s, 41
Lyapunov duality, 124
polar, 58
Rogers–Hölder, 352
strong Fitzpatrick, 451
three-slope, 19
triangle, 22
variational, 436
weak duality, 7, 47, 177

inf-compact, 340
infimal convolution, 51, 53, 175

and approximation, 176, 184
and conjugation, 52
and uniform convergence, 52
as a kernel average, 180
basic properties, 51
conjugate of, 176

injective Banach space, 148
inner product, 143
inverse, image, 97
isotone, 75

James space, 458
James’ theorem, 143
James–Enflo theorem, 218
Jensen’s inequality, 29
JN-sequence, 382
jointly convex, 60, 61
Josefson–Nissenzweig theorem, 382

Kadec property, 223
function, 306
Kadec property, weak see Kadec–Klee property
weak∗, 191, 223

and Asplund spaces, 223
implies norm is dual, 224
of double dual, 224

Kadec’ theorem, 214
Kadec–Klee property, 189, 190, 193

Kadec property, weak∗ see Kadec property,
weak∗

Kakutani–Fan fixed point theorem, 111, 281
kernel average, 180
key theorem, 94, 96
Kirchberger’s theorem, 72
Kirszbraun–Valentine theorem, 282
Klee cavern, 474
Knuth’s inequality, 41
Krein–Milman property, 324
Krein–Milman theorem, 140
Krein–Rutman theorem, 67
Kullback–Leibler entropy, 363
Kuratowski–Painlevé convergence, 285

and minimizing sequences, 287
of functions, 286
not preserved under conjugation, 296
versus pointwise convergence, 292
versus Wijsman convergence, 295

Lagrangian
duality

linear programming, 107
Lagrangian dual, 49
Lambert W function, 75, 76
Laplacian, 438
lattice, ordering, 333
lattice band, 331
lattice operations, 329
Lau–Konjagin theorem, 189
Lebesgue integral space, 143
Lebesgue sequence space, 143
Lebesgue–Radon–Nikodým theorem, 304
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Legendre function, 339, 364
cofinite versus supercoercive, 361
duality failure outside reflexive spaces, 348
duality in reflexive spaces, 344
examples, 353, 354
Fréchet, 347
in the classical sense, 338

compatibility in Euclidean space, 345
outside of Euclidean space, 346

on general Banach space, 369
on reflexive spaces, 345
spaces with/without, 373
spectral, 353
zone consistency of, 362, 368

Legendre transform, 348, 375
Legendre–Fenchel conjugate, see Fenchel,

conjugate
lexicographic order, 314
lim inf i→∞ Fi , 285
lim supi→∞ Fi , 285
linear

objective, 107
programming (LP)

abstract, 108, 109
and Fenchel duality, 108
primal problem, 107

linear functional
continuity of, 461
discontinuous, 142, 144, 460, 461
non-norm-attaining, 468
norm-attaining, 133, 143

dense in dual, 163, 169
supporting, 133, 468

dense, 169
unique and differentiability, 212

Lipschitz, eigenvalues, 104
Lipschitz constant, 19, 173
Lipschitz exposed point

of a function, 268, 270
of a set, 268
of functions, 273

Lipschitz extension, 53
Lipschitz function, 19, 127
Lipschitz smooth point, 204, 269, 273

implied by weak second-order Taylor, 204
nongeneric, 270

locally bounded, 114, 116
locally Lipschitz function, 19

Fréchet differentiable almost everywhere, 78
locally uniformly convex

dual norm, 215, 224
C1-smooth approximations, 230
and smoothness, 213
on separable dual, 214

function, 239
and renorming, 246
and strongly exposed points, 239
at a point, 239, 272
duality with Fréchet differentiability, 240,

251
is totally convex, 374
stable under sums, 241

norm, 213, 220, 221, 246
duality, 225

extensions of, 229
on separable space, 214
on WCG spaces, 220
preserved by sums, 225

locally uniformly rotund, see locally uniformly
convex

location problem, 59
Loewner convex functions, 105
Loewner ordering, 61, 106
log, 100, 100, 182
log barrier, 100
log det, 100, 100–103, 353
log-convex function, 40, 40, 42
lower level set, 20, 127

bounded, 31, 46, 185
and coercivity, 24, 174

closed, 127
compact, 100
convex, 23, 139
of conjugate function, 175
of differentiable function, 154
unbounded, 50
weak∗-closed, 138, 210
weakly closed, 138

lower-semicontinuous
and USC, 114
generic continuity, 413
in infinite-dimensions, 460
sandwich theorem, 116

lower-semicontinuous function, 2, 20, 98, 127
equivalent to closed, 127
τ -lsc, 130
weakly-lsc when convex, 132

LSC multifunction, see multifunction, LSC
Lyapunov convexity theorem, 15
Lyapunov function, 124

mathematical economics, 473
matrix

analysis, 100
completion, 353
optimization, 107

matrix norm, 106
max formula, 6, 28, 131
max function, subdifferential of, 145
maximal monotone multifunction, see maximal

monotone operator
maximal monotone operator, 118, 278

acyclic, 418, 418–423
and cuscos, 280
and subdifferentials, 118, 278, 413, 419, 429
Asplund decomposition, 418
coercive, 446

versus surjective, 437
continuity, 283
convexity of domain and range, 410–412, 452,

458
cyclically, 429
dense type, see type (D)
irreducible, see acyclic
locally maximal monotone, see type (FP)
maximal monotone locally, see type (VFP)
on reflexive spaces, 433–439
relations between classes of, 459
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strongly locally maximal, 442, 447
sum theorem on reflexive space, 434
type (ANA), 455, 455
type (BR), 455
type (D), 439, 442, 446, 482

implies type (FP), 441
type (ED), 439, 482
type (FP), 410, 410, 441, 446
type (NI), 439, 440, 445, 450–459,

482
characterization, 453
sum theorem, 450

type (VFP), 410, 441, 442
type (WD), 453
type negative infimum, see type (NI)

Mazur’s theorem, 198
meager set, 195
mean value theorem, 121

approximate, 166
measures, tight, 207
method of cyclic projections, 363, 363
Michael selection theorem, 113, 281
midpoint convex function, 31, 139

measurable, 31, 139
Mignot’s theorem, 412
Milman–Pettis theorem, 217
minimal, graph, 116
minimax theorem, 182
minimization principles, 273
minimizer, subdifferential zeros, 131
Minkowski, 472

functional, see gauge function
theorem, 95

minorant, affine, 97
modulus of convexity

of functions, 244
at a point, 272
duality, 252
power type duality, 253
versus gauge of uniform convexity, 266

of norms, 215, 258
duality, 217, 218
power type, 2, 218, 226, 260

modulus of smoothness
of functions, 252

at a point, 269
duality, 252, 253
power type, 255, 256

of norms, 216
duality, 217, 218
power type, 218, 255, 256

monotone multifunction, see monotone operator
monotone net property, 77
monotone operator, 118, 276

differentable, 412
extension formulas, 407–408
locally bounded, 279, 408–410
maximal, see maximal monotone operator
upper-semicontinuous, 276

monotone set, 278
monotonically related, 118
Moreau–Rockafellar dual theorem, 175, 463
Moreau–Rockafellar theorem, 46, 118, 175
Mosco convergence, 287

and minimizing sequences, 288, 293, 294
and optimal value problems, 311
and the Kadec property, 299
bicontinuity theorem, 288
stability under addition, 300
versus Attouch–Wets convergence, 295
versus pointwise convergence, 292
versus slice convergence, 296
versus Wijsman convergence, 296, 299

multifunction, 111, 276
closed, 111

versus USC, 114
continuous, 111
cyclically monotone, 415
domain of, 276
fixed point, 111
isc, 111
locally bounded, 122
locally bounded at a point, 279
LSC, 111, 113–116
monotone, see monotone operator N -monotone

415
osc, 111
quasimonotone, 414
range of, 111, 112, 114, 281
USC, 111, 276

nearest point, 53
in infinite dimensions, 464
in polyhedron, 182
selection, 114, 413
to p-sphere, 54
to an ellipse, 54

nearest point mapping, 54, 188
discontinuous, 54
empty, 191
nowhere differentiable, 204

necessary optimality condition
Pshenichnii–Rockafellar, 147

negligible set, 197
NI Banach space, 450
(NI) operator, see maximal monotone operator,

type (NI)
nonatomic, 72
nonexpansive

mapping, 282
extension, 282

nonnegative cone, 468
nonreflexive Banach space, 184, 269

DC function characterization, 146
Haar null sets, 200, 206
lack of nearest points, 191
Legendre functions, 348

norm, 22
dual, see dual norm
entrywise, 107
induced, 106
subgradients of, 145
submultiplicative, 106

norm topology, 461
normal integrands, 305, 306
normal cone, 26, 67, 144, 147, 178

and polarity, 67
and subgradients, 182
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normal cone (Cont.)
and tangent cone, 68
to intersection, 182

normal mapping, 436
normed linear space, 22, 467
nowhere dense, 195
null set, 195

Aronszajn, see Aronszajn null
Haar, see Haar null

objective function, 48
linear, 107

open map, 30
open mapping theorem, 30, 142
optimal value, 97

dual, 177
in LP and SDP, 107
primal, 177

optimization
linear, 107
matrix, 107
subdifferential in, 130

order
preservation

of determinant, 103
order-complete, 147
ordering, lattice, 333
orthogonal

invariance, 103
similarity transformation, 103

osc multifunction, see multifunction, osc

p-norm, 49, 143
paired Banach spaces, 313
paracompact, 281
Pareto efficient point, 336
partial order, directed, 335
partition of unity, 111–115
permutation, matrix, 104
Pinsker inequalities, 13
Pisier’s theorem, 218
Pitt’s theorem, 325
polar cone, see cone, polar
polar of a set, 33, 209
polyhedral

algebra, 97–98
calculus, 98
cone, 95, 99, 108
convex analysis, 94
Fenchel duality, 97
function, 94–99
problem, 107

polyhedron, 73, 94–99, 147
compact, 95
nearest point in, 182
polyhedral set, 94
tangent cone to, 98

polytope, 94–96
porous set, 197
σ -, 197

positive definite, strongly, 231
positive operator, 312
positively homogeneous function, 22

prepolar, 209
primal

linear program, 107
semidefinite program, 109

principle of uniform boundedness, 16
proper function, 2, 21, 95
property

Krein–Milman, 324
Radon–Nikodým, see Radon–Nikodým

property
proximal set, 188

in reflexive spaces, 188
Pshenichnii–Rockafellar conditions, 73, 147

quadratic form, conjugate, 106
quadratic programming, Boolean, 110
quasi-complement, 466
quasi-Newton method, 353
quasiconvex, 414, 430

with respect to a cone, 335
quasimonotone multifunction, see multifunction,

quasimonotone

Rademacher’s theorem, 78
in infinite-dimensions, 199

radius function, 167
Radon measure, 195
Radon–Nikodým property, 321, 324, 325

and Krein–Milman property, 324
sets with, 321, 321

duality with differentiability, 321
minimization principles, 324
strongly exposed points, 322, 324

sets without, 327
spaces with, 321

characterization, 325
dual to Asplund, 324
minimization principles, 323
no anti-proximinal pairs, 327
and Rademacher’s theorem, 199
smooth bump functions, 328
smooth variational principles, 328
weak∗-Asplund dual, 323

spaces without, 327
range, closed, 461
range of multifunction, 114
ray, 462
rearrangement, 313

invariant, 313
recession function, 50
reflexive Banach space, 143, 288

and nearest points, 189
Čebyšev sets, 188, 190, 193
coercivity and minimization, 183
dual norms, 192, 221, 224, 225
essential strict convexity and smoothness

duality, 344
essentially strictly convex functions, 345, 347
Fréchet differentiable conjugate, 224, 228, 250,

251
Haar null sets, 206
Legendre functions, 344, 345, 358, 362, 368
local uniform convexity/ Fréthet

differentiability duality, 251
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nonreflexive, see nonreflexive Banach space
norm-attaining functionals, 143
proximal sets, 188
strict convexity/Gâteaux differentiability

duality, 240, 250, 341
stronly exposed point/Fréchet differentiability

duality, 240
uniformly convex norm, 217
uniformly smooth norm, 217
weak compactness, 143

regularity, condition, 97
relative interior, 66, 69

and Fenchel duality, 99
and separation, 67
and subdifferentials, 67
in infinite dimensions, 462
nonempty, 4, 66, 462

relaxation, semidefinite, 110
renorm, in Ekeland principle, 170
renorms

of Banach lattices, 334
of Banach spaces, 213–215, 218–222, 224, 225,

227, 229, 246, 254, 258, 260, 264, 274
residual, 195

locally, 206
resolvent, 412
Riccati equation, 367
Rockafellar function, 429
Rockafellar’s theorem, 118, 278
Rogers–Hölder inequality, 352

Sandwich theorem, 7, 133
Hahn–Katětov–Dowker, 116

scattered, 220
Schatten p space, 313
Schur property, 4, 384, 384

dual spaces with, 386
second category, 195
second-order derivative

and convex functions, 39, 202
and Taylor expansions, 84, 203
equivalent properties, 84
Fréchet, 38, 38, 201

and Taylor expansions, 84
generalized, 84, 84, 85, 86, 88, 90
generalized and Taylor expansions, 203
generalized weak∗, 202, 203
nowhere, 204
symmetry of, 206
versus Gâteaux, 89
weak∗, 201

Gâteaux, 38, 44, 90, 201
and Taylor expansions, 84
generalized, 84, 84, 86, 88, 203
generalized weak∗, 202
generalized weak∗ and Taylor expansions,

203
nowhere, 204
symmetry of, 206
versus Fréchet, 89
weak∗, 201

generalized
almost everywhere, 86

symmetry of, 38, 84, 206

versus Taylor expansion, 89
selection, 111, 277, 281

continuous, 277
continuous and differentiability, 277

self-adjoint operator, 312
self-dual cone, 67, 101, 109
semidefinite

cone, 67, 100, 103, 107
program (SDP), 107

semidifferentiable, 300
subdifferential, 300
twice, 300

separable, 182
and semicontinuity, 469
Banach space, 468

separately convex, 60, 61
separating family, 140
separation

and bipolars, 68
failure without interior, 139, 462
in infinite dimensions, 462

separation theorem, 64, 67, 132, 133
sequence of sets

Kuratowski–Painlevé limit, 285
lower limit, 285, 292
upper limit, 285, 292

set-valued mapping, see multifunction
simple function, 302
simultaneous ordered spectral decomposition,

100, 102
single-valued

generic, and maximal monotonicity, 413
singular value, 106
skew operator, 88, 416

Fitzpatrick–Phelps, 449
Slater’s condition, 50, 108
slice convergence, 290

and minimizing sequences, 293
and renorming, 290
and the Kadec property, 298
versus Attouch–Wets convergence, 295
versus Mosco convergence, 296
versus Wijsman convergence, 298

smooth approximation, 230
on superreflexive spaces, 231

smooth variational principle, 165
higher-order, 328

Šmulian’s theorem
for β-differentiability, 159
for conjugate functions, 160
for Fréchet differentiability, 153
for Gâteaux differentiability, 154
for norms, 210, 211
for uniform Fréchet differentiability, 155
for uniform Gâteaux differentiability, 156

Sobolev space, 332, 437
space

Asplund, see Asplund space
Baire, see Baire space
barreled, see barreled space
Euclidean, see Euclidean space
Hilbert, see Hilbert space
reflexive, see reflexive Banach space
superreflexive, see superreflexive Banach space
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space (Cont.)
uniformly convex, see uniformly convex, space
uniformly smooth, see uniformly smooth, space
weak∗-Asplund, see weak∗-Asplund space
weakly compactly generated, see weakly

compactly generated space
spectral

conjugacy, 101, 103
differentiability, 102
function, 100

convex, 101, 103
sequence, 313
sequence space, 313
subgradients, 102, 104

spectral operators, Fréchet differentiability, 316
spectral radius, 106, 231
square-root iteration, 103, 316
staunch, 208
staunch set, 197
Stegall’s variational principle, 324
Steiner problem, 59
Straszewicz’s theorem, 92
strict maximum, 232
strict minimum, 232
strictly convex

dual norm, 213
and Gâteaux smooth approximations, 230
and smoothness, 213
on dual to WCG, 220

function, 18, 126, 238, 362
and exposed points, 239, 240
and extreme points, 239, 240
at a point, 239
duality with Gâteaux differentiability, 240,

250, 341
recognizing, 39, 202
stable under sums, 241
versus essential strict convexity, 341, 342,

344, 374
log barriers, 100
norm, 188, 212, 213, 221

and extreme points, 212
characterizations, 212
duality, 192
extensions of, 229
preserved by sums, 225
spaces without, 220

strong maximum, 232, 233
strong minimum, 163, 232, 233
strongly exposed point, 211

duality with differentiability, 211
of function, 233

and coercivity, 236
characterization, 233
duality with Fréchet differentiability, 234,

240
versus exposed, 234

versus exposed point, 92
strongly rotund function, 306

and optimal value problems, 311
convex integral functional, 309

subadditive function, 22
subderivative, 165
subdifferentiable, 165

subdifferential, 3, 26, 130, 165
at boundary points, 43, 339, 340
at optimality, 6, 26, 130
boundedness properties, 32, 137
compact and convex, 29
continuity properties, 43
convergence properties, 43
cusco property, 123
domain not convex, 141
empty at a point, 131
empty on dense set, 141
failure of sum rule, 146
limits of gradients, 78
local boundedness, 32, 122, 138, 340
maximal monotonicity of, 118, 121, 278,

413
monotonicity of, 42, 160, 414
near boundary points, 70
nonempty, 67, 131

on dense set, 162
not onto, 184
of conjugate functions, 160
of indicator function, 130
of max function, 145
of norm, 145
of polyhedral function, 99
of support function, 148
singleton versus differentiability, 34, 151, 158,

462
sum rule, 7, 48, 135
upper-semicontinuity, 276
weak∗-closed and convex, 145

subgradient, 3, 26, 130
and normal cone, 182
existence of, 97
of maximum eigenvalue, 145
of norm, 145
of polyhedral function, 95
unique, 462, 468

subjets, 472
sublevel set, see lower level set
sublinear function, 22, 103

almost, 31
characterization, 22

subspace
closed, 461
complemented, 464
countable-codimensional, 467
dense, 469

substitution norm, 334
sum, of subspaces, 469
sum rule for subdifferentials, see subdifferential,

sum rule
sun, 194
supercoercive function, 118, 174, 339

conjugate of, 175
on reflexive space, 183
versus cofinite, 118, 185, 361, 384

superreflexive Banach space, 143, 225, 274
and smooth approximation, 231
characterization, 218, 264
renorming, 218, 221
smooth variational principles, 328
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support function, 6, 22, 127, 179, 317, 318,
326

subdifferential of, 148
support point, 133, 468

dense in boundary, 169
proper, 468

supporting hyperplane, 65, 133
supporting hyperplane theorem, 65
supporting linear functional, see linear functional,

supporting
surjective, linear map, 108
symmetric

function, 100
set, 18, 104

symmetric operator, 416

tail operator, 456
tangency properties, 462
tangent cone, 68

to polyhedron, 98
τβ -topology, 150, 187

-sequentially lsc, 187
properties of convex functions, 379

Taylor expansion
second-order

almost everywhere, 86
and differentiability, 203
equivalent properties, 84
implies first-order differentiability, 203
nongeneric, 91
strong, 83, 88, 202, 203
strong versus weak, 84, 202
versus differentiability of nonconvex, 89
versus mixed partials, 89
weak, 83, 88, 202, 203, 204

third-order
versus differentiability of convex, 89

theorem
prime ideal, 337
Alaoglu, 130
Alexandrov, 86
approximate mean value, 166
Asplund averaging, 221, 227
Aumann convexity, 14, 15, 72
Banach’s fixed point, 167
Banach–Dieudonné, 186
Banach–Steinhaus, 16
basic separation, 29, 132
bicontinuity of Attouch–Wets convergence, 290
bicontinuity of Mosco convergence, 288
bipolar, 209
Birkhoff, 8
Bishop–Phelps, 163, 169
Blaschke–Santalo, 32
Bohr–Mollerup, 9, 32
Brodkskii–Mil’man, 167
Brøndsted–Rockafellar, 121, 162
Carathéodory, 5, 71
compact separation, 136
Davis, 101
Davis–Lewis convexity, 11
Dunford–Pettis, 302
Ekeland’s variational principle, 161, 168

in Euclidean space, 117

Fan’s minimax, 55
Farkas’ lemma, 70
Fenchel biconjugation, 65
Fenchel duality, 6, 46, 177
first-order condition, 6
Gauss–Lucas, 9
Goldstine, 140
Gordan’s, 70
Hahn–Banach extension, 28, 130
Hahn–Katětov–Dowker sandwich, 116
harmonic-arithmetic log-concavity, 33
Helly, 5
Hessian and convexity, 39, 202
James, 143
James–Enflo, 218
Josefson–Nissenzweig, 382
Kadec, 214
Kakutani–Fan fixed point theorem, 111, 281
Kenderov, 413
key, 94
Kirchberger’s, 72
Krein–Milman, 140, 336
Krein–Rutman, 67
Krein–Šmulian, 186
Lau–Konjagin, 189
Lebesgue–Radon–Nikodým, 304
Levy–Steinitz, 9
Lidskii, 313
Lyapunov convexity, 15
max formula, 6, 28, 131
Mazur, 198
Michael selection, 113, 281
Mignot’s, 412
Milman converse, 92
Milman–Pettis, 217
Minkowski, 8, 92
Minty condition, 119
monotone gradients and convexity, 37, 160
Moreau–Rockafellar, 46, 118, 175
Moreau–Rockafellar dual, 175, 463
open mapping, 30, 142
Pisier’s, 218
Pitt, 325
Rademacher, 78, 199
Radon, 5
Riesz–Thorin convexity, 9
Rockafellar’s, 118, 278
sandwich, 7, 64, 133
separation, 64, 67, 132, 133
Shapley–Folkman, 5, 72
Sion minimax, 12
smooth variational principle, 165
Šmulian’s, 153–156, 159, 160, 210, 211
Stegall’s variational principle, 324
Straszewicz, 92
subdifferential sum rule, 7, 48, 135
supporting hyperplane, 65
theorems of the alternative, 70
Toeplitz–Hausdorff, 15
von Neumann’s minimax, 12, 74, 186
weak∗-separation, 136

three-slope inequality, 19
Tikhonov well-posed, 235
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topology
bounded weak∗, 447
weak, see weak topology
weak∗, see weak∗-topology

total, 140
totally convex function, 374

modulus of, 374
trace, of an operator, 312
trace class operators, 312
trace norm, 107
transversality conditions, 406
triangle inequality, 22
twice Fréchet differentiable, see second-order

derivative
twice Gâteaux differentiable, see second-order

derivative
type (ANA), (BR), (D), (ED), (FP), (NI), (VFP),

(WD), see maximal montone operator, type
(ANA), type (BR), etc.

uniform convergence, 31, 115
and conjugation, 297
and infimal convolution, 184
on bounded sets

and conjugation, 52, 176, 285, 298
and infimal convolution, 52, 176
convergence of subdifferentials, 43
versus Attouch-Wets convergence, 297
Yoshida approximation, 52, 176

uniformly convex
function, 241, 256, 258

and renorming, 264
at a point, 272, 374
duality, 245
growth, 244
growth and renorming, 260
minimization, 246
on bounded sets, 264
onto subdifferential, 246
stable under sums, 241

function on bounded sets, 241, 241
and uniformly convex norms, 246
duality, 242, 243

modulus, see modulus of convexity
norm, 215, 216, 221, 226, 246, 254,

256, 264
and reflexivity, 217
and superreflexivity, 218, 225
duality, 216, 217
extensions of, 229
preserved by sums, 225

space, 168, 215
weak∗, see weak∗-uniformly convex
weakly, see weakly uniformly convex

uniformly Fréchet differentiable
coincidence with uniform smoothness, 155
function, 155
norm, 216
smooth, see uniformly smooth

uniformly Gâteaux differentiable
bump function, 274
function, 156

characterization, 156
duality, 250

norm, 228, 274
characterization, 228
duality, 229

uniformly integrable set, 301
uniformly smooth

function, 155, 227, 252, 255
and uniformly smooth norms, 247
coincidence with uniform Fréchet

differentiability, 155
duality, 245
on bounded sets, 264
versus uniformly smooth on bounded sets,

249
function on bounded sets, 156

duality, 243
modulus, see modulus of smoothness
norm, 216, 227

and reflexivity, 217
and superreflexivity, 218, 225
coincidence with uniform Fréchet

differentiability, 216
duality, 216, 217

space, 216
uniqueness property, 454
unit ball, 22
unit sphere, 22
unitary

equivalent, 313
invariant, 313

upper-semicontinuous function, 127
Urysohn lemma, 116
USC multifunction, see multifunction, USC
usco, 111, 279

minimal, 279, 283
utility

direct, 56
maximization, 56

value function, polyhedral, 97
variational principle, see Borwein’s,

Borwein–Preiss, Ekeland’s, smooth, Stegall’s
(VFP) operator, see maximal monotone operator,

type (VFP)
von Neumann’s minimax theorem, 12, 74,

186

(WD) operator, see maximal monotone operator,
type (WD)

weak Asplund space, 198
weak Hadamard bornology, 149
weak Hadamard differentiability, 150

versus Fréchet differentiability, 379, 381, 384,
385

versus Gâteaux differentiability, 383, 385
weak topology, 129, 461

convergence, 130
weak∗-Asplund space, 321

characterization, 325
weak∗-lower-semicontinuous, 130, 138

norm, 210
weak∗-separation theorem, 136
weak∗-topology, 129, 461

convergence, 130
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weak∗-uniformly convex
function, 250

duality, 250
norm, 229

duality, 229
weakly compactly generated space, 219

Asplund and renorming, 220
renorms of, 220

weakly lower-semicontinuous, 130, 138
weakly uniformly convex

function, 250
duality, 250

norm, 229
duality, 229

Weyl, 472
Wijsman convergence, 290

and minimizing sequences, 293
failure to preserve minima, 294

and renorming, 290, 298
and the Kadec property, 291, 298, 299
not preserved under conjugation, 296
versus Kuratowski–Painlevé

convergence, 295
versus Mosco convergence, 296, 299
versus slice convergence, 291, 298

zone consistency, 364
Legendre functions, 362, 368
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